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Three-term recurrence relation (TTRR)

PO e Consider the polynomials (p,).cn, generated by the TTRR

The Favard’s theorem
e Three-term
recurrence relation
(TTRR)

Degenerate version of
Favard’s theorem

The example: W|th |n|t|a| COI’]dI’[IOﬂS p_l(x) — O, po(ilj) = 1

Askey-Wilson
polynomials

moments functional .%5 : P|x] — C so that

O%O (pnpm) — ’rnén,m

with r,, a non-vanishing normalization factor.

ZCpn(ZE) — pn—l—l(x) - 5npn(x) + Vnpn—l(x)a

Theorem (Favard) If v, # 0 Vn € N then there exists a
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Preliminaries

*oune Let 7 : P|lx| — P|x| be a linear operator such that
The Favard’s theorem ° deg L71(]9) — degp . 1

Degenerate version of
Favard’s theorem

® Preliminaries

o Iterating process e The monic polynomials p,, ; defined by
e Corollary .

e The operator &~ pn,l ;= const. g% (pn_|_1) fulfill the TTRR

The example:

Askey-Wilson

polynomials

TPn1(T) = Pr11(Z) + Br1Pn1(Z) + Yn1Pn—1,1(T)

Consequence: (p,.1) is orthogonal with respect to some
moments functional .Z;.
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' Extension of di§<ete orthogonal polynomials beyond the orthogonality Slide/~6/19 -




-1

Iterating process

e Outline ® Dpki= COnSt-%(pn—kl,k—l) oo — Const.g(k) (pn—l—k)

The Favard’s theorem

Degenerate version of
Favard’s theorem

® Preliminaries

@ lterating process
e Corollary

® The operator
The example:

Askey-Wilson
polynomials

l \ J

' Exten%ion of discrete orthogonal polynomials beyond the orthogonality Slide—7/19 '



-1

Iterating process

e Outline ® Dpki= COnSt-%(pn—kl,k—l) oo — Const.g(k) (pn—l—k)

The Favard’s theorem

Degenerate version of
Favard’s theorem

e Preliminaries = Cl?pn’k(ili’) — pn‘i‘l,k(:{;) —l_ Bn,kpn,k(x) —i_ ’yn,kpn—l,k(x)

@ lterating process

e Corollary
® The operator
The example:

Askey-Wilson
polynomials

l \ J

' Exten%ion of discrete orthogonal polynomials beyond the orthogonality Slide—7/19 '



-1

Itera’yﬁ/g process

® Pk = const. T (Pryip-1) = = const..7 ") (Prik)

e Outline

The Favard’s theorem

Degenerate version of
Favard’s theorem

e Preliminaries = Cl?pn’k(ili’) — pn‘i‘l,k(:{;) —l_ Bn,kpn,k(x) —i_ ’yn,kpn—l,k(x)

@ lterating process

e Corollary

e The operator ® Z]@ (pmJ{pn,]{) = O forn # m™m

The example:
Askey-Wilson
polynomials

l \ J

' Exten%ion of discrete orthogonal polynomials beyond the orthogonality Slide—7/19 '



-1

Itera’y‘/g process

e Outline

The Favard’s theorem

Degenerate version of
Favard’s theorem

® Pk = const. T (Pryip-1) = = const..7 ") (Prik)

e Preliminaries = Cl?pn’k(ili’) — pn‘i‘l,k(x) —l_ Bn,kpn,k(x) —i_ ’yn,kpn—l,k(x)

@ lterating process
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|
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e Outline ./ g o L y(k)
The Favard’s theorem ° pn’k 2 ConSt' k(pn+1’k_1) - ConSt' (pn—f-k)
Degenerate version of
Favard’s theorem
° Pre(Ijimitnaries ® xpn,k ('CC) — pn‘i‘l,k(a’;) —|_ /Bn,kpn,k ('CC) —|_ f)/n,kpn—l,k(x)
@ |terating process
° Corollagrglyp
e The operator ® Z]@ (pmJ{pn,]{) = O forn # m™m
The example:
Askey-WiIson .
polynomies e So, if there exists /V such that v = 0, then the first n

such that 7y, , = 0O (if it exists) verifiesn < N — k.

Theorem: Suppose that only v = 0, then (p,,) is a MOPS

with respect to

(f.9) = Lo(fg) + Ln (T (HTM™(g)).

Notice v, ;v # 0 foralln € N.

l \
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Corollary

Outline | COrO”ary: If A = {n DV = O}, then (pn) is a MOPS with
he Favard’s theorem respect tO

Degenerate version of
Favard’s theorem

S (F.9) = Zo(fa) + 3 LT ()T (g)),

e Corollary .
e The operator & J e

The example:

ponomis being @/ = {Ny, Ny, ... } with
Njt1 = N; +min{n : v, v, = 0}.

|
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The operator .7

® Outine Among all the possible choices the linear operator .7 can be
The Favard’s theorem
o _ chosen as
egenerate version of
R — e The “Associating operator”
@ rFreliminaries
@ lterating process
e Corollary €Tr) — t
® The operator & L?(p) (SIZ') — og/ﬂ() p( ) p( )
The example: xr — t
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polynomials .
(£ acts on the variable ?)
e If (p,) is classical, then .7 could be
e the derivative, or
e a difference operator.
| |
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e Monic Askey-Wilson
polynomials

e Orthogonality of AW The example: As key-Wi Ison

polynomials for

lg| <1

® The 3 key cases pOIynomiaIS

e Case I:

02 =q M

e Case ll: | |

ab = q_N+1 ' :

e Case lll

e Orthogonality of AW
polynomials for

lg] > 1

@ Some References

o FINALLY....
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Monic Askey-Wilson polynomials

 Outine The monic ones are pa(xsa,b,c,d; q) = pu(x)

The Favard’s theorem

Degenerate version of

Favard’s theorem pn+1(gj) p— (:[; — ﬂn)pn(:{j) — ’)/,,,L]j,,,b(gj)7
The example:

Askey-Wilson .

polynomials Wlth

e Monic Askey-Wilson

polynomials

e Orthogonality of AW TYn (1 —abg" 1)1 —acg” 1)1 — adg™ 1)(1 — beg” " 1)(1 — bdg™ " 1)(1 — edg™ 1)

Tol|ynomials for 1 —qm 4(1 — abcdg2m™—3)(1 — abcdg?2m™—2)2(1 — abcdg?2n—1)
ql <1

® The 3 key cases

oCasel: Case abcd € {q~" : k € Ny} is not considered since the

a2:q_

el i polynomial family is not normal.

o Case Il They are symmetric with respect to any rearrangement of the

e Orthogonality of AW

T;I|yn>omials for parameters a, b, C, d

@ Some References

O PRI mMeN:v, =0} #0 < ab,ac,...,cd € {¢* : k € Ng}

<—> they are g-Racah (until now considered as a finite family).

' Extension of discrete orthogonal polynomials beyond the orthogonality Slide —11/19



-1

Orthogonality of AW polynomials for |¢| < 1
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Favard’s theorem

The example:
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o Monic Askey-Wilson o W is analytic in C except at the poles 0,
polynomials

e Orthogonality of AW

e aq®. bq", cq®, dg® k € Ny (the convergent poles)

® The 3 key cases

e® Case I:

il (aq)", (bq)~", (cq) ™", (dg)™® k €Ny (the divergent poles)

ab = q_N+1

e Case lll

e Orthogonality of AW
polynomials for

lg| > 1

e Some References

o FINALLY....
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e Outline

gzt gzt
The Favard’s theorem / pn ( ) pm ( ) W(Z)dz — dnén,m
Degenerate version of C 2 2

Favard’s theorem

The example:

Askey-Wilson W h ere

polynomials . ..

o Monic Askey-Wilson o W is analytic in C except at the poles 0,
polynomials

° Orthogonality of AW

e aq®. bq", cq®, dg® k € Ny (the convergent poles)

® The 3 key cases

g (aq) ™%, (bg) 7%, (cq) ¥, (dg)™* keN, (thed t pol
@ =q aq) *,(bq) ", (cq) , (dq o (the divergent poles)
oo = g N

e Case I
e Orthogonality of AW

o e (U isthe unit circle deformed to separate the convergent
ql 2 1

@ Some References fOI’m the d|Vergent pOIGS

o FINALLY....

|
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e Casell:
a? = q
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ab = q_N+1

e Case Il
Orthogonality of AW
polynomials for

lq| =
® Some References

o FINALLY....

M

e Casel:a’=¢qg V*land

b?, 2, d?, ab, ac,ad, be,bd, cd & {q¢ " : k € Ny}

e Casell:ab= g V*!and
a®,b%, ¢, d?, ac,ad,bc,bd, cd & {q7" : k € Ny}
e Caselll:ab=qg Nt a? = ¢ M with
M e {0,1,...,N — 2} and

b?, 2, d?, ac,ad, be,bd, cd & {g" : k € Ny}

1 1
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Since 7,, # 0 for all n, the orthogonality is given only by .%.

Zo(p;a,b, c,d) = lim £ (p;a,b,c,d) = lim

Zo(pia,b,c,d) = (/C /C)

with C'y and C5 separating the divergent poles from the

a—a

a—a

Cp(Z)W(Z)

W(z)dz

convergent ones but the double poles which stand between C}

and 02.
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Case ll: ab = ¢~ V1!
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® The 3 key cases

o Case | o 7 = 9, the Hahn’s operator

oCa?e(IJI:_M

ab = q~ N*1 (Z) f( )
:C?tiigl;clnnalityofAW def y R # 0 A q 7& 1,
polcy)/nomials for -@q(f)(z) — < (1 )

h= - fl(z), z=0V q=1,

@ Some References
o FINALLY....

PN pn(x;a,b, ¢, d; q) = const.p,_ N (x;aq™N/2,bgN/2 cq™N/2, dgN/?; q)
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PN pn(x;a,b, ¢, d; q) = const.p,_ N (x;aq™N/2,bgN/2 cq™N/2, dgN/?; q)

o O%N(p, a, b, c, d) _ go(pj an/z, qu/2, qu\[/27 qu/2)
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e Monic Askey-Wilson —

polynomials c%() (p) = Z
e Orthogonality of AW
polynomials for

lq] <1

® The 3 key cases = o
e Case I: but O%O p— O'

M

(g~ Nt ac,ad, a?;q); (1 —a?q?%) (qj i a2q2j>

j D
3=0 (q7 GQQN,ac_lq, ad_lq;q)j (qu_N)j(l _ CL2) 24

a2 = q
e Case ll:
ab = q_N+1

e Case lll
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Favard’s theorem

Orthogonality in this case whole be the same that in case |l

The example:
Askey-Wilson
polynomlals . N_1
e Monic Askey-Wilson —

polynomials c%() (p) = Z
e Orthogonality of AW
polynomials for

lq] <1

® The 3 key cases = o
e Case I: but O%O p— O'

M

—N+1

(q , AC, ad: CL2; Q)j

(g,a%q¢N ;ac=1q,ad=1q;q); (cdg™

7=0

a2 = q
e Case ll:

ab = q—N+1

The good one:

e Case lll
e Orthogonality of AW
polynomials for

iz Zo(p;a,b, . d a,b,c.d
e Some References og/ﬂo(p): hm O(p7a7 7C7 ): 0(p,0[, 7C7 )

o FINALLY.... a—a o — a

a=a
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Case lll

e Outline ab — q—N—l—l and a? = q_M, with M & {0, .., N

’ 2} with
The Favard’s theorem Only ,VN — O — we need C,E,ﬂo, O%N

Degenerate version of
Favard’s theorem

The example: Orthogonality in this case whole be the same that in case Il
Askey-Wilson

polynomials N_1 ' . .
@ Monic' Askey-Wilson —~ — (q_N‘|‘1 ,ac, ad, a2; Q)j (1 — a? q29) q ) + a2q2j
polynomials c%() (p) = Z 5 N 1 1. — NS 5 D (

e Orthogonality of AW =0 (q7a q"',ac”"q,ad q,Q)j (qu ) (1 —a ) 2a

polynomials for
lq] <1

® The 3 key cases = .

e Case I: but C’%O == O'
02 =q M

e Case ll:

ab|= q_N+1

e Case lll

e Orthogonality of AW
polynomials for

iz Zo(p;a,b, . d a,b,c.d
e Some References og/ﬂo(p): hm O(p7a7 7C7 ): 0(p,0[, 7C7 )

® FINALLY.... a—a o — CZCV oz:a,.

The good one:

The result is a quadrature rule with simple and double nodes
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