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ARTICLE INFO ABSTRACT

Article history: It is well-known that the family of Hahn polynomials {h%"? (x; N)}u>0 is orthogonal with

Received 5 November 2007 respect to a certain weight function up to degree N. In this paper we prove, by using the
three-term recurrence relation which this family satisfies, that the Hahn polynomials can

13‘/135&5 be characterized by a A-Sobolev orthogonality for every n and present a factorization for

Hahn polynomials for a degree higher than N.
We also present analogous results for dual Hahn, Krawtchouk, and Racah polynomials
and give the limit relations among them for all n € N;,. Furthermore, in order to get
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Abstract It is well known that the classical families of orthogonal polynomials are char-
acterized as the polynomial eigenfunctions of a second order homogeneous linear differen-
tial/difference hypergeometric operator with polynomial coefficients.

In this paper we present a study of the classical orthogonal polynomials sequences, in
short classical OPS, in a more general framework by using the differential (or difference)
calculus and Operator Theory. The Hahn’s Theorem and a characterization theorem for the
g-polynomials which belongs to the g-Askey and Hahn tableaux are proved. Finally, we
illustrate our results applying them to some known families of orthogonal g-polynomials.



Theorem 4.3 Let (p,) be an OPS with respect to p(s) on the lattice x(s) defined in (14)
and let o (s) be such that (19) holds. Then the following statements are equivalent:

1.

(pn) is g-classical.

2. The sequence (AWp,) is an OPS with respect to the weight function p(s) =

4.

o(s+ 1)p(s + 1) where p satisfies (15).

For every integer k, the sequence (R, (pr(s), xx(s))(1)) is an OPS with respect to the
weight function pi(s) where po(s) = p(s), pr(s) = pr—1(s + 1)o(s + 1), and p satis-
fies (15).

(Second order linear difference equation): (p,) satisfies the following second order linear
difference equation of hypergeometric type
A Vpa(s) Apn(s)
Anpn(s) =0, 20
o (s) VrG) Vi) + 7(s) Rlo) + AnPn () (20)

where o (s) = o (s) + %t(s)Vxl(s) and t(s) are polynomials on x(s) of degree at most
2 and 1, respectively, and A, is a constant.
(pn) can be expressed in terms of the Rodrigues Operator as follows

B, N \% \%
p(s) Vxi(s) Vxa(s)  Vixu(s)

(on(s)), 21)

Pn(s) = By Rn(p(s), x(s))(1) =

where B,, is a non zero constant.
(Second structure relation) There exist three sequences of complex numbers, (e,), (f,),

and (g,), such that the following relation holds for every n > 0, with the convention
p-1=0,
Apn+1(s )

B Apn(s) Apn—l(s)
Mp,(x(s)) = ey Ax(s) + Jn Ax(s) ik Ax(s)

)



where M is the forward arithmetic mean operator:

J+1D+ f(s)
5 ;

Mf(s) =

en 70, g, # vu for all n >0, and vy, is the corresponding coefficient of the three-term
recurrence relation [25]

x(s)pn(s)=anpn+l(s)+ﬂnpn(s)+ynpn—1(s)s n>0.

Theorem 4.4 Under the hypothesis of Theorem 4.3 the following statements are equivalent:

(1) (pn) is g-classical.
(i) (AW p,41) is a OPS.



AL-SALAM-CARLITZ POLYNOMIALS. A GENERAL STUDY
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The lattice {¢* : k € No} U {(1 +i)q* : k € No} with ¢ = 0.8 exp(7i/6).




The Al-Salam-Carlitz polynomials U,(la) (z;q) were introduced by W. A. Al-Salam and L.
Carlitz in [1] as follows

(1.1) Ur(za)(x;Q) = (—a)" ") Z (g~ ,Q)k(w :qQ)k q°F |

(g;9) ak

In fact, these polynomials have a Rodrigues-type formula [4, (3.24.10)]

anq3) (1 - g)"

(12)  U(z;q) = P p—

(Z,-1)"w(z;0;9)], w(z;0;9) := (475 9) o (aZ/0; @) o,

where the g-Pochhammer symbol is defined as follows

n—1
(zo:=1, (z9n:=]]Q—2d
k=0

(2 0)oo :== [ [(1 - 26°), |2l < 1.
k=0

and the g-derivative operator is defined by
(
flgz) — f(z) .
if 1 Az==D,
GHEE=Y G T
Fi(z) ifg=1Vz=0.

\

1
/ U (z; U (z; ¢) (a2, 47/ a; @)ooda® = (—a)™(1 — 0) (g5 @) (25 @)oo (@5 @) 0 (0/3 @) 00 S

a

where the g-Jackson integral is defined as

| f@dez =a(1 -9 Zf(aq / f(@)dgz = / f@dgz— [ f(e)dga.



Proof. Let 0 < |gq| < 1,and a € C, a # 0,1. We are going to express the ¢g-Jackson integral (2.1)
as the difference of the two infinite sums and apply the identity

M s - M
22) 3 1@ D 0) et = LOI@) IG5~ ity g gy
k=0

= T
9 1 k=0

Let n > m then, for one side since w(q~!;a;q) = 0 and using the identity [4, (14.24.9))], we get

> w(d®;a;,9)U (659U (¢ 9)"
k=0

g a(ql2 —n Z@ -1 [w(g¥; 09U, (0¥ )IUSD (¢F; 9)*

= hm aq" lU(a)(q ’Q)U(a)l(q ,Q)W(q aaaQ)

ag" ' (¢™ - 1) Z w(g®; a;Q)U (55 ) UL 1 (¢%; 0)d".
Following an analogous process than before and since w(ag™!;a;q) = 0 we get

Y " w(ag®; a; Q)UK (ag"; @)U (ag¥; g)adk

k=0

T U (ag™;q)U?, (ag™; g)w(ag™; a; q)
= lim =
M—o0 —1

a = 1 a a
((2—) Z w(aq ) q)U( )l(aq q)U( )l(aq Q)aq
k=0

Therefore if m < n then

1
/ U (z; )UY (z; q)(gz, gz /a; @) sodgx = O.

a



And for n = m following the same idea we have

1
/ UL (2;q) U (x; g)w(x; a; q)dga

alq™ = D= » 2 a 2
((le‘” )Z(W(qk;a;Q) (Ué_)l(qk;Q)) ¢" — aw(aq®; a; q) (Ufr(z—)l(a'qk;Q)) q’“)

k=0

oo

= (—a)"(¢;9) Z( w(q"; a;9)¢" — a w(ag"” a(J)q)

k

= (—a)™(g; g)n( )Z ((qk“/a 7)o — a(ag®" ,q)oo) :

(¢; 9k
= (—a)"(g;9)n(g; Q)ooq( )(a 7)o (q/@; @) oo

Due the normality of this polynomial sequence, i.e., deg U, @ )( q) = n for all n € Ny, the
uniqueness is straightforward hence the result holds. B

From this result and taking into account we the squared norm for the Al-Salam-Carlitz

polynomials is known we got the following consequence which we could not find any reference
about it.

Corollary 2.3. Let a,q € C\ {0}, |q| < 1. Then
o0 k

(2.3) ((qk“/a;q)oo—a(aq’““;q)oo) L = (6;9)00(q/; Qoo

. (4 Ok

Theorem 2.4. Let a,q € C, a # 0,1, |q| > 1. Then the Al-Salam-Carlitz polynomials are the
unique (up to a multiplicative constant) satisfying the property of orthogonality

/U,,(L“)(w;q‘l)Uf,?)(w;q_l)(q_lzv; 4 o002/ )oolg-17 =
r

(=a)™(1 — ¢ (@ 54 D@50 Voot 2 (@567 oo(d7 /3¢ oo Smims

where T is the set of points (aqg %) U (¢7%)0__..

(2.4)






