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Basic definitions
The scheme
New identities (structure relations)

Orthogonality for g-analogs of Laguerre polynomials
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The basics OPSFA14

»Let u be a (quasi-definite) linear functional

* I u fulfills the distributional equation

D(¢u) = yu, degy <1, dego <2

P, = mops u
- Property of orthogonality: (u, P,Pn) = d;0n.m

*Three-term recurrence relation:

xPn(x) = Poy1(2) + BnPr(x) + YnPn—1(2)
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The basics OPSFA14

*Degenerate Favard's result, i.e. there exists
some N such that /v =0,

Orthogonality of g-polynomials for nonstandard parameters (with ]J.

F. Sanchez-Lara) J. Approx. Theory 163 (2011), 1246-1268.

*Integral representation with a weight function

(u, P) = /FP(Z) du(z), I'c C. du(z) = w(z) dz
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The basic hypergeometric OP scheme
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The orthogonality for the g-polynomials

*'The g-polynomials satisty, in general, a
property of orthogonality
b

(u, P) :/ P(z)w(z) dyz

where

b o0 o'
/ F(2) dgz == b(1 — ) 3 f(bg™)g" — a(1—0) 3 flag™)"

yyyyy
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The new Identities OPSFA14

. "Two different structure relations for COP

¢($)D(pn (33)) — g7J’n,p’n,—|—1($) + l;npn(m) + 5npn—1(£€)
Pr() = G D(Ppry1 () + bp D (P (x)) + EnD(prsi(z))
But, in fact, ..... they also fulfill

" (2)D*(p(x)) = appp41(2) + bypa(x) + Eppa—i ()
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The new identities are connected with these two

structure relations ....




The new Identities OPSFA14

- The classical cases

Ko (z, ~1)K>P (1, 1) — K&P(1, —1) K27, (x, —1)

r— 1

a+1, 1
PTIY (2) o

P (@) PP (—1) — PP (=) P ()

K (x,—1) o
T+ 1

LY ()L (0) — LS (0) LY (x)

X

LN (2) o
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The new Identities OPSFA14

Some g-polynomial families

K (75cq) K 1(aq; cq) — Ky (aq; cq) Kn—1(x; cq)

D*(P,(x;a,b,c;
(Pn(x5a,b,c5q)) P—

Pn(aja a, b7 C, Q)Pn—l(CQ7 a, b7 C, Q) o Pn(CQ7 a, b7 C, Q)Pn—l(xv a, b7 C, Q)

K, (z5¢q)
x — cq

Ky(x, )K,,_1(c/b,1) — K, (¢/b, 1)K, _1(x,1)
br — ¢

D(P,(z;a,b,c;q))

r— 1

K,(x,1) o
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The new Identities OPSFA14

Little g-Laguerre/Wall polynomials

Ky(x,1)K,,_1(0,1) — K,,(0,1)K,,_1(z, 1)

X

D*(pp(x;alq)) o

o Pn(z;alq)pr—1(1;alq) — pn(l;a|lq)pn—1(z;alq)

Pn(x;alq)prn—1(1 — aq;alq) — pn(1 — aq; a|lq)pn—1(z; alq)
r— 1+ aq

D(pn(x;alq))
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And, what can we say about the another structure
relation’?

Orthogonality of g-polynomials for nonstandard parameters (with ]J.
F. Sanchez-Lara) J. Approx. Theory 163 (2011), 1246-1268.

On Sobolev orthogonality for the generalized Laguerre polynomials.
(M.T. Pérez, M. Pinar) 7. Approx. Theory 86 (1996), 278--285.
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Stating the problem(s)

Problem 1: given non-standard (complex) parameter a.
Obtain an inner product Br with respect to the little ¢-
Laguerre are orthogonal.

Problem 2: given non-standard (complex) parameter a.
Obtain an inner product Bz with respect to the g-Laguerre
are orthogonal.

Problem 3: given non-standard (complex) parameters a,
b. Obtain an inner product B3 with respect to the big g-
Laguerre are orthogonal.
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The Laguerre case OPSFA14

- In order to solve the problem 1, first we see
what Mayte and Miguel did for the Laguerre

Ccasc.

THEOREM 4.1. LEMMA 2.1. Given aeR, let k>0, n>1 be integers. Then guerre po ly-

nomials {L¥(x)} () (Recurrence relation) onal Sobolev
inner product (-, - L% (x)=0, L{P(x)=1,
xL2(x) = L7y + BPL(x) +9,0L7 (%),

where B =2n+a+1, y =n(n+a),

(o a (LY (x) =L (),
i) LE(x) = LG () 4 LGV (),
(iv) =3 -1y () ey o,
i=0
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More new identities OPSFA14

- Little g-Laguerre polynomials

Lap (e hlipyal ) = Bmmquﬂrwﬁ B/l
q "D, (25alq) = zk: (¢ — 1) { : } (D*) (P (g " 5a/q7F|q))
(f.9)e® = (uldt F(z)M(k)G(2)")
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More new identities OPSFA14

The identities for the Big g-Laguerre
polynomials are in the oven right now.

The will be ready soon!
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