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OUTLINE

We introduce the basics.

We are going to describe the relations among the 
different families in the different schemes.

 2Roberto Costas - Universidad de Alcalá Classical Orthogonal Polynomials. Orthogonality and Duality



THE BASICS
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HYPERGEOMETRIC FUNCTIONS

Depending on ‘where’ we insert the variable in 
this special function it fulfills a differential, or 
difference equation.

rFs

✓
a1, a2, . . . , ar
b1, b2, . . . , bs

; z

◆
=

1X

k=0

(a1)k(a2)k · · · (ar)k
(b1)k(b2)k · · · (bs)k

zk

k!
<latexit sha1_base64="Qr28iLEoC4hpFi4eQRhdwpZJzRs="></latexit>

p(x)
d2

dx2
+ q(x)

d

dx
<latexit sha1_base64="EHIQfwvSVhq6qEKosNHEMM06fYY=">AAACEHicbZC7TsMwFIadcivlFmBksagQRUhVUpBgrGBhLBK9SG2oHMdprTpOsB3UKsojsPAqLAwgxMrIxtvgthlKy5Fs/fr+c2Sf340Ylcqyfozc0vLK6lp+vbCxubW9Y+7uNWQYC0zqOGShaLlIEkY5qSuqGGlFgqDAZaTpDq7HfvORCElDfqdGEXEC1OPUpxgpjbrmcVQannQ8XyCcePeVNPGG+j59mKFjlnbNolW2JgUXhZ2JIsiq1jW/O16I44BwhRmSsm1bkXISJBTFjKSFTixJhPAA9UhbS44CIp1kslAKjzTxoB8KfbiCEzo7kaBAylHg6s4Aqb6c98bwP68dK//SSSiPYkU4nj7kxwyqEI7TgR4VBCs20gJhQfVfIe4jHYPSGRZ0CPb8youiUSnbZ+XK7XmxepXFkQcH4BCUgA0uQBXcgBqoAwyewAt4A+/Gs/FqfBif09ackc3sgz9lfP0CuPydCw==</latexit>

�
q(x) + p(x)

�
s1 �

�
q(x) + 2p(x)

�
s0 + p(x)s�1

<latexit sha1_base64="T4Ni0/VLBy71+y0f3yXwFkvndkU="></latexit>
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 BASIC HYPERGEOMETRIC FUNCTIONS

r�s

✓
a1, a2, . . . , ar
b1, b2, . . . , bs

���� q; z
◆

=
1X

k=0

(a1; q)k(a2; q)k · · · (ar; q)k
(b1; q)k(b2; q)k · · · (bs; q)k

(�1)(1+s�r)q(1+s�r)(k2) zk

(q; q)k
<latexit sha1_base64="3HbwLn0wu+s6TGSueRKL9XEJ36o="></latexit>

The non uniform lattice is x(s) = c1q
s + c2q

�s + c3
<latexit sha1_base64="tWzL5q3c/S3tkBEKUCJtsbRD1Rs=">AAACBHicbZDLSgMxFIbP1Futt1GX3QSLUBHLTCvoRii6cVnBXqAdh0yatqGZi0lGLEMXbnwVNy4UcetDuPNtTNtZaPVAyMf/n0Nyfi/iTCrL+jIyC4tLyyvZ1dza+sbmlrm905BhLAitk5CHouVhSTkLaF0xxWkrEhT7HqdNb3gx8Zt3VEgWBtdqFFHHx/2A9RjBSkuumb8vyoMz4tro9kYeEres7+RIjjVWXLNglaxpob9gp1CAtGqu+dnphiT2aaAIx1K2bStSToKFYoTTca4TSxphMsR92tYYYJ9KJ5kuMUb7WumiXij0CRSaqj8nEuxLOfI93eljNZDz3kT8z2vHqnfqJCyIYkUDMnuoF3OkQjRJBHWZoETxkQZMBNN/RWSABSZK55bTIdjzK/+FRrlkV0rlq+NC9TyNIwt52IMi2HACVbiEGtSBwAM8wQu8Go/Gs/FmvM9aM0Y6swu/yvj4BtuSllE=</latexit>

A(x(s))hq +B(x(s))h1 + C(x(s))h1/q
<latexit sha1_base64="CHoIOvAOeBq/8FqEvuCcU7zHT5s=">AAACEXicbVDLSgMxFM3UV62vUZdugkWYUqgzVdBlbTcuK9gHtMOQSdM2mHk0yYhlmF9w46+4caGIW3fu/BvTdvDReiBw7jn3cnOPGzIqpGl+apml5ZXVtex6bmNza3tH391riiDimDRwwALedpEgjPqkIalkpB1ygjyXkZZ7U5v4rVvCBQ38azkOie2hgU/7FCOpJEc3Low7QxQKQyceJcXqd2ElxdpPcTxKHD1vlswp4CKxUpIHKeqO/tHtBTjyiC8xQ0J0LDOUdoy4pJiRJNeNBAkRvkED0lHURx4Rdjy9KIFHSunBfsDV8yWcqr8nYuQJMfZc1ekhORTz3kT8z+tEsn9ux9QPI0l8PFvUjxiUAZzEA3uUEyzZWBGEOVV/hXiIOMJShZhTIVjzJy+SZrlknZTKV6f5SjWNIwsOwCEwgAXOQAVcgjpoAAzuwSN4Bi/ag/akvWpvs9aMls7sgz/Q3r8AHyqasg==</latexit>
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RECURRENCE RELATION

xpn(x) = ↵npn+1(x) + �npn(x) + �npn�1(x),
<latexit sha1_base64="3y8oIv/MWLk9xYDGMG/8uyt45hk=">AAACKXicbVDLSgMxFM34tr6qLt0Ei1Cplpkq6EYounGpYFVoh+FOmmlDk8yQZMQy9Hfc+CtuFBR164+YTiv4OhA499xzubknTDjTxnXfnInJqemZ2bn5wsLi0vJKcXXtUsepIrRBYh6r6xA05UzShmGG0+tEURAhp1dh72TYv7qhSrNYXph+Qn0BHckiRsBYKSjWb3ESyPLt9lELeNKFQNo6kxVvYLVKK6RmJMm87IAQX5bd3LITFEtu1c2B/xJvTEpojLOg+NRqxyQVVBrCQeum5ybGz0AZRjgdFFqppgmQHnRo01IJgmo/yy8d4C2rtHEUK/ukwbn6fSIDoXVfhNYpwHT1795Q/K/XTE106GdMJqmhkowWRSnHJsbD2HCbKUoM71sCRDH7V0y6oIAYG27BhuD9PvkvuaxVvb1q7Xy/VD8exzGHNtAmKiMPHaA6OkVnqIEIukMP6Bm9OPfOo/PqvI+sE854Zh39gPPxCUNcpMg=</latexit>

Then, we can define a new inner product

hf, gi = hf, gid + hDNf,DNgic
<latexit sha1_base64="uksul9G9mhFZk9hcuft5M6Nd6AI=">AAACRHicbZDLSsNAFIYnXmu9RV26GSyCoJSkCroRirpwJRXsBZJaJpNJO3QyCTMToYQ+nBsfwJ1P4MaFIm7FSVpFWw8M/Hz/OZwzvxczKpVlPRkzs3PzC4uFpeLyyuraurmx2ZBRIjCp44hFouUhSRjlpK6oYqQVC4JCj5Gm1z/P/OYdEZJG/EYNYtIOUZfTgGKkNOqYjssQ7zICg4OuK3J5Oo06/v43TN0QqR5GDF4Mb690zyT5mcEds2SVrbzgtLDHogTGVeuYj64f4SQkXGGGpHRsK1btFAlFMSPDoptIEiPcR13iaMlRSGQ7zUMYwl1NfBhEQj+uYE5/T6QolHIQerozu1dOehn8z3MSFZy0U8rjRBGOR4uChEEVwSxR6FNBsGIDLRAWVN8KcQ8JhJXOvahDsCe/PC0albJ9WK5cH5WqZ+M4CmAb7IA9YINjUAWXoAbqAIN78AxewZvxYLwY78bHqHXGGM9sgT9lfH4BqRKxPQ==</latexit>

Result: If there exists a positive integer N so that 
�N = 0.

<latexit sha1_base64="WZVOKIi9P8MzZB1/Hu0kRIzEwvk=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4CkkV9CIUvXiSCvYD0lAm2027dHcTdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpRypo3nfTsrq2vrG5ulrfL2zu7efuXgsKWTTBHaJAlPVCcCTTmTtGmY4bSTKgoi4rQdjW6nfvuJKs0S+WjGKQ0FDCSLGQFjpaA7ACGgd3/tub1K1XO9GfAy8QtSRQUavcpXt5+QTFBpCAetA99LTZiDMoxwOil3M01TICMY0MBSCYLqMJ+dPMGnVunjOFG2pMEz9fdEDkLrsYhspwAz1IveVPzPCzITX4U5k2lmqCTzRXHGsUnw9H/cZ4oSw8eWAFHM3orJEBQQY1Mq2xD8xZeXSavm+udu7eGiWr8p4iihY3SCzpCPLlEd3aEGaiKCEvSMXtGbY5wX5935mLeuOMXMEfoD5/MHQSuQkw==</latexit>

Such that, the sequence {pn(x)}Mn=0 , M > N
<latexit sha1_base64="dReDtlydjOPyQXIB/zwqbYQgY6c=">AAACDnicbVBNS8NAEN34WetX1aOXxSIoSEmqoBel6MVLpYJVoalhs920SzebsDsRS8gv8OJf8eJBEa+evflv3H4ctPXBwOO9GWbm+bHgGmz725qanpmdm88t5BeXlldWC2vr1zpKFGV1GolI3fpEM8ElqwMHwW5jxUjoC3bjd8/6/s09U5pH8gp6MWuGpC15wCkBI3mFbVewANw09uTOw66reLsDbual8tjO7tJqtufi6smFVyjaJXsAPEmcESmiEWpe4cttRTQJmQQqiNYNx46hmRIFnAqW5d1Es5jQLmmzhqGShEw308E7Gd42SgsHkTIlAQ/U3xMpCbXuhb7pDAl09LjXF//zGgkER82UyzgBJulwUZAIDBHuZ4NbXDEKomcIoYqbWzHtEEUomATzJgRn/OVJcl0uOful8uVBsXI6iiOHNtEW2kEOOkQVdI5qqI4oekTP6BW9WU/Wi/VufQxbp6zRzAb6A+vzB2zSm64=</latexit>

is orthogonal with respect to. 6



ORTHOGONALITY

xpn(x) = ↵npn+1(x) + �npn(x) + �npn�1(x),
<latexit sha1_base64="3y8oIv/MWLk9xYDGMG/8uyt45hk=">AAACKXicbVDLSgMxFM34tr6qLt0Ei1Cplpkq6EYounGpYFVoh+FOmmlDk8yQZMQy9Hfc+CtuFBR164+YTiv4OhA499xzubknTDjTxnXfnInJqemZ2bn5wsLi0vJKcXXtUsepIrRBYh6r6xA05UzShmGG0+tEURAhp1dh72TYv7qhSrNYXph+Qn0BHckiRsBYKSjWb3ESyPLt9lELeNKFQNo6kxVvYLVKK6RmJMm87IAQX5bd3LITFEtu1c2B/xJvTEpojLOg+NRqxyQVVBrCQeum5ybGz0AZRjgdFFqppgmQHnRo01IJgmo/yy8d4C2rtHEUK/ukwbn6fSIDoXVfhNYpwHT1795Q/K/XTE106GdMJqmhkowWRSnHJsbD2HCbKUoM71sCRDH7V0y6oIAYG27BhuD9PvkvuaxVvb1q7Xy/VD8exzGHNtAmKiMPHaA6OkVnqIEIukMP6Bm9OPfOo/PqvI+sE854Zh39gPPxCUNcpMg=</latexit>
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hf, gi = hu, fgi =
Z

⌦
f(z)g(z) dµ(z)

<latexit sha1_base64="sgvy/O8uKnO5+BIajzDJpm7X+i8="></latexit>

u 2 P0, ⌦ ⇢ C
<latexit sha1_base64="giVe1en/U5HYfc62pZLqUmIdGmY=">AAACHXicbVDLSgNBEJz1bXxFPXoZDKIHCbsxoEcxF29GMImQDWFm0hsHZ2fXeQhhyY948Ve8eFDEgxfxb5xNgvgqaCiquunuoqng2vj+hzc1PTM7N7+wWFhaXlldK65vNHViFYMGS0SiLinRILiEhuFGwGWqgMRUQIte13K/dQtK80RemEEKnZj0JY84I8ZJ3WI1C2mE7TDkEocxMVeU4vruPg5vLOnh8CyGPgm1pRrMl1/rFkt+2R8B/yXBhJTQBPVu8S3sJczGIA0TROt24KemkxFlOBMwLIRWQ0rYNelD21FJYtCdbPTdEO84pYejRLmSBo/U7xMZibUexNR15gfq314u/ue1rYmOOhmXqTUg2XhRZAU2Cc6jwj2ugBkxcIQwxd2tmF0RRZhxgRZcCMHvl/+SZqUcHJQr59XS8ckkjgW0hbbRHgrQITpGp6iOGoihO/SAntCzd+89ei/e67h1ypvMbKIf8N4/Abx3oRM=</latexit>



DUALITY
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Definition: Given two sets of nonnegative integers
U, V ✓ N0

<latexit sha1_base64="AXn7dSyg3SpFuXDHq/iwkP4b4mI=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUpSBT0WvXiSCqYtNCFstpN26ebD3Y1QSsGLf8WLB0W8+ie8+W/ctDlo64OBx3szzMwLUs6ksqxvY2FxaXlltbRWXt/Y3No2d3abMskEBYcmPBHtgEjgLAZHMcWhnQogUcChFQyucr/1AEKyJL5TwxS8iPRiFjJKlJZ8c985wU3syiyQoOAeuxFR/SDAN77lmxWrak2A54ldkAoq0PDNL7eb0CyCWFFOpOzYVqq8ERGKUQ7jsptJSAkdkB50NI1JBNIbTX4Y4yOtdHGYCF2xwhP198SIRFIOo0B35ifKWS8X//M6mQovvBGL00xBTKeLwoxjleA8ENxlAqjiQ00IFUzfimmfCEKVjq2sQ7BnX54nzVrVPq3Wbs8q9csijhI6QIfoGNnoHNXRNWogB1H0iJ7RK3oznowX4934mLYuGMXMHvoD4/MHAFeWeQ==</latexit>

We say that the two sequences of polynomials 

(pu)u2U , (qv)v2V
<latexit sha1_base64="CnLR24v9KVZ5JKTyzQCRtUuSPZ4=">AAACCHicbZDNSsNAFIUn9a/Wv6hLFw4WoYKUpAq6LLpxWcG0hSaEyXTSDp1M4sykUEKXbnwVNy4UcesjuPNtnLRZaPXAwOG793LnniBhVCrL+jJKS8srq2vl9crG5tb2jrm715ZxKjBxcMxi0Q2QJIxy4iiqGOkmgqAoYKQTjK7zemdMhKQxv1OThHgRGnAaUoyURr55WEv89MTPUpdy6ExPXVi798cajHPQnvpm1apbM8G/xi5MFRRq+ean249xGhGuMENS9mwrUV6GhKKYkWnFTSVJEB6hAelpy1FEpJfNDpnCY036MIyFflzBGf05kaFIykkU6M4IqaFcrOXwv1ovVeGll1GepIpwPF8UpgyqGOapwD4VBCs20QZhQfVfIR4igbDS2VV0CPbiyX9Nu1G3z+qN2/Nq86qIowwOwBGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv89aSUczsg18yPr4B6buYow==</latexit>

are dual if there exists a couple of sequences of numbers
(⇠u)u2U , (⇣v)v2V

<latexit sha1_base64="sDCwo6UvtwQERZRzixjBX7GtZCw=">AAACDnicbZDLSsNAFIYn9VbrrerSzWApVJCSVEGXRTcuK9gLNCVMppN26GQS5lKsIU/gxldx40IRt67d+TZO2yy09YeBn++cw5nz+zGjUtn2t5VbWV1b38hvFra2d3b3ivsHLRlpgUkTRywSHR9JwignTUUVI51YEBT6jLT90fW03h4TIWnE79QkJr0QDTgNKEbKIK9Yrrj31NMnXqJdymEzPXVhxX0gCnljA8dT2Eq9Ysmu2jPBZeNkpgQyNbzil9uPsA4JV5ghKbuOHategoSimJG04GpJYoRHaEC6xnIUEtlLZueksGxIHwaRMI8rOKO/JxIUSjkJfdMZIjWUi7Up/K/W1Sq47CWUx1oRjueLAs2giuA0G9ingmDFJsYgLKj5K8RDJBBWJsGCCcFZPHnZtGpV56xauz0v1a+yOPLgCByDCnDABaiDG9AATYDBI3gGr+DNerJerHfrY96as7KZQ/BH1ucPwC+bSw==</latexit>

such that ⇠upu(v) = ⇣vpv(u), u 2 U, v 2 V.
<latexit sha1_base64="FKf/J6v4TXZGiB6cZMgzd4UnM/w="></latexit>
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THE SCHEMES
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THE HYPERGEOMETRIC SCHEME
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THE BASIC HYPERGEOMETRIC SCHEME
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Thank you for your attention
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