{Amsite. Spring eastern sectional meeting

Orthogonality of the big —1 Jacobi
polynomials for non-standard parameters

Roberto S. Costas Santos

Universidad Loyola Andalucia

Joint work with Howard S. Cohl (NIST)

April 1st, 2023. Online

“# LovoLa



Outline

The big g-Jacobi polynomials
The basics
The limiting g — —1 process

The big —1 Jacobi polynomials
First calculations
The Factorization of the Gauss Hypergeometric function
The Factorization of the big —1 Jacobi polynomials
The property of orthogonality of the big —1 Jacobi polynomials

¥ LovoLa



The basics
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The polynomials

1. The big g-Jacobi polynomials

_ N q ", abq", x
P.(x;a, b, c;q) = 3F, < 2q. cq iee]

2. These polynomials for standard parameters are orthogonal

3 (a7 1x,c71x; g o
(% pa) ::/ ((x bc—1x; q)) p(X)q(X)qu
cq ) ! ee]

3. They satisfy a three-term recurrence relation:
Xpn(X) = pn+1(X) + Bnpn(X) + 'ann—l(x)’ n= 17 27
where py(x) =1 and p;(x) = x — .
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The Favard Theorem

The degenerate Favard Theorem




1. The coefficient of the recurrence relation:

B,=1-A,—C,, 7,=A,_1C,

where
P ag™1)(1 — abg™1)(1 — cg™t)
! (1 — abg?m*1)(1 — abg2n+2) )
and
C = —acq"? (1 —g")(1 —abc1q")(1 — bqn).

(1 — abg?")(1 — abg?n+1)

Reference




Continuous

dual g—Hahn

'Askey—Wilson ' g—Racah

o]

Big

g-Laguerre

Little
g-Jacobi
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The limiting ¢ — —1 process

Reference

Reference

> g = —exp(e)
> a= —exp(ea), b= —exp(eB), c = —exp(ec).
> We take e — 0

g i @Dk _ (= explea)i —exp(e))s
e—0(a;q), =0 (—exp(ef); —exp(e)),
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The big —1 Jacobi polynomials



The Representation

» If nis even

_n n+06+6+2 1 —X2
ng)(X;Oé,ﬂ,C):K/n 2F1 2 L—H-z : 1—C2

2

o n(]_—x) Sy 1—%7’7"‘0‘#"‘6"'2.1_)(2
(1+c)(a+1) af3 "1 —¢?

» If nis odd

q __n—1 nta+p+1 1— x2
. _ 2 2 .
Q,g )(X,Oz,,@, C)—Iﬁ:n oF1 atl 12

(et B8+n+1)(1-x) £ —”51,%.1—%
I+co)(a+1) 2F = "1 2
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The coefficients of the recurrence relation

P (c—1)n Jr(1+c)(5+n+1) n even
a+B+2n a+p+2n+2

(c—1)(n+1) (1+c)(B+n)
Ca+B8+2n+2  a+B+2n n odd

5(0) _

(1 —¢c)’n(a+ B+ n)

7(0) B (Oé + B + 2”)2 , neven
"] (+c)Pa+n)(B+n)
(a+ B+2n) , nodd
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The Factorization

The Gauss hypergeometric function fulfills the following
factorization identity:

-n—N,a B —N,a
(_N+1)n+N2F1< —N+1 ,X> —( N+1)N2F]_<_N+1,X>

—n,a+ N >

X(N+1)n2F1< N+ 1 T X

—N,a

(N + Dnehs( Jg's7i%) = @0
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The Factorization of the big —1 Jacobi polynomials

The Factorization of the big —1 Jacobi polynomials
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The property of orthogonality

Main theorem




Thank you!
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