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The study of polynomial solutions of differentiz
equations of ordetn (n > 1) was considered by
H.L. Krall in 1938.

The polynomial solutions of 4th order DE are
orthogonal with respect to a modification of a
linear functionaly, via the addition of one or tw
delta Dirac measures.

T.H. Koornwinder, Koekoek Bro’s., F. Marcelllan, R.
Alvarez J. Petronilho and others.

Our main purpose Is to construct tipKrall type
orthogonal polynomials of the Hahn tableau. |
this case(,, Is ag-classical linear functional.
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1. Preliminaries

1| We start withg-classical linear functional

(Cy, P) = ZP — 1), z(s) =¢*.

o(s+1)p(s + 1) = p(s)(o(s) + 7(s)Ax(s — 3).

Limit relations betweerg-Krall type orthogonal polynomials — p. .



1. Preliminaries

1| We start withg-classical linear functional

(Cy, P) = ZP Az(s—1), xz(s)=q"".

o(s+1)p(s + 1) = p(s)(o(s) + 7(s)Ax(s — 3).

2| Theg-polynomials satisfy a SODE, a TTRR
:Cpn — Oénpn—l—l + 6npn + ,YnPn—la

and the structure relations

VP,(s ~ ~ ~
o(8)YEs — &Py 1 (5)g + BnPa(s)g + G P ()a,

APy (s)q

= anpn_|_1(8)q + Bnpn(s)q + /ﬁnpn—l(s)q’
Ax(s)

[a(s) + 7(s)Az(s — %]
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1. Preliminaries

3| The Christoffel-Darboux formula

K (81 32) = i Pm(Sl)qu(SQ)q _ Qn Pn—l-l(sl)qpn(SQ)q — n+1(82)an(81)q
n ) : o d72n d% ac(sl) _ I(Sg) )
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3| The Christoffel-Darboux formula

K (81 32) = i Pm(Sl)qu(SQ)q _ Qn Pn—l-l(sl)qpn(SQ)q — n+1(82)an(81)q
" | | m=0 d72n d% ac(s1) — x(SQ)

4| If o(sy) = 0, then

Pr(s0)q

d2 (% . a‘_n) [a
n
Yn 077}

Kn_1(s,s0) =
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1. Preliminaries

3| The Christoffel-Darboux formula

K (81 82) I i Pm(Sl)qu(SQ)q _ an Pn—l—l(sl)qpn(SQ)q — Pn+1(82)qpn(31)q
o | m=0 dz, dz, x(s1) — x(s2) ’

4| If o(sy) = 0, then

Kn—1(s,s0) = P (PisSO)C&i) [iz Fr(s)a - m(s)a—(szr)z(so) véj;b((j))q] |
"\ yn T an

5 If O'(S()) + T(So)VZEl(SQ) = 0, then

B P, (s50)q Qn o(s)+ 7(s)Vzx1(s) APn(s)q
Ko (sss0) = — B0 [T Py (5)y — 0T S|
I <’vn - an)

o K,(s) := Ky(s,s).
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2. TheHahn Tableau

Big
{J-Jacobi
Bi Little
; {-Meixner
{-Laguerre - Jacobi
i e {|-Laguerre Charli
Carlitz | q-Laguerre o (-Lharher
Stieltjes
Wigert
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3. Theg-Krall type OP

- LetC be ag-classical linear functionabif = 1)

(U, P) := (C, P) + AP(xy) + BP(x1), A,B>0,
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Uu,P) .= (C,P)+ AP(xy) + BP(z1), A,B>0,

PV B (s)g 1= Pu(s)qg — AP B (20) g Kn—1(x,20) — BP P (21)qKn_1(z,z1).

n

- Existence of The polynomialB*#(s),

1+ AK,,_ BK, _1(xo,
det 1(@o) (@0, 7) | v en
AKn 1(r1,70) 1+ BK, (1)
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3. Theg-Krall type OP

- LetC be ag-classical linear functionabif = 1)
Uu,P) .= (C,P)+ AP(xy) + BP(z1), A,B>0,

PV B (s)g 1= Pu(s)qg — AP B (20) g Kn—1(x,20) — BP P (21)qKn_1(z,z1).

n

- Existence of The polynomialB*#(s),

1+ AK,,_ BK, _1(xo,
det 1(@o) (@0, 7) | v en
AKn 1(r1,70) 1+ BK, (1)

— One mass Casde3 = (

~

PA(s)y = Po(s)y — APMa0) K ern_1(x,x0).

n
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4. The Big g-Jacobi polynomials

— Theg-classical linear functional

aq
(CP P) = / P(z)p(z)d,x, 0 < a,b<q ', c<O,

q
( ) 1 (GQ7ancQ7abC_1Q7a_lxac_1x;Q)OO
) —
g aq(1l —q) (g,abg?,a 1c,ac™1q, z,bc™1x; q) o
o (L—abg)(g,bg,abcqiq)n ([ mtE\T
n o 1 — ab 2n+1 b . acq :
(1 — abg®>*1)(aq, abg, cq; q)n

o(s) =q (r—aq)(xz—cq), o(s)+7(s)Vri(s) = aq(z—1)(bz—c),
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4. The Big g-Jacobi polynomials

— Theg-classical linear functional

aq
(CP P) = / P(z)p(z)d,x, 0 < a,b<q ', c<O,

q
( ) 1 (GQ7ancQ7abC_1Q7a_lxac_1x;Q)OO
) —
g aq(1l —q) (g,abg?,a 1c,ac™1q, z,bc™1x; q) o
o (L—abg)(g,bg,abcqiq)n ([ mtE\T
n o 1 — ab 2n+1 b . acq :
(1 — abg®>*1)(aq, abg, cq; q)n

o(s) =q (r—aq)(xz—cq), o(s)+7(s)Vri(s) = aq(z—1)(bz—c),

¢ The mass pointsty = aq andx; = 1.
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5. Case g-Jacobi-Koornwinder

¢ We add 2 mass points at the end-points of the
interval of orthogonalityx, = aq, 1 = «q.
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¢ We add 2 mass points at the end-points of the
interval of orthogonalityx, = aq, 1 = «q.

¢ Theg-Jacobi-Koornwinder polynomials:

PP (wa,b,¢q) = (1= (1=~ ") An) Pa (@5 0,0, ¢;0)+ (1=~ ) B () Dy -1 P (x3 0, b, € ).
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5. Case g-Jacobi-Koornwinder

¢ We add 2 mass points at the end-points of the
interval of orthogonalityx, = aq, 1 = «q.

¢ Theg-Jacobi-Koornwinder polynomials:
PP (zya,b,¢59) = (1—(1—¢~ ™) An) Pa(x;0,b, ¢;9)+(1—¢ ') Bn(2)D,—1 Pa(x;a,b, c; q).

¢ We can write as basic hypergeometric series

Q§Q> 3

aq(l — (1 —q7")An)(1 —q*1)(1 —q*2) . bBp ()
(1 —aq)(1 —cq) 7 1—(1—Q‘”)An] '

N N _n’ ab n+1 : 1—oq , 1—ao , X
PB (z;a,b,¢;q) = Dn(x) 504 ( ! ! ! ’

aq?, cq®, qg7¥ , g2

where

Dy (z) =

(1 —ag™™)(1 — cg® ™) + Bu(z)(1 — abg" ™" TH (1 — ¢~ TF) = 0.
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6. Case Big g-Jacobi Krall

¢ We add 2 mass pointsy = aq, x1 = 1.
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6. Case Big g-Jacobi Krall
¢ We add 2 mass pointsy = aq, x1 = 1.
¢ The Bigg-Jacobi Krall polynomials:
P B(za,b,c59) = (1 — (1 —q ™) An(APn(aq) + BP,(1)Cp))Pu(z; a, b, c; q)+

An(1—q 1) APn(ag)(x — cq)Dy—1 P(x;a,b, c; q)+
En (g — 1)B]3n(1)C’n(b:E — ¢)DyPn(z;a,b,c;q),
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6. Case Big g-Jacobi Krall
¢ We add 2 mass pointsy = aq, x1 = 1.
¢ The Bigg-Jacobi Krall polynomials:
PP (wabciq) = (1= (1—q ") An(APn(aq) + BPu(1)Cn)) Pu(w; a, b, c; q)+
A\n(l — q_l)Algn (aq)(x — cq)Dq_1 Pp(x;a,b,c;q9)+
En (g — 1)B]3n(1)C’n(b:E — ¢)DyPn(z;a,b,c;q),
¢ We can write as basic hypergeometric series

R R N gbgntl 1—p81 : 1—B2 7 1—p3 , T
PP (z;a,b,¢;9) = Dn(z) 605 ( ! ! ! ! !
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/. One mass point cases

Big ¢-Laguerre Krall can be represented:as;.
Little g-Jacobi Krall can be represented agss.
g-Meixner-Krall can be represented a».

Al-Salam Carlitz Krall | can be represented as
4 ¥3-

Little g-Laguerre Krall can be represented as
3 ¥2-

g-Charlier Krall can be represented ags.

Stieltjes-Wigert Krall can be represented-as,.
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8. Algebraic properties
- Theg-Krall type OP satisfy a SODE

f(nss)y(s +1) + g(n, s)y(s) + h(n, s)y(s — 1) = 0.
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8. Algebraic properties
- Theg-Krall type OP satisfy a SODE

f(n,s)y(s+1)+g(n,s)y(s) + h(n,s)y(s —1) = 0.
— a Three Terms recurrence relation

z(s) Py (x(s))q = an Paty (2(s))q + B Pr (2(8))q + v P (@(3))g,
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8. Algebraic properties
- Theg-Krall type OP satisfy a SODE
f(n,s)y(s +1) + g(n, s)y(s) + h(n,s)y(s —1) = 0.
— a Three Terms recurrence relation

z(s) Py (x(s))q = an Paty (2(s))q + B Pr (2(8))q + v P (@(3))g,

— The structure relations.
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Conclusions, remarks

¢ We can apply the a similar method that R.

Alvarez and F. Marcellan applied in the
continuous case obtaining an analogous resul
the g-discrete case.
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continuous case obtaining an analogous resul
the g-discrete case.

¢ No simple relation between the number of ma:
points added in the original classical measure
the number of parameters added in the basic
hypergeometric series.

e O.P.: Find a higher order difference equation
whose solutions are theKrall type OP.

xx THANKSFOR YOUR ATTENTION. **
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