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Abstract

We study the factorization of the hypergeometric-type difference equation of
Nikiforov and Uvarov on nonuniform lattices. An explicit form of the raising and
lowering operators is derived and some relevant examples are given.

1 Introduction

In this paper we will deal with the so-called factorization method (FM) of the hyper-
geometric-type difference equations on nonuniform lattices. The FM was already
used by Darboux [14] and Schrédinger [27, 28] to obtain the solutions of differential
equations, and also by Infeld and Hull [17] for finding analytical solutions of certain
classes of second order differential equations. Later on, Miller extended it to difference
equations [18] and g¢-differences —in the Hahn sense— [19]. For more recent works see
e.g. [5, 6, 11, 29, 30] and references therein.

The classical FM was based on the existence of a so-called raising and lowering opera-
tors for the corresponding equation that allows to find the explicit solutions in a very
easy way. Going further, Atakishiyev and coauthors [5, 9, 6] have found the dynamical
symmetry algebra related with the FM and the differential or difference equations. Of
special interest was the paper by Smirnov [15] in which the equivalence of the FM and
the Nikiforov et all theory [25] was shown, furthermore this paper pointed out that
the aforementioned equivalence remains valid also for the nonuniform lattices that was
shown later on in [20, 29]. In particular, in [29] a detailed study of the FM and its
equivalence with the Nikiforov et al. approach to difference equations [25] have been
established. Also, in [12], a special nonuniform lattice was considered. In fact, in
[12] the author constructed the FM for the Askey—Wilson polynomials using basically
the difference equation for the polynomials. In the present paper we will continue the
research of the nonuniform lattice case. In fact, following the idea by Bangerezako
[12] for the Askey—Wilson polynomials and Lorente [22] for the classical continuous
and discrete cases, we will obtain the FM for the general polynomial solutions of the
hypergeometric difference equation on the general quadratic nonuniform lattice x(s) =
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c1¢° + c2q® + c3. We will use, as it is already suggested in [9, 15], not the polynomial
solutions but the corresponding normalized functions which is more natural and useful.
In such a way, the method proposed here is the generalization of [12] and [22] to the
aforementioned nonuniform lattice.

The structure of the paper is as follows. In Section 2 we present some well-known
results on orthogonal polynomials on nonuniform lattices [10, 25, 26], in section 3 we
introduce the normalized functions and obtain some of their properties such as the
lowering and raising operator that allow us, in Section 4, to obtain the factorization
for the second order difference equation satisfied by such functions. Finally, in Section
5, some relevant examples are worked out.

2 Some basic properties of the ¢g-polynomials

Here, we will summarize some of the properties of the ¢g-polynomials useful for the rest
of the work. For further information see e.g. [25].

We will deal here with the second order difference equation of the hypergeometric type

o 5T [ | e e + ) o

(1)
o(s) = (x(s)) — 57(x(s)Ax(s — 5),  7(s) = 7(x(s)),

where Vf(s) = f(s) — f(s—1) and Af(s) = f(s+ 1) — f(s) denote the backward and
forward finite difference derivatives, respectively, 6(z(s)) and 7(z(s)) are polynomials
in z(s) of degree at most 2 and 1, respectively, and A is a constant. In the following,
we will use the following notation for the coefficients in the power expansions in z(s)

of 6(s) and 7(s)

5.//

a(s) =oalx(s)] = 71‘2(8) +&'(0)z(s) + (0), 7(s) = 7lx(s)] = F'z(s) + 7(0). (2)

An important property of the above equation is that the k-order difference derivative
of a solution y(s) of (1), defined by

A A A
yk(S)q = Al‘kfl(s) A$k72(3) . Aw(s)y(s) =

also satisfies a difference equation of the hypergeometric type

A vyk(s)q ls A?/k(S)q
 Ar(s — 1) [Vﬂ:k(s)] +7608) R ()

o

+ 1kyr(s)g = 0, 3)

where z(s) = z(s + £) and [25, page 62, Eq. (3.1.29)]

_o(s+k)—o(s) +T(s + k) Ax(s + k- 1) L& Arls)
Tr(s) = Azr1(s) ; Pr = A+ mZ::O Az ()’ (4)

It is important to notice that the above difference equations have polynomial solutions
of the hypergeometric type iff z(s) is a function of the form [10, 26]

z(s) = c1(q)q” + ca(q)q* +e3(q) = c1(9)[¢° + ¢ "] + c3(q), (5)



where ¢1, ¢, c3 and ¢* = % are constants which, in general, depend on ¢ [25, 26]. For
the above lattice, a straightforward calculation shows that 74 (s) is a polynomial of first
degree in xy(s) of the form (see e.g. [10])

~/!

mi(s) = Fan(s) + 7(0), T = 2Ky + ag(2R)F,

. (6)
. c30” - -
7%(0) = 32 (2[Klq — [2Kk]g) + 6" (0)[k]g + ca7’(cg (k) — 0q(2K)) + 7(0) g (K),
where the g-numbers [k], and a,4(k) are defined by
a2z —q q q
[k]q =1 1> aq(k:) = 9 (7)
q2 — q 2
and [n],! are the g-factorials [n],! = [1]4[2]4 - - [n]q-
Both difference equations (1) and (3) can be rewritten in the symmetric form
A Vy(s)
An =Y
Ree Ty 7RI |+ Mmetaluts) =0
and A Van(s)
Yr\s
= VY IR\ =0,
Aors =) [U(S)pk(s)vm(s)] + 1P (8)yk(s)

where p(s) and pg(s) are the weight functions satisfying the Pearson-type difference
equations

A A
——— [0(s)pr(s)] = T(s)pr(s),
Karfa =Ty POPO = RO )
respectively. In [25] it is shown that the polynomial solutions of (3) (and so the poly-
nomial solutions of (1)) are determined by the g-analogue of the Rodrigues formula on
the nonuniform lattices

A A e = ADP (n(s)) = AnkDBngm)
AZEk_l(S) AZL‘(S) Pn( ( ))q - A Pn( ( ))q Pk(s) vk pn( )7 (9)
where v v v
) () — N
Vi f(e) Vagi1(s) Vagya(s)  Vag(s) /)
k=1 ~I
Apr = [n[ﬁ%{}]q! H {qu(n +m — 1)7-/ +[n+m-— 1]qu2} (10)

m=0

Thus [25, page 66, Eq. (3.2.19)]

z(s :ﬁ ™) 5, (s m—_V v v
Fr((s))q p(S)v puls), V= Vxi(s) Va(s)  Vau(s)’ (11)
where p,(s) = p(s +n) H o(s+ k) and
k=1
= ~lala { gl = )7 + 1= 1,5 | (12)



In this paper we will deal with orthogonal g-polynomials and functions. It can be
proven [25], by using the difference equation of hypergeometric-type (1), that if the
boundary condition

a(s)p(s)ak(s — =) =0, Vk>0, (13)

holds, then the polynomials P, (s), are orthogonal, i.e.,

b—1
ZPn(z(s))qu(a:(s))qp(s)Ax(s - %) = 0umd2, s=a,a+1,...,b—1, (14)

sS=a

where p(s) is a solution of the Pearson-type equation (8). In the special case of the
linear exponential lattice z(s) = ¢® the above relation can be written in terms of the
Jackson g-integral (see e.g. [16, 21]) fZZf f(t)d4t, defined by

/2122 f(t)dgt = /022 ft)dgt — /OZ1 F(t)dgt

/Zf(t) d(1-q)) fzd")d", 0<q<1,
0 k=0

where

as follows:
qb
/ Po(t)gPrm(t)qw(t)dgt = 6pma'?dy, t=¢", w(t) =w(d") = p(t). (15)

Notice that the above boundary condition (13) is valid for £ = 0. Moreover, if we
assume that a is finite, then (13) is fulfilled at s = a providing that o(a) = 0 [25, §3.3,
page 70]. In the following we will assume that this condition holds. The squared norm
in (14) is given by [25, Chapter 3, Section 3.7.2, pag. 104]

b—n—1 1

A2 = (=1)"ApnBl > puls)Azn(s — 5)-

S=a

There is also a so-called continuous orthogonality. In fact, if there exist a contour I’
such that

/F Alp(=)o(2)a" (2 — S dz =0, k>0, (16)
then [25]
/]F Po(2(2))q Pon ((2))opl(2) D — %) d==0, ntm.

A simple consequence of the orthogonality is the following three term recurrence rela-
tion:

z(8)P(x(s))q = anPnt1(2(5))g + BnPa(@(5))g + 1nPr—1(2(s))q; (17)
where a,, 3, and 7, are constants. If P,(s), = an2™(s) +byz" 1(s)+--- , then using
(17) we find

an by, bn+1 An—1 d?
n = ’ n = — ’ n = . 1
“ An+1 P Qn An+1 7 Gn, d72171 ( 8)

To obtain the explicit values of «,,, 8, we will use the following lemma, —interesting in
its own right— that can be proven by induction:



Lemma 2.1

nl,! n — | nl !
Ak g (5) = [n[_](;g]q!xzk(S)—f-C;g <n[n[_ - i]ql (k) [n[_]‘;c]q!> o (s) +
In the case k = n — 1, it becomes
AV () = [n]glen_1(s) + e3[n — 1] (n — [n]y) - (19)

Now, using the Rodrigues formula (9) for k =n — 1,

An,nlen (n) An,nlen \%

VY pn(s) = pn(s),
ona(s) =6 e

as well as the identities pp(s) = pn_1(s + 1)o(s + 1), zn(s) = zp_1(s + 3) and the
Pearson equation (8) for p,—_1(s), we find

ATVP (a(s))g =

AP (2(5)g = Anm1Bnn_1(s).

Thus
An,n—anﬁQ_l ol ~ 5'//
an:—[n]q! :BnH {aq(n+k—1)7—’+[n+k—1]q2} 5
k=0
e b [lFr (0
n NjgTn—1
a = (17:7/1771 + 03([n]q — n)
So
W Bn ag(n— D' +n —1],% By A [20]g[2n+ 1],

Bpi1 (ag(2n—1)7+[2n—1],% ) (ag(2n)7+2n],%)  Buyilnlg Aan Aonta

and ~ ~
o = PO LT O ), 41— 1),
n—1 n

Using the Rodrigues formula the following difference-recurrent relation follows [1, 25]

VP, (z(s))q An B,
= n P, - P, )
U(S) VJI(S) [n]qTq{L T (S) (‘T(S))q BnJrl +1($(5))q
where 7,(s) is given by (6), where the identity 7, = —[Q)QTi] has been used.
n q
Then, using the explicit expression for the coefficient a,,, we find
VP, (x(5))q  An Tn(s) QnAap
—_— = P, — P, . 2
U(S) VI(S) [n]q 7_7/L (x(s))q [2n]q +1($(S))q ( 0)

This equation defines a raising operator in terms of the backward difference in the
sense that we can obtain the polynomial P, of degree n + 1 from the lower degree
polynomial P,.

From the above equation and using the identity V = A — VA, the second order differ-
ence equation and the three terms recurrence relation we find [1] lowering-type operator:

o)+ (as — ) S e

A Tals) a1y Ao "

Po1(2(s))g+
(21)




The most general polynomial solution of the ¢g-hypergeometric equation (1) corresponds
to the case

4 4
o(s) = AH[S — 5l =Cq* H(qs —q%), A, C,not vanishing constants  (22)
i=1 i=1

and has the form [26]

n 2ut+n—14+>% 1 s; qsl—s q51+S+N
) )
$ q, q) : (23)

_ q ",q
Po(s)g = Dn 493 ( girtseth gsitsstu gsitsaty

where D,, is a normalizing constant and the basic hypergeometric series pqﬁq are defined
by [21]

k

ar,...a, o (e (e e 2T k)P
“¢P<b1,...,bp »W)—Z [( 1)%q> ] 7

= (b13q)k - (bps )k (49w

and
k—1

(@; )k =[] (1= ag™), (24)

m=0
is the g-analogue of the Pochhammer symbol. Instances of such polynomials are the
Askey—Wilson polynomials, the g-Racah polynomials and big ¢-Jacobi polynomials
among others [21, 26].

3 The orthonormal functions on nonuniform lattices

In this section we will introduce a set of orthonormal functions which are orthogonal
with respect to the unit weight [9, 15]

on(s) = /p(s)/di Po(z(s))q, (25)

e.g. for the case of discrete orthogonality we have

b—1 )
S Gulsi)om(s)Az(si = ) = dum.

Next, we will establish several important properties of such functions which gener-
alize, to the nonuniform lattices, the ones given in [22]. In the following we will use the
notation O(s) = o(s) + 7(s)Az(s — 3).

First of all, inserting (25) into (1), (17), (20), (21) we obtain that they satisfy the
following difference equation:

O (s + 1) gyl + 1)+ VB = Do) gsion(s = 1= "
O(s) o(s) . s 1 g
(Ax(s) + vgg(s)) en(s) + AnAz(s — 5)en(s) =0,
the three term recurrence relation:
Oéndgzl(pn-i-l(s) + /Vnd;nl@n_l(s) + (Bn — x(s))(pn(s) — 07 (27)



the raising-type formula:

Ao dy
L* (s:m)u(s) = an e pnia (9), (28)
q n

and the lowering-type formula:

_ )\Zn dn—l
L n = Tn n— ) 2
(5. )n(s) = 10 g2 = () (29)
where the raising-type operator L™ (s,n) and the lowering-type operator L™ (s,n) are
given by
An Tn(s) o(s) 1 _
+ = |2 - VO(s — Do(s)——
L7 (s,n) [[n]q o T (s) I++/06(s )U(S)Vx(s)E , (30)
and
_ o An Tn(S) 1 Aop @(5)
L™ (s,n) = [ —[n]q o + MAz(s — 3) + [Zn]q(m’(s) Bn) Ar(s) I

1 (1)
e 1)——E"
VB 1) s B
respectively. In the above formulas E~ f(s) = f(s—1), ET f(s) = f(s+1) and I is the
identity operator.

Notice that the last two formulas have a remarkable property of giving all the
solutions ¢y, (s). In fact, from (31) setting n = 0 and taking into account that p_;(s) =
0 we can obtain ¢g(s). Then, substituting the obtained function in (30), we can find
all the functions 1(s),..., @n(s),... .

Proposition 3.1 The raising and lowering operators (30) and (31) are mutually ad-
joint.

Proof: The proof is straightforward. In fact using the boundary condition and after
some calculations we obtain, in the case of discrete orthogonality, the expression

b—1
2n
> enia(s) | ot L (s mipns)| s - )
si—a 2n
L 2n+2] d
_ 1
— [qL (si,m + 1)(,0”4_1(81')} on(si)Ax(s; — %) = a2t
=L Azns2 dn,
The other cases can be done in an analogous way. |

Proposition 3.2 The operator corresponding to the eigenvalue A, in (26) is self ad-
joint.
Proof: Again we will prove the result in the case of discrete orthogonality. Using the

orthogonality conditions o(a)p(a) = o(b)p(b) = 0 (which is a consequence of (13)), we
can write

b—1
Z 9071(31) @(Sl — 1)0’(31)%

)gol(si —1)Az(s; — %)

s;=a :L'(Si
b—2 .
- /z:_l on(si + 1)1/ O(sp)a(s] + 1)W¢Z(SQ)A$(SQ + %)



b—1
= 3 eulss + DVR)ols + D pyn(andasi + 3)+

si=a

pi(a—1)Az(a - 3)-

eola) Ve = Dofa) s

1
n (b b—1)o(b)=——@i(b—1)Az(b— 3
0008 = Do) goanld = DA~ )
where in the last two sums we first take the operations A and V, and then substitute
the corresponding value: e.g. Az(a) = z(a+ 1) — z(a).
Now, we use the fact that ¢, (s) = \/p(s)/d2Py(z(s))q, as well as the boundary
conditions o(a)p(a) = o(b)p(b) =0, so

O(a —Do(a) pnla)pi(a —1) = /O(b = 1)a (b)n(b)pr(b — 1) = 0.

The other terms can be transformed in a similar way. All these yield the expression

b—1
S ils) { S01ao T 1 5y + DA+ §)

s;=a

Os; = 1)0(31-)@%(81» 1) An(si — ;)} _

b—1
= ¥ ules) { VB0 Go 1 1) (s + e + )+

s;=a

805~ Dol yeles — Dalss — 1)}

from where the proposition easily follows. |

4 Factorization of difference equation of hypergeometric
type on the nonuniform lattice

We will define from (26) the following operator

o) ol A
(Az<s>+w<s> Andsa 2)>I'

Clearly, the orthonormal functions satisfy
H(s,n)pn(s) =0.

Let us rewrite the raising and lowering operators in the following way

LT (s,n) =u(s,n) ++/O(s — 1)0(8)%3(3)E’

L™ (s,n) =v(s,n)l ++/O(s)o(s+ I)Aa;l(s)EJr,



M ), T V)
v(s,n _ _n Tals) x(s—1 ﬂxs - _ )
B A R e

Proposition 4.1 The functions u(s,n) and v(s,n) satisfy u(s+1,n) = v(s,n+1), or,
equivalently u(s + 1,n — 1) = v(s,n).

The proof of the above proposition is straightforward but cumbersome. We will include
it in appendix A. If we now calculate

1 2
L= (s,n+1)L"(s,n) = v(s,n+ u(s,n) + O(s)o(s + 1) (Aw(s)) +
+uls +1,n) { O(s — 1)0(5)%E— +/O)o(s + l)A;(S)EJF} ,

and substitute the values for u(s,n), v(s,n) and H(s,n) we get
L= (s,n+1)L*(s,n) = hT(n)I +u(s+1,n)H(s,n),

where the function

B (n) = <)\n7'n(5+1) o(s+1) ) (/\nTnEZS) —AnAx(s—§)>+

[n]q T - V(s +1) [n]q 7
ﬁTn(S +1) O(s)
Mg 7 Ax(s)’

is independent of s. In fact, applying the last equality to the orthonormal function
¢n(s) and taking into account (28) and (29),

AQn )\2n+2
hF (n) = _Aont2 .
() 2n], [2n + 21,

Similarly,
Lt (s,n —1)L™(s,n) = h*(n)I + u(s,n — 1)H(s,n),

where

Bt () = (_ An Tn(s —1) n A2n (@(s — 1) — Bn) + AnAz(s — g)) X

[n]q T [2n]q

_ ols) \ _
(a(6) = ) + i)

(5 e =) (a1

is independent of s. Furthermore, applying the last expression to the functions ¢y, (s),
and taking into account (28) and (29), we obtain

h*t(n) = A2 Aon

[2n — 2], [2n), "™

Remark: Notice that h*(n + 1) = hT(n).
All the above results lead us to our main theorem:



Theorem 4.1 The operator H(s,n), corresponding to the hypergeometric difference
equation for orthonormal functions py(s), admits the following factorization —usually
called the Infeld-Hull-type factorization—

u(s +1,n)H(s,n) = L™ (s,n + 1)L"(s,n) — hT(n)I, (32)

and
u(s,n)H(s,n+1) = LT (s,n)L™(s,n+ 1) — h¥(n)1, (33)

respectively.

Remark: Substituting in the above formulas the expression z(s) = s we obtain the
corresponding results for the uniform lattice cases (Hahn, Kravchuk, Meixner and Char-
lier), considered before by several authors, see e.g. [9, 22, 15] and by taking appropriate
limits (see e.g. [21, 25]), we can recover the classical continuous case (Jacobi, Laguerre
and Hermite).

5 Applications to some ¢g-normalized ortogonal functions

For the sake of completeness we will apply the above results to several families of
orthogonal g-polynomials and their corresponding orthonormal g-functions that are of
interest and appear in several branches of mathematical physics. They are the Al-
Salam & Carlitz polynomials I and II, the big ¢g-Jacobi polynomials, the dual ¢-Hahn
polynomials, the continuous ¢g-Hermite and the celebrated ¢- Askey—Wilson polynomials.

The main data for these polynomials are taken from the nice survey [21] except the
case of dual ¢g-Hahn polynomials [3]. Nevertheless, they can be obtained also from the
general formulas given in Section 2.

Finally, let us point out that similar factorization formulas were obtained by other
authors, e.g. Miller in [19] considered the polynomials on the linear exponential lattice
and Bangerezako studied the Askey—Wilson case. Our main aim in this section is to
show how our general formulas lead, in a very easy way, to the needed factorization
formulas of several families for normalized functions —not polynomials—.

5.1 The Al-Salam & Carlitz functions I and 1I

The Al-Salam & Carlitz polynomials I (and II) appear in certain models of g-harmonic
oscillator , see e.g. [4, 7, 8, 24]. They are polynomials on the exponential lattice

z(s) = ¢° = z, defined [21] by
gz )
a— |,
a

and constitute an orthogonal family with the orthogonality relation (15)

-1
, L

U©O(wi0) = (~ag(?) 0, ( q_no

1
/ U (23 U (2 ) (2) g = d28mm,
where

w(z) = (¢7,a7'qx;¢)00, and di = (—a)"(1 — q)(g; Q)n(q, a, aflq;q)ooq(g)

10



As usual, (a1, -+, ap;q)n = (a1;@)n  (ap; Q)n, and (a; ¢)ec = Hzozo(l - aqk)-
They satisfy a difference equation of the form (1) where

1/2 1
o(z) = (x —1)(z —a), 7(z) =7(z) = 7'z + 7(0), being 7’ = 1q , 7(0) = ¢'/? +61L
The eigenvalues A, and the coefficients of the TTRR are given by
ql—n/2 .
M=ol and an=1 Bi=(+a)" m=ag" ' (¢" - 1),

respectively. In this case we have

~ ~ I
7' =1, U’(O):—a;a 5(0)=a, 7,= , m(0)=¢q72

The corresponding normalized functions (25) are

2

(qx’a_lq$3q)oo(_a)nq(n) © gt
(1= (g )n(g:0,q/a;0)00 * .

Defining now the Hamiltonian for these functions ¢y, ()

en(r) =

H($,n): a(x—l)(aj—a) E + \/a(q:c—l)(q:r—a) E+—|— <q1nx+q(a+1) _[2](1.%._1) I,

x(1—q71) xz(qg—1) 1—gq g—1 kg
and using that u(x,n) = lci]qa:_l, v(z,n) =u(qr,n—1) = . i qx_l, thus
L (o) = (e + YO DVE D e e B ) = flg ),
z(g—1)
and
L™ (z,n) =v(x,n)I + Valgr —Dlgz - a)E+, where ETf(x) = f(qz),
z(q—1)
we have
L L) = D )G ),
and e
Lo = DL o) = "L ufen - DG,

which give the factorization formulas for the Al-Salam & Carlitz functions I. If we now
taking into account that (see [21, p. 115])

VD (x;q) = UM (2;47"),

then, the factorization for the Al-Salam & Carlitz functions II

Son(s) = (I(S)

n+1 _

a**t"(ag; Q)ooq( ey ¢
2%0

(4,04 9)s(1 — q)(q; @)n

qTL
%; s

follows from the factorization for the Al-Salam & Carlitz functions I simply by changing

q to q_l.

11



5.2 The big ¢-Jacobi functions

Now we will consider the most general family of g-polynomials on the exponential
lattice, the so-called big g-Jacobi polynomials, that appear in the representation theory
of the quantum algebras [31]. They were introduced by Hahn in 1949 and are defined
21] by

Pn(xa a, bu (o Q) =

(abg" 1 q)y aq, cq

They constitute an orthogonal family, i.e.,

(ag; @)n(cq; @)n b ( g ", abg" T x

aq
/ w(z)Py(z;a,b,c;q)Py(z;a,b, ¢; q)dgr = d25pm
cq

where
(a7125q) o (7125 q) oo
(23 q) oo (b 125 @) o

w(z) =

Y

2 — (1= 9)(g,¢/a,aq/c, abg*; q)o (1 = abq)(g,bg, abg/c; g)n(—ac) g ()
(aq, bq, cq, abq/c; q)oo (abq, abq”‘“, abq”+1)n :

n
They satisfy the difference equation (1) with

o(x) =q¢ Yz —aq)(x —cq) and 7(x) =7(z) = 7'z + 7(0),

where b2 o ) ( )
1 — abgq albg—1)+clag—1
7= 7(1 YD and  7(0) = ¢'/? = ,
and e
_ 1 — abq"
A\, = — n/2 et SR

They satisfy a TTRR, whose coefficients are
an=1, ppn=1-A,-Cy, vn=CrA, 1,

where
4 (1 _ aq"+1)(1 _ an+1)(1 _ abq"+1)
n (1 — abg®"+1)(1 — abg?n+2) )
C, = —acq™"! (1—¢")(1 —bg")(1 — abc™'q")
" (1 — abg®™)(1 — abg?~+1)
Also, we have
1+ abg? b
G = 1O gy = AT AT AT ) e,
q 2
o qfn _ abqn+2 7— (0) _ q% a(bqlJrn _ 1) + c(aqH” _ 1)
n q1/2<1 _ q) 9 n 1 — q .

The normalized big g-Jacobi functions are defined by

on(s) = (z/a,z/c; q)(ag, by, abq/c; q)oo (aby, aq, ag, cq, ¢g; q)n(—ac)™
" (z,bx/c,c/a,aq/c,abq?; q)so(1 — q)aq(1l — abq)(q, bq, abg/c; q)r

q¢ " abg" "z
302 :q |-
ag, cq

12



The corresponding Hamiltonian is

H(z,n) — Va(z—q)(z—aq)(z—cq) (bxr—cq) x/a(x471)(I47a)(x470)(b$470)l?*-%

E +q

z(q—1) z(g—1)
1 b 2n+1 b 1
< —Zaq :E_q(a—i-a +c+ac)+acq(q+ )x_1>l.
q*(1—q) l—gq l1—gq
Furthermore,
b n+1 2 b n+1
u(z,n) = alq_ . x+ Dy, — ;C_qlzn_l and v(z,n) = alq_ . x4+ Dp_1 — qaqux_l,
where
ab(ab + ac+ a + ¢)g***3 — a(b+ c + ab + be)q" 2
Dn = )
(1 —abg®**+2)(1 — q)
thus

LT (z,n) = u(z,n)I+ \/a(:v—q)(x;(c;q)_(ml)—cq)(bx—cq) E~, where E~f(z) = f(q '),

and

Va(@—1)(z—a)(z—c)(bz—c) o+

L™ (2,n) = v(z,n)] +q . where B f(x) = f(qa),

z(g—1)
SO
L (z,n+1)LT(z,n) = 6nr1yns1] +v(z,n+ 1)H(z,n),
LT (z,n— 1)L (2,n) = 6y ynl +u(z,n — 1)H(x,n),
where

o abq2n—1)(1 o abq2n+1)
(g —1)?

The above formulas are the factorization formulas for the family of the big g-Jacobi
normalized functions.

Since all discrete g-polynomials on the exponential lattice z(s) = c¢1¢° + ¢3 —the so
called, ¢-Hahn class— can be obtained from the big g-Jacobi polynomials by a certain
limit process (see e.g. [2, 21], then from the above formulas we can obtain the factor-
ization formulas for the all other cases in the g-Hahn tableau. Of special interest are
the ¢-Hahn polynomials and the big g-Laguerre polynomials, which are particular cases
of the big g-Jacobi polynomials when ¢ = ¢~N~1, N =1,2,..., and ¢ = 0, respectively.

5, = &

5.3 The ¢-dual-Hahn functions

In this section we will deal with the g-dual-Hahn polynomials, introduced in [3, 26]
and closely related with the Clebsh-Gordon coefficients of the g-algebras SU,(2) and
SU4(1,1) [3]. They are defined on the lattice z(s) = [s]4[s + 1]4 by

;9 ) )

—D)"(¢" " Qg 5 q ", q" s, et
qn/2(3a—b+c+1+n)kg(q; Q)n 2 qa—b+1’ qa+c+1

WE(e(s); a,b)g =

and satisfy a discrete orthogonality (14) with respect to the weight function

Lpb=1)2—(25— — — —
q2((b 1)*—(2s—1)(a+c)) (qs a+1,qs c+1’qs+b+1’qb s;q)oo

pls) = (1 — g)2(ate=b)+1 (¢, ¢, ¢*ro s tetlig)ee

13



where —3 <a<b—1, |c|<a+1,and for this weight function the norm is

1 2 2
7 (—4ab—4bc+6a+6¢—8b+6+4n(a+c—2b)—n“+1Tn+2b b—c— b—a—n.
2 q4( a c+6a+6¢ n(a+c—2b)—n n ) (q e gb-a n’q)

" (1 — g)(ate-br)tsn [n]q!(g: g™+ ) oo

These polynomials satisfy a TTRR (17) with
a,=1,
5n:q%(2n%+l)[b—a—n+ 1}q[a+c+n+1]q+q%(2"+2”’w4’“)[n]q[b—c—n]q+[a]q[a+1]q,
=gt a + e+ nlg[b — a —nlglb — ¢ — ng[nq,

and the second order difference equation (1), whose eigenvalues are \,, = [n]qq% 2 and
o(s) = q%(“C*a*bH) [s —algls+blys — ]y and 7(z) =7(z) = 7'z + 7(0),
with 7/ = —1 and 7(0) = 2@ [q + 1], [b — ¢ — 1], + q2©>TD[B],[c],.

Also we will need the values

- - 1

5" = kg, 0_/(0) _ 27]{:(1(2[2](1 . q%—b . q%—l-a . q%+a+c—b . q%+C)’

~ 1 _ _

(0)= 55 (20 +¢7! +4+20" "+ 27— (1) (7 +¢ "+ +¢ ),
q

=g () =2 et BB flo g2 D a § 1 b-c—n—1,,

In this case, the Hamiltonian, associated with the g-dual Hahn normalized functions

Vp(s) /A Wii(x(s); a,b)g, is

o) oy V15 103 = 203 — s + 12) (s + 113 — [3)
s,n) =qz

25 + 2], B
s12 — [a12) (1612 — [512)([s]2 — [c]2
q%(0+a—b+2) \/([ ]q [ }q)([ []58],1[ ]q)([ ]q | ]q)E_ — q%_%[n]q[Qs + 11+
L(cta— [s —alg[s+blg+[s—clg [s+1—algls+1+blfs+1—d],
e ( 2l - 25+ 7, )t

where ET f(s) = f(s+ 1) and E~ f(s) = f(s — 1). Then, using that

n

u(s,n) = g2~ Fa(s +n/2) — g2 3 (g2 e+ 3] b — B+

1(gde—btl—2 n 1(stota— s—algls +blyls —c
T e B A B e e
q

and taking into account that v(s,n) = u(s+1,n — 1), we find

, ([s] - -
L*(s,n) = u(s,n)I + gz(¢ta=t+2) \/ E~

and

\/([3 +1]7 = [ (017 — [s + UP([s + 107 — [7)

L™ (s,n) =v(s,n)I + q%(ﬁa*bﬂ)

14



Thus
L™ (s,n+1)L"(s,n) = ¢ " yp1 +v(s,n + 1)H(s,n),

and
LY (s,n— 1)L (s,n) = ¢ 2"~ I +u(s,n — 1)H(s,n),

are the factorization formulas for the g-dual Hahn normalized functions.

5.4 The Askey—Wilson functions

Finally we will consider the family of Askey—Wilson polynomials. They are polynomials
on the lattice 2(s) = (¢° + ¢~%) = =, defined by [21]
a9 > )

i.e., they correspond to the general case (23) when ¢°! = a, ¢*> = b, ¢® =¢, ¢** = d.
Their orthogonality relation is of the form

prn(x(s);a,b,¢,d) =

(ab; @)n(ac; )n(ad; ¢)n g ", q" Labed, ae™? ae®
493
a™ ab, ac, ad

1
/ w(x)pn(z; a,b, ¢, d)pm(z;a,b, c,d)V/1 — 2?k4dx = Snmd2, ¢ =¢? 1z =cosb,
~1

where
W T) = h(w7 1>h($7 _l)h(.%',q%)h(x, _q%> hiz, o) = 1 — 20x k a2 2k
( 27T1€q(1 — xQ)h(x, a)h(x’ b)h(x7 C)h(x, d)7 ( ) ) kl;[)[l 20q” + aq ]’

and the norm is given by

(abedq™1; q)n (abedg®™; q) oo
(¢"+1, abg™, acq™, adg™, beg™, bdg™, cdq™; q) oo

d? =

n

The Askey—Wilson polynomials satisfy the difference equation (1) with

1

o(s) =~ PRy —a)(a" )@ )@ —d), Ky =(a2 —q72)
and 7(x) = 7(z) = 7’2 + 7(0), where
" =4(q—1)(1 — abed), 7(0) =2(1 —q)(a+b+ c+d— abc — abd — acd — bed).
Furthermore, they satisfy the TTRR (17) with coefficients

a+at— (A, +Cp) CrnAn_1

anp =1, fp= 5 y  In = 4 )

where A, C,, are defined by

4 = (1 — abg™)(1 — acq™)(1 — adq™)(1 — abedq™™ 1)
e a(1 — abedg®—1)(1 — abedg®™) ’
a1 —¢™) (1 —beg" ) (1 — bdg™ ) (1 — cdg™ )

Cn = ;
(1 — abedg®=2)(1 — abedg?n—1)

15



and whose eigenvalues are \, = 4¢ " "1(1 — ¢")(1 — abedg™'). In addition, we have
5" = —4(q — 1)%(1 + abed)q™ /2,
5'(0) = (g — 1)*(a+ b+ c+d+ abc + abd + acd + bed)qg~ /2,
5(0) = (¢ — 1)%(1 — ab — ac — ad — bc — bd — cd + abed)q™ /2,
7, =4¢7"(q — 1)(1 — abedg™),

7(0) = 2(q — 1)(—a — b — ¢ — d + (abc + abd + acd + bed)q™)g™™ 2.

Defining now the normalized functions (see (15)) /w(x)/d2pn(x;a,b, c,d), the corre-
sponding Hamiltonian H (s, n) is

2¢°%/2 - 24%/2
= be,d) B~ + ——— 1,a,b,c,d)E*
2 q725+1/2 H?:l(l - q3i+8) +q—23+1/2w+
25 + 1], 25 —1]4
¢ "MR2(1—¢")(1 - abcdq”_l)[Qs]q> I
where

4

G(s,a,b,c,d) = H(l — 2g%iq122(s — 1/2) + g~ 1¢2),
i=1

We now define

_asr1/2(@® = a)(¢® =) (¢° — ¢)(¢° — d)

U(S, n) = Dn$n(5) + D, E, + q [28 — 1]
q

where
D, = —4q "*12 (¢ — 1)(1 — abedg™ V).

(—a —b— ¢ —d+ (abe + abd + acd + bed)q™)q™?
2(1 — abedg?®) '

Taking into account that v(s,n) = u(s+ 1,n — 1), we find

E, =

Lt (s,n) = u(s,n)I + 26173/2(}(5 a,b,c,d)E~

9 Y [28 _ l]q ? ] )
3 2q3/2 N
L (S, n) = v(s,n)] + mG(S + 1,&, b, C, d)E s

where E~ f(s) = f(s—1) and ET f(s) = f(s+1). Thus,
L_(Svn + 1)L+(S’n) = D2nD2n+2’7n+1I + U(Svn + 1)H(57n)7

and
L+(8,TL - 1)L7(S,TL) = D2n—2D2nPYnI + U(S,TL - 1>H($,7’L)7
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which is the factorization formula for the Askey—Wilson functions.
To conclude this paper let us consider the special case of Askey—Wilson polynomials
when a = b =c=d =0, i.e., the continuous ¢g-Hermite polynomials

o q "0
H,(z|q) =2 "emeggéo ( B

g q"e " ) , x = cosf.

These polynomials are closely related with the g-harmonic oscilator model introduced
by Biedenharn [13] and Macfarlane [23], as it was pointed out in [8], where the factor-
ization for the continuous g-Hermite polynomials were considered first. If we substitute
a =0b=c=d=0 in the above formulas, we obtain the factorization for the ¢-Hermite
functions

h(z, D)h(z, =1)h(z, ¢*/?)h(z, —¢"/?)(¢"; @)oo
onl2) = 27mkq(1 — 22)

Hy(zlq).

In fact, since for continuous g-Hermite polynomials
o(s) = —raq® 2, 7(s) =4(g— D)a(s), An=4g " (1—q"),

and the coefficients for the three-term recurrence relation are a, = 1, 8, = 0, v, =
(1 —q"™)/4, then we obtain

232 243/ g <q2s+1/2 G2t1/2  mtie

251, "TRst1, 2511, Rs—1), ¢ 'fq(l—qn)[%]q>1,

H(s,n) =

25+1/2 943/2
+ _ | _a,m/2+1/2 q q _
L7 (s,n) ( 4q (¢g—1)z(s+n/2)+ 25— 1]q> I+ 25— 1]qE ,
25+5/2 93/2
L~ = | —4¢/* (g -1 2+1/2 L I qiE_
(s.m) ( G = s +n/21/2) 4 | T

and h*(n) = 4k2q7"TH(1 — ¢").
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Appendix A

Here, for the sake of completeness, we will prove Proposition 4.1, by showing that u(s+1,n) —
v(s,n + 1) = 0. To do that, we start with computing the difference

u(s+1,n) —v(s,n+1) = [:;];Tn(i/—'— 1 i;g;"_

n

Ant1 Tn+1($) 1 A2n42
CESTE Ag1Az(s — 1) [2n+2]q(l’(5) Brt1) +

17



Now we use the expansion 7,(s + 1) = 7/,2,(s + 1) + 7,(0). Since

A(z?(s) (s +1) —a’(s) s s -1 _
Ax(s) — x(s+1)—z(s) z(s+1)+x(s) = C1g°(g+ 1) + Cag (g + 1) +2C3 =

(C1a°™? + Caq*77)[2]g +2C5 = [2z1(s) + (2 — [2])Cs,

1 1 1 — s —s
(s)Az(s — 5) = 2(s)(C1g° 2 (¢ — 1) + Coqg T3 (g7 — 1)) = 2(s)(Crq® — Caq™*)kq =
(C3q* — C3q™*)ky + C3(C1¢° — Caq™*)ky,

where k; = q: —q 2,

A 2 2541 2,—2s—1)[9 s+3 —s—%
(x(s)Aa:(s— %)> _ (Ciq + C4q i[l}q+03filf + Cayq ) ko,
Am(s) Clqs 7 C2q 5
and B 1
A 1 A B Ciqt2 + Coq 52
Axls - 3)) = S CagVy) = ko
Ax(s)( o(s-3)) Ax(s) ((C10° = Coa k) Cig™ts — Cog==3
Then

= o (- Srad - ) -

_ AA (gﬂxz(s) +5'(0)a(s) + 5(0) — % (T'2(s) +7(0)) A(s — 5)> =

=~/ ~ 1 Clqur% _~_02q757%
!
T (lgwa(s) + (2= [21,)Cs) +7(0) — 57(0) < G TGy 1) o

1, ([24(CTg* ! +C3q > 1) + C3(Crg°ts + Coqg=52) k
Cig°tz — Coq—2 a

This yields for u(s + 1,n) — v(s,n + 1) the expression

- ﬁx 5 )\iTn(O) - ZN 1S % _ '+ 5 .
- [[n]q R = ] [2 2lg1(s) + 22— [21)5" +5(0)

7 ([21q<c%q28+1+c%q—28—1> Cya(s) - C3 )i
il .

2 C1g°+s — Coq ™3 Cig°ts — Coq™>"%

2 Cig°ts — Cag 2 [n+1ly 7
Aop 42 s —s [n + 1]47(0)

[n + 2]470+1(0)

!
7-n+1

T(S)Ax(s — l) .

—C3(1+[n+1—[n+ 2]‘1)] + Azx(s) 2

Next, we expand Az, (s) and %”[Q]xl(s), make some straightforward calculations and use the
identities:

An 7(0) Atz 7n(0) An Aony2 \ Tn(0)
o Yo, [, ! = —[n + 247 (0),
o + n+1], Bnt 2, T op + [n+1], an i) o [+ 2]47(0)
Ant1 Tnti(s) Aont2 Tnt1(0) Ant1
— 2 = 1 n O " ’
n+1]g g i ]q[2n+2]q 1 [n+ 1g7n11(0) + ST +1(s)
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as well as

A n n " 1 1 Aan+2
Zn oo s+1+% C —s—1-%y _ Z 19 Crg°tz Coa—5"2) — n+ Cia° + C _
[n]q( 1q + Caq ) = 5 [2a(Cra™7= + Coq772) 7[2n+2]q( 14° + C2q™ ")
s 1 sl el _ Ci¢°7', i1 1

An11(C1¢° — Cagq )kq+57/(01q T2 ) (g ) = 13 ("2 +q2)+

Clqsg// N N C«Zq—sT/ o . C2q—so,// o .
")+ (" ) (" g %) =
2(q3 —q %) 2 2(¢% —q %)

A epntl g_mtl
:_[nr_ll] (Cvq T 4+ Oy 2 ),
q
we find

1 An nt1 g ntl
57Ok 1T (0)+ - (Crg™ T +Cog ™5 )t

)\n+1 ntl _g—ntl >\n ~/1 ~/ 1 /
CquJr 2 +Coq 2 )+ C3— — [n + 2] Tn(o) —Cs50" — 7 (0) + 57 Cskg+
R )+ O, ! 2

)\2n+2
[2n+2],

Finally, we substitute the expression for 7,,(0) and use the identities

—[n+2lgnlg =1+ [0+ 1g[n +1], =0,

—[n+2]g(q""? + ¢7"2) + kg + [n + 1 g (¢ D2 4 g(nT1/2) = 0,

and the result follows.
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