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Abstract

We say the polynomial sequence (Q%A)) is a semiclassical-Sobolev polynomial se-
quence when it is orthogonal with respect to the inner product

(p,r)g = (u,pr) +A(u,Zp Ir),

where u is a semiclassical linear functional, & is the differential (or the difference
or the g—difference, respectively) operator, and A is a positive constant.

In this paper we get algebraic and differential /difference properties for such poly-
nomials as well as algebraic relations between them and the polynomial sequence
orthogonal with respect to the semiclassical functional u.

The main goal of this article is to give a general approach to the study of the poly-
nomials orthogonal with respect to the above nonstandard inner product regardless
of the type of operator & considered. Finally, we illustrate our results applying them
to some known families of Sobolev orthogonal polynomials as well as to some new
ones introduced in this paper for the first time.
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1 Introduction

In the pioneering work [9] D.C. Lewis introduced the inner products involving derivatives
in order to obtain the least squares approximation of a function and its derivatives. Since
that article, a large amount of papers have appeared on orthogonal polynomials with
respect to inner products involving derivatives (and later differences or g—differences), the
so—called Sobolev (or A-Sobolev or g—Sobolev) orthogonal polynomials.

We can see the evolution of this theory along different surveys from 1993 to 2006 (ordered
by year: [10], [18], [15], [16], and [11]). In the most recent surveys some directions for the
next future are proposed.

The most studied cases correspond to the orthogonal polynomials with respect to an inner
product of the form

<p7T>S: <u0,p7">+)\<u1,@p.@7‘>, p7T€P7 (1>

where uy and u; are definite positive linear functionals, and & is the differential operator.
Later, in [1] it was considered the discrete case where it was taken 2 = A as the forward
finite difference operator, and in [2] it was considered the g-difference operator 7 = %, .

As we can observe in the surveys mentioned above, and in the references therein, all the
results have been obtained considering a fixed operator, that is, the differential opera-
tor in the continuous case, the forward operator in the discrete case or the ¢—difference
operator in the g—Hahn case. Notice that a great part of the results has been obtained
knowing an explicit representation for the linear functionals uy and uy, for example, when
(ug, uy) is a coherent (or symmetrically coherent) pair of functionals. The coherence is a
case of special relevance from the numerical point of view, see [6], although according to
the classification of the coherent pairs (see [1], [2], and [19] for each case), the coherent
functionals are close the classical ones; the complete classification of the coherent pairs in
the continuous, discrete and g—Hahn cases can be found in [19], [1] and [2], respectively.
Furthermore, a lot of papers consider the case u := uy = u; when this functional is ex-
plicitly known, for example, if u is a classical functional (Jacobi, Laguerre, Meixner, etc.)
or if u is semiclassical (Freud-type). For the corresponding Sobolev orthogonal polyno-
mials algebraic, differential /difference and asymptotic properties are obtained as well as
a relation with the standard polynomials orthogonal with respect to u.

In this paper we do not work in the framework of the coherence (either A—coherence or
g—coherence) in the sense of coherence worked in [19] ([1] or [2]), although some families
of coherent pairs of this type are included in our approach. In fact, we consider the case
u = ug = uy in (1) where u is a semiclassical linear functional and, therefore our approach
is not related to the coherence case. Taking this into account, our main objective is to
give a unified approach for the theory of Sobolev orthogonal polynomials regardless of the
operator considered. More concretely, we consider a semiclassical linear functional u and
the nonstandard inner product

(p,r)s = (u,pr) + Xu,ZpIr),  p,rekP, (2)



and we will obtain algebraic and differential /difference properties of the orthogonal poly-
nomials with respect to (2) in a unified way independently of the type of operator Z, i.e.,
the results hold for the continuous, discrete, and ¢—Hahn cases. To do this, we will use
recent results obtained in [4] and [7].

In the last section of the paper we illustrate our results applying them to some known
families of Sobolev orthogonal polynomials (Jacobi-Sobolev and A-Meixner—Sobolev) as
well as to some new ones introduced in this paper for the first time such as ¢—Freud-
Sobolev and another family related to a 1-singular semiclassical functional.

2 Basic definitions and notation. Semiclassical orthogonal polynomials

As we said in the introduction, the Sobolev polynomials, the A-Sobolev polynomials
and the ¢—Sobolev polynomials have been considered in the literature with different ap-
proaches. Our main idea is to establish the main algebraic properties of the polynomials
which are orthogonal with respect to the inner product (-,-)¢ defined in (2) in a gen-
eral way where the linear functional u satisfies a distributional equation with polynomial
coefficients:

Z(pu) = ¢u, (3)

where & is the differential or the difference or the ¢—difference operator. Notice that a
functional u satisfying (3) with ¢ and ¢ polynomials, degt > 1, is called semiclassical
functional.

Since depending on the case the polynomials are orthogonal with respect to different linear
functionals, we need to introduce a rigorous notation to embed all of them.

(1) The Lattice. For the general case we use the variable z. Notice that in the ¢— Hahn
case we need to replace z by z(s) = ¢1(q)¢° + c2(q)q* + ¢3(q), where s =0, 1, 2, ...,
with ¢ € C, |q| # 0,1, and ¢4, ¢z and ¢3 could depend on ¢q. However, in this paper
we only consider the g—Hahn case, and so we work with the g-linear lattice

x(s) == c1(q)q” + e3(q),

where s =0, 1,2, ..., and ¢ € C, |¢| # 0, 1.

(2) The operators. For the general case we use five basic operators: 2, its dual 2%, the
identity .#, the shift operator &%, and & . For a better reading of the paper we
collect these operators acting on a polynomial r € P in the following table:

(Zr)(x) | (Z7r)(x) | (ETr)(x) | (677)(x)
Continuous case d;(j) d;f) r(z) r(z)
Discrete case | (Ar)(xz) | (Vr)(z) | r(z+1) | r(z—1)
g—Hahn case (Dyr)(x) | (Phyqr)(x) r(qz) r(z/q)




where the backward and forward difference operators are defined as:

(Ar)(@): = (67 = F)(r)(2) = r(z+ 1) —r(z),
: r(z) —r(z—1),
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and the ¢-difference operator %, is (see, for example, [5, Eq. (2.3)])

rlgr) —r(r)
G- 70

' (0), x =0,

(Dyr)(x) = reP, qeC, |q/#0,1

(3) The constants. Along the paper we use some constants: ¢, [n], and [n|*. In the con-
tinuous and discrete cases we set ¢ = 1, and [n] = [n]* = n, and in the ¢—Hahn case

weset g €C, lq| #£0,1, [n] =(¢"—1)/(g—1), and [n]* = (¢ —1)/(¢g"* — 1).

Let P be the linear space of polynomials and let P’ be its algebraic dual space. We denote
by (u,p) the duality bracket for u € P’ and p € P, and by (u),, = (u,2"), with n > 0, the
canonical moments of u.

Definition 2.1 Forue P, 7 € P, and c € C, let mu, (z — ¢)"tu, and Z*u be the linear
functional defined by

(tu,p) :==(u,7p), peP,

((z =) u,p) = <u, p(”_p(")> , pEP,

r—c

(Z*u,p) == —q(u,Zp), peP, (4)
thus (2w, p) = —q~* (u, Z*p).
Notice that for any u € ',

(= o)((x—c) ') =u,

and

(2 =) ((z — c)u) = u — ()ode,
where 0, is the Dirac’s delta functional defined by (4., p) := p(c), p € P.

Taking these definitions into account we get for any u € P’ and any polynomial 7

2 (mu)
" (mu)

(& )P0+ (D7), (5)
(& m) T u+ (Z"r)u. (6)

Furthermore, for any two polynomials, 7 and &, the following relations are fulfilled:

9(7§) = (6Tm)DE + (778, (7)
D" (7€) = (™M) D"+ (7'm)E. (8)

Definition 2.2 Given an integer 9, a linear functional u, and a family of polynomaials
(pn), we say that the polynomial sequence (p,,) is quasi—orthogonal of order ¢ with respect
to u when the following properties are fulfilled:



o I[fln—m|>0d+1, then (0, p,pm) = 0.
o If|n—m| =0, then (u,p,pn) # 0.

Notice that if u is a semiclassical functional and (p,) is orthogonal with respect to u, i.e.
d = 0, then (p,) is called semiclassical orthogonal polynomial sequence.

Now we introduce some results regarding semiclassical orthogonal polynomials which allow
us to obtain several results concerning Sobolev orthogonal polynomials in Sections 3 and
4. There is a lot of literature on semiclassical polynomials and an authoritative paper on
this topic is [14].

First of all, we define the concept of admissible pair which appears frequently linked with
the concept of semiclassical linear functional.

Definition 2.3 We say that the pair of polynomials (¢,1) is an admissible pair if one of
the following conditions is satisfied:

o degt # degop — 1.
o degy =degop — 1, with
a, +q ' [n]*b; # 0, n >0,

where a, and b, are the leading coefficients of 1 and ¢, respectively.
We denote by o := max{deg ¢ — 2,degt — 1} the order of the linear functional u with

respect to the admissible pair (¢,1). The class of such functional is the minimum of the
order from among all the admissible pairs (see [7,15]).

Remark 2.1 Taking into account the two possible situations for the admissibility we use
the following notation to unify both. So, we write

¢(Z) :ba+220+2+"' 3 ¢(Z) :ag+1z‘7+1+... ,
where:
o Ift=0+2andp <o+ 1, then we set byyo =b; and ayi1 = a5 =+ = apy1 = 0.
o Ifp=0+1andt <o+2, then we set ay41 = a, and byy2 = byp1 =+ = by = 0.

Definition 2.4 We say that the distributional equation (3) has a ng-singularity if there
exists a non—negative integer ng such that a,.1 + q_l[no]*ba+2 = 0. Otherwise we say that
the distributional equation is regular.

The following result will be very useful for our purposes. In the next result and in Lemma
2.1 we give some certain details in their proofs for each case: continuous, discrete and
g—Hahn case, with the objective to do them more readable. It is also important to point
out that all the results presented throughout the paper are valid for all the cases with no
additional restrictions.

Theorem 2.1 Let u be a linear functional satisfying the distributional equation

Z(¢u) = Yu,



where ¢ and 1 are polynomials, then u also fulfills the distributional equation
7" (¢u) = ¢u,

where gz~5 and @E are polynomials, with deggg < o+ 2, and deg@g < o+ 1, being o =
max{deg ¢ — 2,degy — 1}.

Proof: The continuous case is trivial since 9 = 2* = d/dz, so if
P (pu) = Yu = D" (pu) = Yu.
Thus gg = ¢, and 15 = 1). The discrete case is not so simple.
In this case 2 = A and Z* =V, so
Z(¢u) = Yu <= A(¢u) = &7 (¢u) — gu =Yu <= &7 (¢u) = (¥ + ¢)u.

Observe that, due to the property of the shift operator &, the latter expression is also
equivalent to gpu = &~ ((¢) + ¢)u). Thus, setting ¢ := ¢ + 1/1 and ¢ = 1, we get

2*(¢u) = V(du) = (¢ + ¥)u— & ((¢ + ¥)u) = Yu = Yu.

The g-Hahn case is a little more complicated, due to the notation, but the proof is almost
identical.
In this case Z = A/Ax(s), and Z* = V/Vz(s), thus the distributional equation for &

can be written as

T (pu) ou  (Az)yu E*(pu) (¢ + (Az)Y)
Ar Az Ax — Ar Azx v
Then,
(- @+ A0 o (E G+ @A) (E G+ Baw)
Vz Vz Vz
(6 @+ (An)  pu ( ¢_v¢>
Va Vax

Thus, using the above expression, (6), and setting ¢ := ¢ + (Az)v, we get

V(@ + @ap)u) <£ . ¢> | Y6+ (Aay)

Vz Vz Vz u=gyu=gu

7" (gu) =
Therefore, it is a straightforward computation to check that both, & and 15, are polyno-
mials, with deg¢ < o + 2, and degy < o + 1 where 0 = max{deg¢ — 2,degt) — 1}.
O

Remark 2.2 e Although the reciprocal of this result is also true, and it can proved in a
straightforward way, we have decided not to include it since it is not used in this paper.

e [n the sequel, given a pair (¢,1) we denote by ¢ = ¢+ and by 1E := 1 for the discrete
case, and by ¢ := ¢ + (Az)y and by U = qu for the g—Hahn case.



The inner product associated with the semiclassical functional u,

(p,7) = (u,pr),

is Hankel, i.e.,
(zp, 1) = (p, 2r), (9)

then the corresponding monic semiclassical orthogonal polynomial sequence (p,,) satisfies
the recurrence relation

an(z) = pn-l-l(z) + Bnpn(z) + Cnpn—l(z)a n >0, (10)

with initial conditions pg = 1, p_; = 0. Moreover the square of the norm of p,, d> = (u, p?),

satisfies the relation
d2 = Cpd, n>1. (11)

n—1

It is well known that there are several ways to characterize semiclassical orthogonal poly-
nomials. In our framework, we use a characterization of these polynomials that is usually
called the first structure relation.

Theorem 2.2 [12] & [7, Prop. 3.2] Let (p,) be a sequence of monic orthogonal polyno-
maals with respect to u, and ¢ a polynomial of degree t. Then, the following statements
are equivalent:

(i) There exists a non negative integer o such that

n+t

¢<Z).@pn+1(2) = Z )\n,l/pl/(z)7 n > o,

v=n—o

An—o 70, n>0+1.
(ii) There exists a polynomial ¥, with degy = p > 1, such that

Z(¢u) = ¢,
where the pair (¢,1) is an admissible pair.

We also use a recent result that establishes a nice relation between the semiclassical
orthogonal polynomials (p,) and the polynomials (Zp,1).

Theorem 2.3 [4, Th. 3.2] & [20, Th. 3.5] Let (p,) be a sequence of monic orthogonal
polynomials with respect to u, and ¢ a polynomial of degree t. Then, the following state-
ments are equivalent:

(1) There exist three non-negative integers, o, p, and r, withp > 1, r > o+t +1, and
o =max{t —2,p — 1}, such that

n+o n-+o

Z gn,upu<z): Z §n,up1[,1](2)a

v=n—o v=n—1t



where pg](z) = 0+ 1] (Dpns1)(2), Canto = Sante = 1, n > max{o,t + 1},
ér,rfagr,rft 7é 0;

(D(pu),pm) =0, p+1<m<20+t+1, (Z(¢u),p,) #0,

and if p =t — 1, then limgy (u, p2) =" (w0, 9Dp,) # mb,, m € N*, and where by is the
leading coefficient of ¢ (admissibility condition).
(ii) There exists a polynomial v, with degvy = p > 1, such that

P (¢u) = yu,
where the pair (¢,) is an admissible pair.

Corollary 2.1 If (p,) is a sequence of classical orthogonal polynomials, i.e., o = 0, then
there exist two sequences of complex numbers (0,,), (€,) such that the following relation
holds:

Pa(2) = PU(2) 4 6,00 (2) + enpll 5 (2), n>2,

where €, # C,, for all n € N, being C,, the corresponding coefficient of the three—term
recurrence relation (10). Moreover, the coefficients can be written as follows:

[n_l] " _[n_l]
1 )

N = Ll

kqlz(sna n > 1,
here pu(2) = 214 K K

In this paper we use some linear functionals related to the semiclassical functional u. Now,
we introduce them and give some properties that they satisty.

Lemma 2.1 Let u be a linear functional satisfying (3), then the linear functional & (¢pu)
satisfies the following distributional equation:

2(HET($n) = (29 + ¢ v)E (Pu), (12)
setting ¢ = 1 in both cases, continuous and discrete.

Proof: The result follows by applying (5). In fact, in the continuous case, since &7 is the
identity, we get

D68 (6w) = - (b6u) = - (O)out b0 (ow) = (26 + £75)6* (o).

In the discrete case, &7 is the shift operator so applying (5) we get

P(6E+($n)) = A(GEF (9u) = ETHA(ET (o)) + Ap & (pu)
= £ EH(Yu) + Ad E(du)
= (649 + Ad) E+(du).



In the ¢—Hahn case, &% is also the shift operator. Thus applying (5) we get

D0 () = Wﬁgu» = A;@ (Ao & (pu) + X A(EH (o).

Taking into account that in this case 28 = ¢&* P, since the lattice x(s) is g-linear, we
get

2D ET(¢n) = (29 EF(n) + 46T ET D(¢n)) = (D¢ + &) (pu).
O

Lemma 2.2 Let u be a linear functional satisfying (3), and let v be a linear functional
such that u = &1 (¢v), then v satisfies an analogous distributional equation.

Proof: It follows from making computations in (3) where it is necessary to take into
account how the operators 2 and &% act, that is, 26" = ¢&* 2. In fact, we obtain

P(q(E7¢)pv) = (67 ¢)pv.
m

So, the previous lemmas are a motivation to define a family of linear functionals which
will be used throughout the paper.

Definition 2.5 Given a semiclassical functional u satisfying (3), for every integer k we
define the linear functional uy in a constructive way as

U, = 5+(¢k71uk71),

Uy = u, ¢0:¢7

(13)

where ¢ is a multiple of ¢r_1.

Remark 2.3 Notice that, by Lemma 2.1 and Lemma 2.2, when u is a semiclassical func-
tional then uy is a semiclassical functional for every integer k. On the other hand, using
Lemma 3.3 in [13] for the continuous case and Lemma 2.2 in [7] for discrete and q—Hahn
cases, the statement of uy in terms of ug_1 is well defined since if u is any semiclassical
functional satisfying the distributional equations

@(&111) = 7])111 and @(QBQU) = QLQU,

then, for b= gcd(qgl, ¢22) there exists a polynomial ¢ with degv) > 1 such that 9($u) =
Yu. Thus, observe that ¢ is not determined in a unique way.

Theorem 2.4 Given a linear functional u satisfying (3), that is,

Z(¢u) = ¢u,

where Y and ¢ are polynomials in the conditions of Definition 2.3. Then, for any integer
k and any polynomial ™ we get
@(ngkuk) = %uk,



where T is a polynomial of degree, at most, degm + o + 1, being i the order of the
linear functional wy, with respect to the pair (¢g, ¥y). Furthermore, if the pair (¢r, ¥r) is
admissible, then degm = degm + o4 + 1.

Proof: We are going to prove the result for £ > 0 since the case £ < 0 is totally analogous
to this one. When k£ = 0 we know that ¢ and 1 are polynomials of degree, at most o + 2
and o + 1, respectively, where o = oy is the order of u with respect to the pair (¢, ).
Then, using (5) we get for any monic polynomial 7,

D(wdug) = (Zm)dug + (67 m) D (Pug) = ((Zm)¢ + (6 1)¢)mo,

where 7 := (Z7)¢ + (&1 7)1 is a polynomial of degree, at most, degm + o + 1.
Moreover, if the pair (¢, 1) is admissible, then the leading coefficient is

qm(aU-H + q_l[m]*ba—i-Z) 7é 07 with m = deg’ﬁ'
If we assume the result holds for every 0 < k < K, let us prove it for £ = K. Thus, the

linear functionals uy, satisfy the distributional equation Z(¢ruy) = ¢¥ruy for 0 < k < K,
and then we can obtain

N éx-1ux) = (PPx—1)ux + (6 dx—1) Pus
= (Zéx-1)uk + (€ ¢x-1)6" (Z9x-1) ug-)
= (Z¢x-1)uk + (&4 dx1)EF (Yorup-1)
= (Z¢x-1)uk + (& )6 (dx-rup1)
= (2¢K 1+ a(E k1) )uk = P ug.

Therefore taking into account Definition 2.5 and Remark 2.3, there exist polynomials

oK, Vi satisfying
9 (¢xurk) = Vrug, (14)

and a monic polynomial £k such that ¢x_; = Exdk, and now, taking (14) into account
the polynomials v and ¥ fulfill the relation

D(br—1) + q(E VK1) = D(Ex)dx + ET (Ex )k, (15)

and we can check that 1k is a polynomial of degree, at most, ox + 1. Furthermore, using
(15) and working in the same way as in the case k = 0, we get

D (réxug) = ((-@W)@( + (g+ﬂ)¢K>uK-
Clearly, 7 := (27) ¢k + (E77)1k is a polynomial of degree, at most, m + ox + 1.

In fact, if the pair (¢x, k) is admissible the leading coefficient of 7 is

™ (g1 + ¢ M) bypr2) # 0, (16)

10



where the coefficients a,, 1 and by, +2 can be obtained recursively

qUK—1+2 (

o1+ q ok—1+ 2]*baK_1+2) = ¢’ K (%KH +q ok — O'K]*bC"K+2) :

(17)
Notice that in the continuous and discrete cases ¢ = 1 and [m]* = m. Then, using the
admissibility condition of Definition 2.3, the above expression, and (16) in a recursive way,
we get that the leading coefficient is equal to

k
Upet+1 + Mbyy o = Gpi1 + <m + Z(a,, + 2)) boio #0, k>0.

v=1

Therefore in the ¢-Hahn case there are infinitely many values of ¢ for which the expression
(16) is different from zero for any nonnegative integers m and k. Hence the result follows
for k£ > 0. O

Observe that by (17) if there exists an integer k such that the pair (¢, 1) is admissible,
then the pair (¢y, 1) is admissible for every ¢ > k.

Finally, we obtain a useful result for our purposes.

Proposition 2.1 If (p,) is a sequence of semiclassical polynomials orthogonal with re-
spect to the linear functional u of order o, then the sequence of polynomials (Ppni1) is
quasi—orthogonal of order o with respect to the semiclassical functional .

Proof: Using (3), (4) and (8), we have

(uy, Dppi12™) = (EF(ou), Dppi12™) = (Ppu, & (Dpni1z™))
= (¢u, 7" (pp12™)) — (oW, pp1 Z"2™)
— (W, ppr1 (g™ + ¢Z%2™)) = 0,

when m + o < n. O

For every integer k& we denote by (p{*}) the sequence of monic orthogonal polynomials
with respect to the linear functional ug. Thus, using Theorem 2.4 and Proposition 2.1,
we have that Zp{F! are quasi-orthogonal of order o}, with respect to uy,;. Therefore, we
get for every integer k,

;{l]i}l = Z oznkl,p{kﬂ} keZ. (18)

v=n—og

Then, using (18) and Theorem 2.3, we deduce for k = —1 the following relation:

n+o_1 n+o_1
Z é'n ypi 1}( ) Z g:z,yplj(Z)? (19>
v=n—0_1 v=n—t_1—0_1
where &), 1 =G pnio, = 1, 11 == deg@_y, and o is the order of the functional

u_; associated with the admissible pair (¢_1,1_1).

11



Observe that in the classical case, that is, 0 = 0, using Theorem 2.4 we have o_; = 0.

3 The semiclassical Sobolev orthogonal polynomials

Let us consider the Z—Sobolev inner product defined on P x P by
(p,7)s = (u,pr) + Mu, Ip Ir), (20)

where u is a semiclassical functional of order o and A > 0. We denote by (QXN) the OPS
associated with the (Z—Sobolev) inner product (-, -)s which we call semiclassical Sobolev
orthogonal polynomial sequence.

Proposition 3.1 Let (p,) be a monic semiclassical orthogonal polynomial sequence and
let (QXN) be the semiclassical Sobolev orthogonal polynomial sequence. The following re-
lation holds:

n+o_1 n—1l+o_1
Soaa e =0 )+ Y 0,Q0V(), nzoa+H,  (21)
v=n—0o—1 v=n—o_1—H*

where H* := max{t_,0_1},

d?L*UflfH* HTL,YL—O',l—H* (A) :g:l,,nft,]_fo',l diftflfo',]_ 6H*7t71 (22>
+)\[?7/ - 20—*1]5;2,71—20_1d721—20_1—15H*70'—17

with d? = <Q£L)‘)(Z>Q£{\)(Z)>S; and the other coefficients 6,,, in (21) can be computed
recursively.

Proof: If we apply (19) and expand it we get

n+o_1 n+o_1 ()\) n+o_1—1 ()\)
Z g;,ypz{lil}(z) = Z g:;ypl/(z) = Qn—l-o,l(’z) + Z en,zQz (Z)7
v=n—o_1 v=n—t_1—0_1 =0

then

n+o_1 n+o_1
< > s;,yp£1}<z>,@§”<z>> < > <:;,pr<z>,Q§”<z>>
S

v=n—0_1 S v=n—t_1—0_1

(QV(2),017(2)), N d?

en,i =

12



Thus, using (18) and the orthogonality property we get for 0 <i<n—o_1 — H*

n+o_1
d20,,; = <u, ( > c;:,ymz)) Q?’<z>>

v=n—t_1—0_1

+A <u,@ ( nfl £Z,Vpil}(2)) (@QEA))(2)>

v=n—o_1

= A <u, ( Z é:;,ypy_mz)) <@Q§”><z>> =0,

v=n—20_1

and therefore (21) follows. To obtain (22) we only need to take i = n —o_; — H* in the
above expression.

Finally, if we apply this process for n —o_; — H* < 7 <n+o0_; — 1 we get an upper
triangular linear system such that we can compute the coefficients 0, ; in a recursive way
and hence the result holds. O

Next, we particularize the above result for the classical case, that is, we call classical—
Sobolev orthogonal polynomial sequence to the semiclassical Sobolev orthogonal polyno-
mial sequence where the linear functional involved has order ¢ = 0, i.e., it is a classical
functional.

Corollary 3.1 Let (p,) be a classical orthogonal polynomial sequence and let (QWV) be
the classical-Sobolev orthogonal polynomial sequence. The following relation holds:

P (2) = QD (2) + fars VR (2) + ena(NQY5(2), n>2, (23)

with QE)\)(Z) =pi(z),1=0,1, and

_dA ~
€n72<)\) :End2 2, 60()\) = €9, (24)
n—2
1 ~ - N
farr N = {0l s+ &t = fas W)}, folA) = 61,
n—1
where

pLH(2) = pu(2) + dupnai (2) + Enpna(2). (25)

Furthermore, in the classical case we can give nonlinear recurrence relations for the square
of the norms of the Sobolev polynomials and for the coefficients e, (\) appearing in (23).

Corollary 3.2 Forn > 2, we have

d? = d>+ ()\[n]2 + 0, (0, — fn71()\)))di_1 + € (En — en2a(A) = fue1(A\) (Ono1 — fao2(N))d2_s,
(26)

13



with d2 = d3, and d3 = d? + \d2, and

e ()\) . Cngn+2
" A[n]Q + Cn + 571(571 - fn—l()‘)) + gn<€n - en—Q()‘) - fn—l(A)(én—l - fn—?()‘)))c(’rjlﬁ’
27
with the initial conditions
- Ch€
e\ =&, el)= (28)

A+ Cy

Proof: Using (23) and (25), we get
2 =(QM (=), QV(2)), = (QV(2),pL (), = &+ A (1, (2QD) (2) (29} (2))
=d;, + A (w0, (2QD)(2) ([0lpa-1(2) = 6(ZPa-1)(2) = é(Zpa-2)(2)))
=, + APy + 0, (0, Q0 (2) pa1(2)) + & (0, Q0 (2) pua(2))

:di + A[”Pdi—l + 5n<5~n - fnfl (>‘>>d721—1 + €n<€n —Cn-2 ()‘) - fn,1 ()\) (Snfl - fnf2(>‘>>>di—2:

which proves (26). Finally, (27) follows from (26) using (11), and the initial conditions
(28) can be deduced from (24). O

The inner product (20) does not satisfy the Hankel property (zp,r)s = (p,z2r)s, and
therefore the polynomial sequence (QN) does not fulfill a three-term recurrence relation.
However, we find an operator _# which is symmetric with respect to the inner product
(20), that is, (_Zp,r)s = (p, Zr)s, where p, r € P. Thus, we generalize some results in
this direction obtained for the continuous and discrete cases (see the surveys [10], [11],
[15], [16], [18], and the references therein).

Proposition 3.2 Let # be the linear operator
_ N~ - _
S = (ff_¢)f+a(9*¢—¢)@* ~M&E" )27, (29)

where 7 is the identity operator. Then,

(€ d)p,r)s = (w,p F1), p,rEP. (30)

Proof: According to Theorem 2.1 the linear functional u satisfies the distributional equa-
tion Z*(¢u) = ¢u. From (20), we have

(&~ O)p,r)s = (u, (& d)pr) + Mu, 2((6~d)p) 77).

Now, using relation (7) with 7 = 2*(r) we get

2((& o 2r) = 2((& o)) 7r + (& o) 2(2"r),

14



S0, - N ~ -
(). r)s = (w,p ((670)r = MEQ)2('T))) + Mu, Z2((6d)pZ'r)).
On the other hand, if we apply the relation (6) to the distributional equation with 7w = )
we get
Yu= (6 9)7u+ (7P,
therefore
- N N A - N

(&) = (wp((EOr = MNE"D2(T™))) = 2w p (6 = 7°6)7"r) = (wp F7).

O

Corollary 3.3 The following identity holds:

<(1Z — @*ﬁg)l), rs=(Z"w,p gr), p,rePlP.

Proof: Using the same properties as in the proof of the previous result, we get

<<1Z - -@*&)Z% 7d>S

(u, () = 7 O)pr) + M (w. 2(( ~ 7°0)p) Zr)
* -7 A~ * * * -7 "
= <@ u,p <(5 o) — 5<w ~9°9)7 r)> — M2, (6~ 9)p2(2°r))

=(Z"u,p 7).
O
In the next result we prove that the linear functional ¢ plays for the inner product (20)

an equivalent role to the one played by the multiplication operator by z for standard inner
products (see (9)).

Theorem 3.1 The linear operator ¢ defined in (29) satisfies

(Zp,r)s=(p, Ir)s p, v €P.

Proof: Applying Proposition 3.2 and Corollary 3.3 together with (7) and the fact that
ET 9% = 9, then we get

(Ip.r)s = (& Dp.r)s — 2«1/7 TN D)5 — ME D D(DD),r)s
— (upgr) - 2<@*u, (@D) Fr) — M, (2(9"p)) F7)
= (u,p 77) + Nu, (Zp)(2 #7))

= <pa /7">S-
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Remark 3.1 Taking into account the proof of the last results, if gcd(éa_qg, D¢ — 15) =
d > 1, then we can consider (&~ ¢)/d and (Z*¢ — )/d in the definition (29) of the
operator ¢ and these results also hold.

To end this section, we give some algebraic—differential (difference) results. One of them
allows us to give an expression of the polynomial (6~ ¢)(2)p,(z) in terms of a finite number
of Z—Sobolev orthogonal polynomials. Another one gives the second order Z—equation
(differential or difference or g—difference equation) that is satisfied by the polynomials

(@)

Corollary 3.4 The following relations hold

" V:n—i—deg(;
(E=0)(2pal2) = 3 mQP(2), n>H,
v=n—H
n+H

JOV()= Y Dnup(z), n>dego,

V:n—deg$
n+H
SOV () = Y @QP(2), n>H,
v=n—H
where H := max{deg — 1,deg ¢}.

Proof: To prove the first relation, we have

n+deg 5

(E=D)(2Ipalz) = D QP (2),
v=0

where pi,,d2 = (&~ @)pn, QMg = (u,p, £ QM) that, using Proposition 3.2, vanishes
when v + H < n since deg ¢ 7 = H + deg .
To prove the second relation it’s enough to take (30) into account to get

n+H

jQq(qA)(Z) - Z ﬁn,l/pu(z)7

v=0
where 9,,,d% = (u,p, £Q) = ((é‘)_qg)pl,, QW) s that vanishes when v + deg & < n.
Finally, using Theorem 3.1 we obtain

n+H

V) =Y @00 (2),
v=0

where @, ,d2 = (_ZQWM,QW)s = (QYY, #QW)s that vanishes when v + H < n, and
thus third relation is proved. O
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4 The examples

We illustrate the results obtained along this paper with several examples covering con-
tinuous, discrete and ¢—Hahn cases. Other examples appearing in the literature are also
included in this general approach and their properties can be deduced from the results
introduced here. We also remark that the nonstandard inner product associated with the
g—Freud linear functional and another one related to a 1-singular semiclassical functional
are new and they have not been considered before.

4.1 A continuous example: the Jacobi—-Sobolev Polynomials

The family of monic Jacobi orthogonal polynomials (P%”) is on the top of the continuous
classical polynomials in the Askey-scheme and they can be written as (see, for example,

8])-

2" 1), -n,a+pf+n+1]1-
PP (z) = (a+1) oI b * , a, B> —1.
(a+B+n+1), a1 2

In fact, this family satisfies the following property of orthogonality:

22 tet B (n + Dl(a+n+ DI(B+n+ )D(a+ B +n+ 1)5
(a+pB+2n+1)(T(a+ B +2n+1))2 nom

<ua,ﬁ Pa,ﬁpozﬂ> _
Y n m
where the linear functional u®? has the following integral representation:

(u™?, P) = / 11 P(z)(1 = 2)*(1 + 2)’dz,

and satisfies the distributional equation:
2((1 — 2Hu*?) = 2°((1 — 2)u*?) = (B — a — z(a + B + 2))u™?,
where, as we pointed out in Section 2, ¥ = Z* = %, sot=2,p=1,0=0,and H = 2.

Then, we can consider the Sobolev inner product defined by:

(Fogbs = [ F@g@)1 =01+ e+ X [ f@)g @)1 - )1+ ) d

where o, 5 > —1, and A > 0. This nonstandard inner product has been considered in a lot
of articles, and we refer the reader to the surveys mentioned several times along the paper
for more details. We denote by (Q2#) the sequence of monic polynomials orthogonal with
respect to the inner product (f,g)s, which are called monic Jacobi-Sobolev orthogonal
polynomials.

The results obtained in this paper allow us to recover some relations between Jacobi and
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Jacobi-Sobolev orthogonal polynomials.

P;:_l’ﬁ_l(f”) = QgB(I) + 93571623?1(35) + 95:572627%{32@),

n+1

(2® = )PP (x) = Qpla(a) + > pbQo’(x)

v=n—2

Moreover, according to (29) we can define the linear functional

2

FF = (1 -2 )ﬂ+>\(a—ﬁ+:v(a+5))C;—)\(l—:v)d 1

and Proposition 3.4 yield

n+1

— 7PQYP(x) = Pfy(x) + . 098P (x)
v=n—2
n+1
/aﬁ@aﬁ( ) n+2 Z ’(D Qaﬁ
v=n—2

Observe that such minus signs appear due to the factor (1 —2?).# in _#.

4.2 A discrete example: the A—Meizner—Sobolev polynomials

Monic Meixner orthogonal polynomials can be written as (see, for example, [8])

(B)nc" -n, =z 1

2F1 1—- s ﬁ>0,0<c<1

In fact, this family satisfies the following property of orthogonality:

M _ (B)ac™nl
<u :Man> = m(sn,m,

where the linear functional u™ has the following representation:

Mop\_\ (Bl o
<u ,P>-ZP($)F70,

=0 (ZL’ + 1)

and it satisfies the distributional equations:
1
7((w+ But) = (o(1- ) +8) u',
P(xu™) = (x(c — 1) + Be)uM

where 9 = A and 2*=V,sot=1,p=1,0=0,and H = 1.
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Now let us consider the nonstandard inner product defined by:

(1.9)s = 3 fla)olo) 50 @+ AT (AN @A) s @ ()

where § > 0,0 < ¢ < 1, and A > 0. This inner product is known in the literature as A—
Sobolev inner product. We denote by (QW (x; 3, ¢)) the sequence of monic polynomials
orthogonal with respect to (31), which are called monic A—-Meixner-Sobolev orthogonal
polynomials.

Like in the Jacobi case, the results obtained in this paper allow us to recover some relations
between the families of orthogonal polynomials (M, (x; 3, c)) and (QM(z; B, c)).

Mo (38— 1,0) = Q) (w: B,¢) + £ (X B,0)Q\Y (w; 8, ),
(v = DM (x; 8,¢) = QW1 (3 8, ) + i Q) (2 B, €) + b, Q5 (3 B, ).
Moreover we define the operator # as
IM = (2 —1)I + A1+ fec—x(c—1))V = ANz — 1)AV,
and applying the results of Section 3 we obtain
IMQW (5 B, 0) = Myia(w; 8, ¢) + 03, M5 8, ¢) + 93, My (3 8, ),
IMQV(w; B,¢) = Qi (w; B, 0) + b QO (w3 B, ) + w1 Qs (3 B, ).

4.8 A q example: q—Freud type polynomials

The family of monic ¢—Freud polynomials, (P,), satisfies the relation [4]:
(ZPa)(2(5)) = [n]Paoa(2(5)) + anPos(z(s)),  n =0,
where z(s) =¢*, with0<¢< 1, 2=9,, P, =0, By =1, and P,(z) =z

So by Theorem 2.2 we get ¢(z) = 1, 0 = 2, and t = 0, hence (P,) is orthogonal with
respect to the linear functional u%" of class 2 which fulfills the distributional equations

2(u?) = yut, deg ) = 3, (32)
7 (1 +x(q = Dy)u™) = gpu'.

Furthermore, these polynomials are symmetric (see [4]) and satisfy the three-term recur-
rence relation

P, = P,y1+ ¢, Py, n>1,
In fact, a straightforward computation shows a,, = K(q)q "¢,¢,_1¢n—2, and the sequence
(c) satisfies the nonlinear recurrence relation:

Q[n]cn—l + K(Q)q_n+10n0n—10n—2 - [’I’L - 1]Cn + K(Q)q_n_lcn—i—lcncn—la n Z 27
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with initial condition ¢y = 0, and for simplicity’s sake we choose the initial conditions ¢;
and ¢y in such a way

2
c] +cica =1,

and we have lim, ;- K(g) = 4. Therefore, ¢)(x) = —K(¢)¢ >z* and the linear functional
u?” has the following integral representation:

qF _ ! T 1 T
(P = [ P (= Do

where

[ f@@) = (=0 3 Fa)+ (-0 3 S~

-1

In fact, this family satisfies the following property of orthogonality:

<uqF, Pan> =2c1C2 - Cplpm.

Now, to illustrate our results we can introduce the nonstandard inner product defined by:

1 1

Y 11<@qf><x><.@qf><x>

=
3

(33)

(¢ = DK(9)a3¢*; ¢*) oo

We denote by (Q4F) the sequence of monic polynomials orthogonal with respect to the
inner product (33), which we call the monic g—Freud-Sobolev orthogonal polynomials.

The theory developed in the previous sections allows us to link the g—Freud—Sobolev poly-
nomials with the ¢—Freud polynomials. Taking into account the distributional equation
(32) and Proposition 3.2 we define,

/qF =(1—-(¢g—1K(q)g "z")7 + 2K(q)q_6x3@1/q - A1 —(q— 1)K(q)q_7x4)@q@1/q.

In this case H = deggg = 4 and the results in Section 3 can be rewritten as

n+4
(1-(q—1)K(g)g ") = Y uihQi (x)
v=n—4
n+4
Q= S o
v=n—4
n+4
JQ () = Y wh, Qi (x).
v=n—4
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4.4 A 1-singular semiclassical polynomials of class 1

The family considered for this example was studied by J.C. Medem in [17]. Such family
of monic polynomials, (S,,), which we call Medem polynomials, is orthogonal with respect
to the linear functional w which satisfies the distributional equation:

D (’w) = D" (2°w) = (—2* + 4w, (34)

d
where * = 9 = = t =3, p=2,s0 o= 1; with initial condition (w); = (w,x) = 0.

x
Moreover a straightforward computation shows that a,,1 +1-b,00 =1—1=0, i.e., w
is 1-singular. Indeed, w is the symmetrized linear functional associated with the linear

5 5

functional b(=2) (see [3] Chapter 1, Section 8 and 9), i.e., w = Sb(=3) (w)a,,1 = 0, and
(W)an = (b(=2)),,, for any n > 0.

Notice that the linear functional b(® has the following integral representation:

<b(°‘),P> _ L P( )z *e~idz, a> =2

271

thus, after a straightforward calculation, we get that the linear functional w has the
following integral representation:

1
(w, P) = P(z)z%e =1

27rz T

where T := {z € C: |z| = 1} is the unit circle.

This family can be written in terms of the Bessel polynomials as follows [17]:
2n

(n - %)n
2n

(n - %)n

Sanl) = BU (@) = raa®"ed (27) (a4 Pe ),

Son+1() = xBn ' (2%) = ranaa® %(.@*> ( 4n_367:c%) 3

where B(® is the Bessel polynomial of degree n with parameter a, and 7,, # 0 are the
corresponding normalization coefficients for n > 0.

We can introduce the nonstandard inner product defined by:

9)s = 27r7,/f g(z)z e z2dz+—/f e dz. (35)

We denote by (Q7) the sequence of monic polynomials orthogonal with respect to the
inner product (35), which we call the monic Medem—Sobolev orthogonal polynomials.

Taking into account the distributional equation (34) and Proposition 3.2 we define,

I =23 + Nda® — 4 )i—)\ s &
dx dz?’
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In this case H = deggg = 3 and the results in Section 3 can be rewritten as

n+2

2 S(w) = Q5 5wy + Y 1S,Q5(x),

v=n—3
n—+2

Q) = Spys(x) + > 95 ,S,(x),

v=n—3
n+2

Q@) = Quis@) + >0 @, Q0 (x).

v=n—3

5 Conclusions and outlook

The theory of Sobolev orthogonal polynomials is a big puzzle in which many pieces have
been connected along the last decades but it lacks a general approach.

In this paper we have considered the inner product

(f9)s = (u, fg) + Mu, 2fPg),

where u is a semiclassical linear functional and Z is a differential or difference operator and
we have found some relations between the semiclassical Sobolev orthogonal polynomials
with respect to the inner product (-, -)s and the semiclassical orthogonal polynomials with
respect to u.

In fact, we have shown that it is possible to unify the continuous, discrete and the ¢—
semiclassical Sobolev orthogonal polynomials by using a suitable notation, which we be-
lieve it could be used in the future for further research.
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