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1 Introduction

?In the context of generalized hypergeometric orthogonal polynomials H. Cohl developed in [/,
(2.1)] therein) a series rearrangement technique which produces a generalization of the generating
function for the Gegenbauer polynomials. We have since demonstrated that this technique is
valid for a larger class of hypergeometric orthogonal polynomials. For instance, in [3] we applied
this same technique to the Jacobi polynomials, and in Cohl et al. [6], we extended this technique
to many generating functions for the Jacobi, Gegenbauer, Laguerre, and Wilson polynomials.

The series rearrangement technique combines a connection relation with a generating func-
tion, resulting in a series with multiple sums. The order of summations are then rearranged
and the result often simplifies to produce a generalized generating function whose coefficients
are given in terms of generalized or basic hypergeometric functions. This technique is especially
productive when using connection relations with one extra free parameter, since the relation is
most often a product of Pochhammer and ¢g-Pochhammer symbols.

Basic hypergeometric orthogonal polynomials with more than one extra free parameter, such
the Askey-Wilson polynomials, have multi-parameter connection relations. These connection
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relations are in general given by single or multiple summation expressions. For the Askey-
Wilson polynomials, the connection relation with four extra free parameters is given as a basic
double hypergeometric series. The fact that the four extra free parameter connection coefficient
for the Askey-Wilson polynomials is given by a double sum was known to Askey and Wilson as
far back as 1985 (see [9, p. 444]). When our series rearrangement technique is applied to cases
with more than one extra free parameter, the resulting coefficients of the generalized generating
function are rarely given in terms of a basic hypergeometric series. The more general problem
of generalized generating functions with more than one extra free parameter requires the theory
of multiple basic hypergeometric series and is not treated in this paper.

In this paper, we apply this technique to generalize generating functions for basic hypergeo-
metric orthogonal polynomials in the g-analog of the Askey scheme [10, Chapter 14]. In Section
2, we give some preliminary material which is used in the remainder of the paper. In Section
3, we present generalizations of the continuous g-ultraspherical/Rogers polynomials. In Section
4, we present generalizations of the little g-Laguerre polynomials. In Section 5, we present gen-
eralizations of the ¢-Laguerre polynomials. In Section 6, we have also computed new definite
integrals, infinite series, and Jackson integrals (hereafter g-integrals) corresponding to our gen-
eralized generating function expansions using orthogonality for the studied basic hypergeometric
orthogonal polynomials.

Note that one important class of hypergeometric orthogonal polynomial generating functions
which does not seem amenable to our series rearrangement technique are bilinear generating
functions. The existence of an extra orthogonal polynomial in the generating function, produces
multiple summation expressions via the introduction of connection relations for one or both of
the polynomials with the sums being formidable to evaluate in closed form.

2 Preliminaries

(Preliminaries)

Define Ny := {0} UN := {0} U{1,2,3,...}. Throughout the paper, we will adopt the following
notation to indicate sequential positive and negative elements, in a list of elements, namely

+a := {a, —a}.

If + appears in an expression, but not in a list, it is to be treated as normal. In order to obtain
our derived identities, we rely on properties of the g-Pochhammer symbol (g-shifted factorial).
The Pochhammer and ¢g-Pochhammer symbols are defined for all n € Ny, a € C such that

(a)o:=1, (a)p:=(a)(a+1)---(a+n—-1), neN,
(;9)0:=1, (a;q)n: =01 —a)(1—aq)---(1—ag" "), neN. (2.1)[2:1]

Note (a)p :=T'(a+b)/T'(a) for all a,b € C, a+ b & —Ny. Also define

(a:q)oo = [ [ (1 — ag™), (2.2)
n=0

where 0 < |¢| < 1, a € C. We will also use the common notational product conventions
(a1, ... ag)p = (a1)p - (ak ),
(a1, ak; @)y == (a1;q)b - - (ak; @)o,

where a,b € C. We define the g-factorial as [3, (1.2.44)]

[0]g! :=1, [n]g! :=[1]g[2]¢ -~ [nlg, m€EN,
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where the g-number is defined as [10, (1.8.1)]

1—¢*
[2]q == — z € C,

with ¢ € C, ¢ # 1. Note that [n]y! = (¢;¢)n/(1 — ¢)™.

The following properties for the g-Pochhammer symbol can be found in |

. (1.8.7), (1.8.10-

11), (1.8.14), (1.8.19), (1.8.21-22)], namely for appropriate values of a and k € Ny,

(@) = (_a?nq(g)(a; q I,

(@ @)k = (a;0)i(ag®; @)n = (a;0)n(aq"™; @),

—

a; q)
a; q)

(ag "5 ) = q‘”'“%(a; Qs

o

(ag®; q)n,

(aq™;q)r =

—
)

3

(a; @)2n = (a,aq;¢*)n,
(a%¢*)n = (£a;¢)n.
Observe that by using (2.1) and (2.8), we get

(£va, £y/aq; q)n
(a5 q)n '

(aq";q)n =

Lemma 2.1. Let q,a,5 € C, 0 < |g| < 1. Then

_(4%:9)8

lim —= = (a)3.

N
Proof. See [5, Lemma 2.2].

We also take advantage of the g-binomial [10, (1.11.1)] and binomial |

a € C, |z| < 1, respectively |q| < 1,
a az;
1¢0< ;Q7Z> = ( q)OO’
- (2 @)oo

where we have used (2.2), and

1F0<i;q,z> =(1—-2)""

(2.3)[2:3]
(2.4)[2:4]

(2.5) 72:57
(2.6) 72:67

(2.7) 72:77

(2.8)[2:8]

(2.9) 72:97

(2.10) 72:107

|
, (1.5.1)] theorems,

The basic hypergeometric series, which we will often use, is defined for |z| < 1, 0 < |q] < 1,

5,7 €Np, a;,0;, € C, 1,j €Ng, 01 <7, 0< 5 <s,b; & —Np, as |

, (1.10.1)]

a,...,a — (a1,...,ar; )k ( k (k)>1+s—r 0
rOs 1q,2 | = —1 2 ", 2.11)[2:12]
¢ <b1,...,b3 1 > kZO(Qabla"'abS;Q)k ( ) 1 ( )
Note that [10, p. 15]
. g, ..., q% Lis—r ai,...,a > R PR
im ¢, g, (g—1 — ,F, )= ST ML WRE g 19y 1
i ¢<qb1,...,qbs a(¢-1) Z) <b1,...,bs Z> 2 Do b DA

where , Fy is the generalized hypergeometric series [7, Chapter 16].

Let us prove some inequalities that we will later use.
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T{lem:4)? | emnma 2.2. Let jeN, k,ne Ny, 2€ C, Ru>0,v>0, and 0 < |q| < 1. Then

[(@" @)1 = (1= al)[Rulq|I(q: @)j-11, (2.13) 72:187
(qu;Q)n u+1
| <|ln+1 , 2.14) 72:147
' (¢ @n I Ja (2.14)
(@5 q)n | |+ 1]t
2.15) ?2:157
] <, (215)2:18
Proof. See [5, Lemma 2.3]. [

For a family of orthogonal polynomials (P, (z;a)), where a, b, are sets of free parameters,
define ay(a), ckn(a;b) as follows. A generating function for these orthogonal polynomials is
defined as

wta Zan t

and a connection relation for these orthogonal polynomials is defined as

Pu(z;8) = crn(a;b)Pr(z;b).
k=0

3 The continuous ¢-ultraspherical/Rogers polynomials

calpolynomials) The continuous g-ultraspherical/Rogers polynomials are defined as [10, (14.10.17)]
(B:@n ino Y —1_-2i0
;1 q, e , T = cosf.
Cn(z; Blq) = Gt 2 gt s

By starting with generating functions for the continuous g-ultraspherical/Rogers polynomials
[10, (14.10.27-33)], we derive generalizations using the connection relation for these polynomials,
namely [9, (13.3.1)]

ln/2]

n—2k\. k —1. .
;8| q) 1 Z — @ )J)kifz, ) Q):(ﬁ’ Dok €, (w3 11a). (3.1)[3:17]
k= ’ T

?(theo:4)? Theorem 3.1. Let z € [~1,1], 0 < |8, |7, |g] < 1, [tBI(1 — |g|)? < 1 — |B|*>. Then

. 2i0 ) >, (B (&) (— gty
(te™: q) o0 261 ( B’gg ;q,tele> = Z 5 q(); qﬁQ.;) ) Cn(w37l9)
n—0 ’ ) n

By, Bq" . 2 41
X200 < AqH, g, pgtrny2 19BN ) (3.2) [gengenthn2)

Proof. A generating function for continuous g-ultraspherical /Rogers polynomials can be found
in [10, (14.10.29)]

, 2i0 . < (5)(—gpn
e s (207 sate ) = 3 L ) (3.3)fentuntitozs
0 yqd)n
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Start with (3.3), inserting (3.1), shifting the n index by 2k, reversing the order of summation
and using (2.4) through (2.11), and by noting

(757) = () o) v

Define

<UR(ﬁ|q / f le 5|3> . (3.4) ‘ Rogersfunctional
- IZT

where wg : (—1,1) — [0, 00) is the weight function defined by

( 2i6 2

}q)oo

(B2 ) 35
‘(56219» )oo ( ) ogersweight

This completes the proof since ([10, (14.10.18]) |Cy(z;Blq)| < Ki[n + 1]°t. [HSC: If this
completes the proof, then what is all the stuff following this sentence?] Hence

(. G s Bla) il Bla))] < K3+ 17,

wr(w; Blq) =

and
(8% q)n(1 = B) [R(20)]4[R(0)]q Ky

|(u, Cn(; Blq)Cn(w; Blq))| = ‘(q; O)n(1 = Bg™) = | [2]2+2n+1 - (1- |q|)2n

where ¢® = 3, so
| Cn(w;ﬁIQ)Ck( qu» 12 201 on

lan| < (ItB|/(1 — |B]?))". Therefore

SR L K (1 [g)> 1"

Z |an‘ Z |Ck’nHCk B|q | < —1 Z 1 — ‘5‘ ( + 1)301+1 < 00,
and the result follows. [ |

Corollary 3.2. Let x € [-1,1], |[t| < 1, B,y € (—1,00) \ {0,1}, 0 < |g| < 1. Then

ot - @ -1e\ | (Ot B—v,B+n &
e 0F1<6+%’4> —;(7’25)n07’( z) o F: <7+n+1 B+ 2764—”_'_1 4>. (3.6)‘qtolgenofgenthm2

(cor4)
Proof. In (3.2), transform § +— ¢%, v +— ¢7, t — (1—q)t, and take the limit as ¢ 1 1~. Using the
definition of the g-exponential function [10, (1.14.2)] E(2) := (=2; @)oo, limyy- E¢((1 —q)2) =
€7, and that the o¢; becomes a Kummer confluent hypergeometric functions 1 F; with argument
—2itsinf. Representing this as a Bessel function of the first kind using [7, (10.16.5)], and
then using [7, (10.2.2)], the left-hand side follows. The ¢ T 1~ limit on the right-hand side is
straightforward. [}

?{theo:5)? Theorem 3.3. Let z € [-1,1], [t|(1 — |g[)2 < 1—[B[*, 0 < |B],7],]q| < 1. Then

1 s 62z — ﬁvq ntn 67717ﬁqn707070a0
— 2¢1<5 22 g, te ze)_z(gﬂg.q) Cn(x;71q) 65 8 igq%”q’WQ (3.7)[theorens]
n—O b b) n ) )
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Proof. A generating function for the continuous g-ultraspherical/Rogers polynomials can be
found in [10, (14.10.28)]

2i60 , <>° .

The proof follows as above by starting with (3.8), inserting (3.1), shifting the n index by 2k,
reversing the order of summation and using (2.4) through (2.11). [ |

n=0

Remark 3.4. The g T 171 limit of (3.7) can also be shown to be the same as (3.6), by using the
transformation x — —x. The proof of this is the same as the proof of Corollary 3.2, except instead
use the definition of the q-exponential function [10, (1.14.1)] eq(2) := 1/(2; @)oo, limgpi- eq((1 —
q)z) = €*. Of course, the same is true for the ¢ T 17 limits of the original generating functions
[10, (14.10.28-29)], which both are analogues of [10, (9.8.31)], and are equivalent under the
transformation T — —x.

?(theo:6)? Theorem 3.5. Let x € [=1,1], [t|(1 = [g])* < 1, 0 < |B], |[l, lgl < 1. Then

(vte; q)oo < v, B, Be*? —‘9) = (8,7 @)nt"
A b Vi T g teT ) = ————Ch(z; 0
(e g0 *7* | B2yt 1 E_% (@ 8% ) @)

1 1
B/a, Bq", £(v4")2, £(yq" ')z 2
X ’ ’ ’ sq,at” | . 3.9 Func4C
o0 ( ) s (3.9) gonPuncac
Proof. A generating function for the continuous g-ultraspherical /Rogers polynomials can be
found in [10, (14.10.33)]

(7te”; @)oo 78,82 0\ = (% On e
(e ) 22\ B2 Ate? DT P (5% q) (BT (3-10) gentund

n=0

where v € C. Substitute (3.1) into the generating function (3.10), reverse the order of summation
as above, shift the n index by 2k, using (2.4) through (2.11), completes the proof. |

?(theo:")? Theorem 3.6. Let x € [~1,1], (1—|q)2(1+ |v/allB))Itl < (1 —1qllB]), 0 < |8, ], lg| < 1. Then

iﬁéew . —i0> ( :I:(qﬁ)%e_“9 ) ie) _ - (57i5q%QQ)ntnC )
2¢1< g 0t ) e g 2 (7, 8%, —aB; )n n(@710)

n=0

1.1 3.1 1.1 3.1
Byt B, £(Bq"T2)2, £(Bg" T 2) 2, £i(Bg"T2)2, £i(Bg"T2)2
X10¢9< ’an+1,:I:ﬁqn/Q,:t,Bq(n—H)m,ii(ﬁqn+1)%,ﬂ:i(ﬂqn+2)% ’q’fyt : (3'11)

Proof. A generating function for the continuous g-ultraspherical /Rogers polynomials can be
found in [10, (14.10.31)]

o0

% 10 . % —if ; % n
201 ( iﬁ_; ;q,te_w) 201 < i(qé)q; ;Q,te’0> :;:Omcn(x;ﬁm t". (3.12) [genfun?]

We substitute (3.1) into the generating function (3.12), switch the order of the summation, shift
the n index by 2k and using (2.4) through (2.11), produces

(L +[vallsp™t"
(1 —lqllB])"

Therefore the theorem holds. [ |

lan| < K3 [+ 1]°2.
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Ntheo:g)?Theorem 3.7. Let z € [-1,1], (1 — ‘Q|)2(1 + ‘5||\/§|)(1 + 18Dl < (1 —

0< 181, 17l, |l < 1. Then

lvallBN — 18,

291 5§ei9’(q; )ze? sq,te™ | o ~pre ’_;( a)ze™" ;q, te'?
Bq? Bq?
(+8, —Bq?; )nt"
7 Cn(2;7]q)
nz:o (7,82, 842 q)n

By~L, B, +i(Bq™)?, +i(BgmtY)z il(ﬂé}“* 2)2 ,ii(ﬂgq"f%)%
7q"+1ai5q”/2>i5q mHD/2 (B¢ 3)3, +(Bg" )3

X 1009 (

1 q, ’7t2> .

Proof. We start with the generating function for the continuous g-ultraspherical /Rogers poly-

nomials [

, (14.10.30)]

201 <

B2e', (qB)2e” —Bre, —(gB)2e™
1 IS
2

;Q7t6i6> 2¢1 (

ﬁq% Bq
Bq D o n
—Z 5 R Cn(; Blg)t (3.13) [genFunct]
n=0 23

Using the connection relation (3.1) in (3.13), reversing the orders of the summation, shifting the

n index by 2k, and using (2.4) through (2.11), obtains the result

lan]| < (L +18llvah™ @+ [B)" ¢
T A=) lvallshr

Therefore the theorem holds.

Fereo:9 Theorem 3.8. Let € [~1,1], (1— |q)2(1+ B[ < (1 — [yalll), 0 < |4,

201 ( ﬁieie,_(qfﬁew ;q,tei9> 201 (aB)ze 7'9’1[356719 1q,te
—Bqz —Bqz
2. (+8,8q%; q)nt
——Cn(757[q)
z:: (7, 8%, —Bq2;q)n
Byt Ba", £i(Bq") 7, £i(BgH) 7, £(Bg T 2)2, (5" 2)?

1

X 10¢9<

yg" T, B2, £ B¢ HD/2 1i(Bg 22 iz(qud)

7l;lgl <1. Then

!

;q,w). (3.14) [genFancac]

Proof. A generating function for the continuous g-ultraspherical/Rogers polynomials can be

found in [10, (14.10.32)]

201 (

(Bg)ze®, —Bre=i®
6 1 v 4, te

& (—B,89%:9)n
2 (82, —Bg%; q)n

n=0

_ﬁv (ﬁ?)%

1 q, te_w) 291 <

Cn(z; B

q)t"

(3.15) [genfuns
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Similar to the proof of (3.13), we substitute (3.1) into the generating function (3.15), switch
the order of the summation, shift the n sum by 2k, and use (2.4) through (2.11), obtaining the
result

(1+ 18"t
|an| < Karr—— e [+ 1172
NN
Therefore the theorem holds. [ |

4 The little ¢-Laguerre/Wall polynomials

allpolynomials) The little ¢-Laguerre/Wall polynomials are defined as [10, (14.20.1)]

?(theo:10)?

?(theo:11)7

v g "0 _ 1 gt x
pn(x,a]q) C 2¢)1 ( ag 7Q7qx) — ( ,1q ) 2¢0 < o y 4, a .

The connection relation for little g-Laguerre/Wall polynomials can be obtained by Exercise 1.33
in [3] and using the specialization formula which connects the little g-Laguerre/Wall polynomials
with the little g-Jacobi polynomials, namely [10, p. 521] p,(z;alq) = pn(z;a,0|q).

Theorem 4.1. Let 0 < |ag|, |bq|, |q| < 1. Then the connection relation for the little ¢-Laguerre/Wall
polynomials is given by

-(3) Z": g8 (=) (_qyn=i (qn=i+1 gb; q);(bg T fa; )

(qa; q)n p= (4;9);

pn(z;alg) = 2 pj(w; blq). (4.1)[ConCoet3]

By starting with the generating function for the little g-Laguerre/Wall polynomials [10,
(14.20.11)], we derive generalizations using the connection relation for these polynomials.

Theorem 4.2. Let 0 < |aql, |bg|, |q| < 1, |t| < min{(1 — ¢)(1 — aq)/a,1}. Then

(b
((:Ctt QQ)) O¢1 ( 34, CL(]SL’t) Z q q q aq qq’) ) Tb(x7 b‘q) 1¢1 < q7/L—li)-1 :q, bqn"rl )
n=0 ’

Proof. We start with the generating function for little g-Laguerre/Wall polynomials found in
[10, (14.20.11)]

. _ > (—1)14(3)
e i (g swaast) =3 S alge (4:2)[gontFune]

= (G )n
Using the connection relation (4.1) in (4.2), reversing the orders of the summations, shifting the
n index by j, and using (2.4) through (2.11), obtains the desired result since |a,| = |t|"/(1—q)",
lenk| < Kgln +1]7¢, and
pa(z; alg)| <lal*[n+1]77/(1 — lag])" < a"(n+1)%7/(1 - aq)", (4.3) 71q1ageq?

where og and o7 are independent of n implies

[e.9] n
> lanl Y lennllpw(z: alg)] < oo.
n=0 k=0

Therefore the theorem holds. [ |
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5 The g-Laguerre polynomials

rrepolynomials)

The g-Laguerre polynomials are defined as [10, (14.21.1)]

L) (- _ (@ " ntatl, | _
n ($7q)_ ) 1¢1 a+1 g4, —(q T =

-
e 291 ( 1 0 ;q,q"*o‘“) :

1
(¢ Dn

?(theo:12)? Theorem 5.1. Let o, 8 € (—1,00), 0 < |q| < 1. The connection relation for the q-Laguerre
polynomials is given as

n

qn(a_ﬂ)

(@ Dn =

L) (x;q) = (=) 3gU ) (@ )i (TP ) L (wg). (52)

Proof. One could obtain the above result by following an analogous proof as applied to the
little ¢-Laguerre/Wall polynomials. Nevertheless the result follows by using the relation between
the little g-Laguerre/Wall and the g-Laguerre polynomials [10, p. 521]. |

By starting with generating functions for the g-Laguerre polynomials [10, (14.21.14-16)], we
derive generalizations of these generating functions using the connection relation for g-Laguerre
polynomials (5.1). Note however that the generating function for the g-Laguerre polynomials
[10, (14.21.13)] remains unchanged when one applies the connection relation (5.1).

?(theo:13)? Theorem 5.2. Let a, 8 € (—1,00), 0 < || < 1, [t| < (1 — ¢°*)(1 —q). Then
1 _ 00 qa—ﬁt nL(ﬁ) z:q a—p 0
Lo (g s —xtqa“) = g (0 sat) . G2
(t; @) q = (@ q

Proof. We start with the generating function for ¢-Laguerre polynomials found in [10, (14.21.14)]

1@
- Ln_(z39)
. a+1l ) __ s n
(t; @)oo e ( gott 1 ) =2 @ (5.3) genLFunct

n=0

Using the connection relation (5.1) in (5.3), reversing the orders of the summations, shifting the n
index by j, and using (2.4) through (2.11), obtains the desired result since |a,| < [t|*/(1—¢**t1)",
lenk| < Ko[n + 1]779%4 and

LS (@3q)| < [n+1]75/(1 - q)", (5.4) 7qleq?
implies

Z|an|2]ck,n\|Lk x;q)| <ng — ) l_q)n(n—l—l)ag < 0.

n=0 k=0
Therefore the theorem holds. [ |

d . ?
F(theo: 197 phcorem 5.3. Let a,Be(=1,00),0<]g <1, [t| < (1—¢*T)(1—q). Then

0 a—B\n (> B) —
- o (—tq®=B)gG) LD (25 q) ¢’ n
(t; @)oo 002 < R 1q, —xtq “) = E o) 161 gt 1q,tq" | . (5.5)[qLag2

n=0
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Proof. We start with the generating function for the g-Laguerre polynomials found in [10,
(14.21.15)]

00 'n
e ) =3 CE ) (5.6)[gonruncs

n—O

(t;q)oo 002 < .

Using the connection relation (5.1) in (

5.6), reversing the orders of the summations, shifting
the n index by j, and using (2.4) through (

2.11), obtains the desired result since, again, |a,| <

[t/ (1 — g~ Fh)n. .
?(theo:15)? Pheorem 5.4. Let a,fe(-1,0),y€C,0<]|q| <1, |t| <1—gq. Then
QLTS ( +1> — (1 Dntg )" (5 ( a8 qn )
i q, —xtq® = = L (w; ik q.t).
(taQ)oo 102 at ,Yt 4 q nz;) (qa+1;q)n ( q) 201 ot 1159

(5.7) egd

Proof. We start with the generating function for the g-Laguerre polynomials found in [10,
(14.21.15)]

(7t @)oo v — (19
(q) 192 g+l vt s, —xtg®t ) = E WL%Q)(%Q)W- (5.8)[genLFunc3
I o0 ) n=0 9 n

Using the connection relation (5.1) in (5.8), reversing the orders of the summations, shifting the
n index by j, and using (2.4) through (2.11), obtains the result

o < 1
= a+1 '

Therefore the theorem holds. [ |

6 Definite integrals, infinite series, and ¢-integrals

sandqintegrals) (opsider a sequence of orthogonal polynomials (p(z; c)) (over a domain A, with positive weight

w(x; av)) associated with a linear functional u, where « is a set of fixed parameters. Define s,
k € Ny by

2
53 = / {pr(z; )} w(z; o) da.
A
In order to justify interchange between a generalized generating function via connection relation

and an orthogonality relation for py, we show that the double sum/integral converges in the
L?-sense with respect to the weight w(z; ). This requires

desk < o0, (6.1) [forn-inve-L2]
where

o0
dk = Z anCln-
n=k

Here, a, is the coefficient multiplying the orthogonal polynomial in the original generating
function, and ¢, is the connection coefficient for p;, (with appropriate set of parameters).
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(Lemmasum) [emma 6.1. Let u be a classical linear functional and let (py(x)), n € Ny be the sequence of
orthogonal polynomials associated with w. If |py(z)] < K(n+1)74", with K, o and ~y constants
independent of n, then |s,| < K(n + 1)79"|sq|.

Proof. See [5, Lemma 6.1]. |

Given |py(z; )| < K(k+1)74*, with K, o and + constants independent of k, an orthogonality
relation for py, and [t| < 1/, one has Y 7 o |an| > p_q |k nSk| < 0o, which implies Y 7o |disk| <
oo. Therefore one has confirmed (6.1), indicating that we are justified in reversing the order of
our generalized sums and the orthogonality relations under the above assumptions, which also
are fulfilled for the polynomial families used throughout this paper.

In this section one has integral representations, infinite series, and representations in terms
of the ¢-integral. In all the cases Lemma 6.1 can be applied and we are justified in interchanging
the linear form and the infinite sum.

6.1 Definite integrals
6.1.1 The continuous g-ultraspherical/Rogers polynomials

The property of orthogonality for continuous g-ultraspherical/Rogers polynomials found in [10,
(3.10.16)] is given by

(1 —B)(8,48; 1) oo (8% @)n 5
(1= Bg") (8% ¢ Qoo (@ On

where the linear functional ug(8|q) is defined in (3.4), and wgr(x; 5|q) is defined in (3.5). We
will use this orthogonality relation for proofs of the following definite integrals.

(ur(Blq), Cm(x; Blq)Cnlw; Blq)) = 27

(6.2) [ortho

Corollary 6.2. Letn € Ny, 8,7 € (—1,1)\ {0}, 0 < |q| < 1, |t| < 1 — B%. Then

v 2i0 ' '
/_1(“_199‘1)002@ < B,gg ;q,te‘w) Cn(x;v!q)wo&

= 2(~ )

(g) . 2. —1 n
2 @2 (7,47 oo (B,7% @) < By, Bq 2 2n+1>
3 q, t .
(72, 4; 0)oo (4, B2, 47; O 265 yq L, £ B2, £ Bgm 12 71 V(B8

Proof. Using the generalized generating function (3.2) and (6.2), the proof follows as above. W

Corollary 6.3. Letn € Ny, 8,7 € (—1,1)\ {0}, 0 < |q| < 1, |t| < 1 — B%. Then
bl B, Be?” 0 wr(7:7]q)
—_— ’ 1q,te” ) O (x; — = dx
/_1 (e q) 2" ( C > )= A=

) 2. =1 ggn
(’y’q’y’q)oo(ﬁ,’y ,Q)n (b < /8’)/ 75q 70707070 q7,)/t2> .
n

= 27t" 6D5 ;
(V2,4 @)oo (a4, B2, 75 q)

’yq”+1,j:6q”/2,iﬁq(”+1)/2 )
Proof. We complete the proof using (3.7) and (6.2). [

Corollary 6.4. Let n € Ng, y € C, o, € (—1,1) \ {0}, 0 < |q| < 1, [t| <1 — B%. Then

1 ( 0. 210 .
yte"; q)oo <%/J’,ﬁe —i9> wr(z; alq)
— 0 5q,te Ch(z; alq) ————==dx
/_1 (tezﬁ; Q)oo 392 ,82, ’Ytew a n( ’q) Vv1-— 2

1 1
— or" (@, 905 @)oo (2,7, B; O e B/a, Bq", £ (vq")2 + (’yq”“‘l)2 g, at? ) .
(2,4 9) 00 (q, B2, q0; ) gL, £8qV2, £ Bqn /2
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Proof. We complete the proof using (3.9) and (6.2). |

?{cor:22)? Corollary 6.5. Let n € Ny, 8,7 € (—1,1)\ {0}, 0 < |¢| < 1, |t| < min{(1 — B%)(1 + Va8 (1 —

qlv)),1}. Then
1 1, 1
+p2e" w) < +(gB)ze™" i€> wr(z;7]q)
1q,t 1q,t Ch(z; ——"d
/12¢1< -5 P 201 —qp e (@710) Vo=
. 2 1,
_ o (141 0)x(77, B, £64%; ¢)n

(v, ¢:9) (8%, —aB. 47, ¢ On

11 3.1 . 101 . 3.1
% rode| P70 POEBGT ), E(BG"R)E, £i(Bg"2)2, £i(Bg"E)2

o VG G, £B 2 (B s i) T )
Proof. We complete the proof using (3.11) and (6.2). [

?eor:23)7 Corollary 6.6. Let n € No, 8,7 € (=1,1)\{0}, 0 < [g| < 1, [¢| < min{(1 - 82)(1 + /g|B])(1 -

q|v0),1}. Then
1 30 10 L s 1 _p
2 2 . — 32 — 2 .
-1 Bq2 Bq>

2 1

. . +3. — .
ch(ww‘q)wzz(wﬁlg)dm _oryn (147 @) (7, Bﬁ Baz;q)n
l—w (V2,4 @)oo (B2, BaZ, 47, 4 O

1

¢ roge[ BB EBA R (B3, £i(Bg ) £ (B )
vq" T, B2, £ 8¢V (B 2) 2, +(Bg"T2)2

Proof. We complete the proof using (3.13) and (6.2). [

tleor:29? Corollary 6.7. Let n € No 8,7 € (—1,1)\ {0}, 0 < g < 1, |t| < min{(1 — 8%)(1 + /glB]), 1}.

Then

! Bre?, —(gB)7e® . (qB8)ze®,—Bre
/ 201 T g, te”" | 2 ' 1q, te’

-1 —Bqz? —Bqz

2 1
O (a5 1]q) CREND oo yn 05075 @)oo (07, £8q25 0)
\/72 2 2 l
L—z (V2,49 (B?, —Ba2, 47, ¢ @)n

oo BB EBG 3 (B R(B I E(BETR, o
10 g+, 2672, £Bq V2, 1i(Bg ), (B, TP )

Proof. We complete the proof using (3.14) and (6.2).

6.1.2 The ¢-Laguerre polynomials

The continuous orthogonality relation for the g-Laguerre polynomials is given by the following
result. Notice that this result appears in [2, Section 2].

?(theo:25)? proposition 6.8. Let o € (—1,00), m,n € Ny, 0 < |g| < 1. Then

(g2 . a+1. n
(7% D)ood™ 5 9) ifae (—1,00) \ No.
> T Omn | SI(TA)(G @)oo (q;0)n
| @ e o= -t (6.3) ssc1]
0 (=25 )e0 1 (¢"'; @)alogg
AC. L S if a € Ny.

qa(a+1)/2 ’
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Proof. The continuous orthogonality relation for the g-Laguerre polynomials is given in [10,
(14.21.2)] with the right-hand side expressed in terms of gamma functions, namely

(o a+1.

@) (5 ) L (a z oo (T Do(6* 5 )
/0 L (@)™ q)(—w;q)ood q"(4;9)o0 (¢ D

“T(—a)T(a+ 1)6mn

The gamma functions can be replaced using the reflection formula [7, (5.5.3)] and the result is
given in the theorem for a € (—1,00) \ Ng. The result for v € Ny is a consequence of (2.3) and
[1, cf. (2.9)], namely

(ql aa‘]) — _(q’
a—k sin(ma)(ag=%; q) oo Wq(g

@)oo (g3 )k—11l0g q
(@ ool
which leads to

(0% @)oo _ (4:9)0(; 9k log g

I
sk sin(ra) mgk(k+1)/2
Applying this limit completes the proof. |
?{cor:26)? Corollary 6.9. Let n € No, o, 3 € (—1,00), 0< |q| < 1, t| < (1 —¢*™)(1 —q). Then
o) _ $6
4, —:rtqo‘“) L (w;q) — ——dw
/0 0¢1<q“+1 ( )(—x;Q)oo
—B. B+1.
) 77_(61 1q) (g ’Q)”,ifﬁe (—1,00) \ No,
— (t¢"P)" (t;¢)o0 <qa—ﬁ,o t) sin(78)(¢: @)oo (45 0)n
- n(qa+1. 21 a+n+1;q’
q (q aQ)n q ( n+1’ Q),B log ¢ £8 €N
¢gBB+n/2 0
Proof. Using (6.3) with (5.2) completes the proof. [

?(cor:27)? Corollary 6.10. Let n € Ny, o, B € (—=1,00), 0 < |q| < 1, [t| < (1 — ¢**1)(1 —q). Then

oo et ) s
m(¢7 0o (d"t 5 0)n
— (=tg*P)" 5 < ¢ " n) sin(m3) (¢ 9)oo (4 )
1¥1 X

- t
" (t;0)00 ("5 q)n gotnt1t O

, if e (—1,00) \ No,

(" q)plogq

—qﬁ(ﬁ-i-l)/? , if B € Ny.

Proof. Using (6.3) with (5.5) completes the proof. |
?(cor:28)? Corollary 6.11. Let n € Ny, o, 8 € (-1,00),7€C,0< gl <1, |t| <1—gq. Then
— n
/ ) 1¢2< L —xtqa+1> L9 (a: q)ixﬁ R 7)" (4 D)oo (v D)
0 gttt T (1 g) 0" (7t 0)oo (415 @)
(4% @)oo (¢"5 )
q*~ 6’ fyq Sin(ﬂ'ﬁ)(% Q)OO(Q; Q)n
X 201 t

q
qa+n+1 14 (n-‘rl

,if B € (—1,00) \ N,

;q)plog q

W, lfﬁENo

Proof. Using (6.3) with (5.7) completes the proof. [ |
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6.2 Infinite series
6.2.1 The little ¢-Laguerre/Wall polynomials

The little g-Laguerre/Wall polynomials satisfy a discrete orthogonality relation, namely [10,

(14.20.2)]
(a9)* _  (a0)"(g; @)n
kzopm dalopa(dala) g e = S

for a € (0,1/q), with 0 < |¢| < 1.

?{cor:29)? Corollary 6.12. Let n € Ny, 0 < |g| < 1, o, 8 € (0,¢7Y), [t| < min{(1 — 82)(1 + ValB8)),1}.
Then

(@) pi1) Pn (65 8lq) q(g)(—qﬂt)” a/f it
Z(tq 1@)os 0¢1< ted ) (5 9) (t,qﬁ;q)oo(qa;q)n1¢1<aqn“’q’wq >

Proof. We begin with the generalized generating function (3.14) and using (6.2) completes the
proof. This orthogonality isn’t there. |

6.2.2 The ¢-Laguerre polynomials

One type of discrete orthogonality that the ¢-Laguerre polynomials satisfy is [10, (14.21.3)]

o0 (a+1)k ( —cg®tl — _O‘/C' q) (q .q)
L(a) k. L(a) k. q _ q, q y —q »4) o0 dn s
2 L5 a) e ’Q)(—qu;Q)oo 7 (q°t, —¢, =4/ ¢ @)oo (@ O)n

a+1

m,n (6.4) ‘bilateralorthoquz

k=—00

for a € (—1,00), ¢ > 0.

?(cor:30)7 Corollary 6.13. Let n € Ny, 0 < |q| < 1, a, B € (=1,00), [t| < (1 — ¢**)(1 —q), ¢ > 0. Then
o _ (B+1)k
q
01 14, —ctq"‘“““) L (cq"; @) ————
k;o <qa+1 i )(—cq’“;q)oo

_ (") (tg,—cd”™ — e @)oo (67 ) 2¢1< 8.0 t)

7q’
q*(qP*, —¢,—a/c; @)oo (q, 4T ) atntl
Proof. This follows using (5.2) with (6.4). |
?{ecor:31)7 Corollary 6.14. Let n € Ng, 0 < |g| < 1, a, 8 € (—1,00), |t| < (1 —¢**})(1 —q), ¢ > 0. Then
s - (B+1)k
co gkl B) (k. q
Z 0¢2 <qo‘+l,t7q7 th > Ln (Cq 7Q) (_qu’ Q)oo
k=—o00
C(tq* )" 4B (q, —ed® T, g fei @)oo (6P ) ol S
a q"(t,¢" T, —c, —q/¢; Q) (¢, 4> 15 @) s “*”*17(]’ o
Proof. This follows using (5.5) with (6.4). [
?(cor:32)? Corollary 6.15. Let n € Ny, 0 < lgl <1, a,p€(—-1,0),v€C, |[t|<1—¢q, ¢>0. Then
s (B+1)k
LA atk+1 ) 7(8) (. k. q
- L S S
kz_:oo l¢2(qa+1’7t,Qa clq > n (Cq ’q)(_chaQ)oo

(tqafﬁ)n (t, ¢, —cd®, —q8/c; Q)0 (7, 4P+ ) , 0B g t
qn(’yt7 qﬂ+17 —C, _q/C, q)oo(q’qa""l’q)n 21 a_l,_n_l’_l P
Proof. This follows using (5.7) with (6.4). n
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6.3 The g-Integrals
6.3.1 The ¢-Laguerre polynomials
One type of orthogonality for the ¢g-Laguerre polynomials is [10, (14.21.4)]

oo (o _ _at+l _ —a. a+1.
/ Lgs)(x;q)L,ga)($;q) T dqx _ (1 Q)((b q y —4 7Q)oo(q aQ)n(;

- (6.5) Jacksonqorthogql.ag
0 (=23 @)oo 2¢"(¢°™, =0, =4 @)oo (¢ D) o |

Using this orthogonality relation we can obtain new g¢-integrals using our generalized generating
functions for the g-Laguerre polynomials.

2

?eor:33)7 Corollary 6.16. Let n € Ny, 0 < |q| < 1, a, B € (—1,00), [t| < (1 — ¢®+1)(1 = q). Then
oo _ B
5 q, —xt a+1> L®) x; xid x
/0 0¢1<qa+1 q q n ( Q) (_:L,;q)oo q
_ -9 (" ") (g, —a", — )" 5 "0 .
2¢"(¢°*, =4, — 4 oo (@, 415 O N gotnt?®
Proof. Using (5.2) with (6.5) completes this proof. [

?{cor:34)? Corollary 6.17. Let n € Ng, 0 < |g| < 1, a, 8 € (—=1,00), [t| < (1 — ¢*™1)(1 —q). Then

o — B
;q, —xt a“) L (z; R —
A 0¢2(qa+17t q q ( q) (_:1:’ q)oo q

_ (-9 (—tg®#)" q) (¢, ="+, =48 @)oo (6P @) 1¢1< T y tqn)
2¢"(t, 4%+, =4, =4 @)oo (¢, ° 5 @) gotntl’ ™
Proof. Using (5.5) with (6.5) completes this proof. [

2

?{eor:35)? Corollary 6.18. Let n € N, 0 < || <1, a,f € (~1,00), y € C, [t| <1 —q. Then

0o B
Y i a+1 (B) (. T
¢ ( 4, _xtq >Ln xrsq
/0 2\ gttt ( )(

) Q)oo

1= ()" (0, =", =)o (7, " T 5 g
2¢"(7t, ¢, —¢, =43 oo (4, 4T @) ’ atnt1 50

Proof. Using (5.7) with (6.5) completes this proof. |

dg

Acknowledgements

Much thanks to Hans Volkmer for valuable discussions. The author R. S. Costas-Santos ac-
knowledges financial support by Direccién General de Investigacién, Ministerio de Economia y
Competitividad of Spain, grant MTM2015-65888-C4-2-P.

References

[1] R. Askey. Ramanujan’s extensions of the gamma and beta functions. The American Math-
ematical Monthly, 87(5):346-359, 1980.

[Christiansen]|[2] J. S. Christiansen. The moment problem associated with the g-Laguerre polynomials.
Constructive Approximation. An International Journal for Approximations and Expansions,
19(1):1-22, 2003.



16

H. S. Cohl, R. S. Costas-Santos, P. Hwang, T. V. Wakhare

(CoRt12pos 3

(Com1Gentogen] 1

>stasWakhare2019] [5]

6]

7]

(Gaspha 8

Ismail:2009:CQ0][9]

[10]

H. S. Cohl. Fourier, Gegenbauer and Jacobi expansions for a power-law fundamental solu-
tion of the polyharmonic equation and polyspherical addition theorems. Symmetry, Inte-
grability and Geometry: Methods and Applications, 9(042):26, 2013.

H. S. Cohl. On a generalization of the generating function for Gegenbauer polynomials.
Integral Transforms and Special Functions, 24(10):807-816, 2013.

H. S. Cohl, R. S. Costas-Santos, and T. V. Wakhare. On a generalization of the Rogers
generating function. Journal of Mathematical Analysis and Applications, 475(2):1019-1043,
2019.

H. S. Cohl, C. MacKenzie, and H. Volkmer. Generalizations of generating functions for
hypergeometric orthogonal polynomials with definite integrals. Journal of Mathematical
Analysis and Applications, 407(2):211-225, 2013.

NIST Digital Library of Mathematical Functions. http://dlmf.nist.gov, Release 1.0.27 of
2020-06-15. F. W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier, B. I. Schneider, R. F.
Boisvert, C. W. Clark, B. R. Miller, B. V. Saunders, H. S. Cohl, and M. A. McClain, eds.

G. Gasper and M. Rahman. Basic hypergeometric series, volume 96 of Encyclopedia of
Mathematics and its Applications. Cambridge University Press, Cambridge, second edition,
2004. With a foreword by Richard Askey.

M. E. H. Ismail. Classical and Quantum Orthogonal Polynomials in One Variable, vol-
ume 98 of Encyclopedia of Mathematics and its Applications. Cambridge University Press,
Cambridge, 2009. With two chapters by Walter Van Assche, With a foreword by Richard
A. Askey, Corrected reprint of the 2005 original.

R. Koekoek, P. A. Lesky, and R. F. Swarttouw. Hypergeometric orthogonal polynomials
and their g-analogues. Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2010.
With a foreword by Tom H. Koornwinder.


http://dlmf.nist.gov/

	Introduction
	Preliminaries
	The continuous q-ultraspherical/Rogers polynomials
	The little q-Laguerre/Wall polynomials
	The q-Laguerre polynomials
	Definite integrals, infinite series, and q-integrals
	Definite integrals
	The continuous q-ultraspherical/Rogers polynomials
	The q-Laguerre polynomials

	Infinite series
	The little q-Laguerre/Wall polynomials
	The q-Laguerre polynomials

	The q-Integrals
	The q-Laguerre polynomials



