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Abstract

We study some g-analogues of the Racah polynomials and some of their applications in the
theory of representation of quantum algebras.

1 Introduction

In the paper [5] an orthogonal polynomial family that generalizes the Racah coefficients or 6j-
symbols was introduced: the so-called Racah and g-Racah polynomials. These polynomials were
in the top of the so-called Askey Scheme (see e.g. [13]) that contains all classical families of
hypergeometric orthogonal polynomials. Some years later the same authors [6] introduced the
celebrated Askey-Wilson polynomials. One of the important properties of these polynomials is that
from them one can obtain all known families of hypergeometric polynomials and g-polynomials
as particular cases or as limit cases (for a review on this see the nice survey [13]). The main
tool in these two workost was the hypergeometric and basic series, respectively. On the other
hand, the authors of [19] (see also [18, Russian Edition]) considered the g-polynomials as the
solution of a second order difference equation of hypergeometric-type on the non-linear lattice
x(8) = c1¢®° + c2¢~* + ¢3. In particular, they show that the solution of the hypergeometric-type
equation can be expressed as certain basic series and, in such a way, they recovered the results by
Askey & Wilson.

The interest of such polynomials increase after the appearance of the ¢g-algebras and quantum
groups [8, 9, 11, 15, 23]. However, from the first attends to built the g-analog of the Wigner-
Racah formalism for the simplest quantum algebra U,(su(2)) [12] (see also [1, 4, 16]) becomes
clear that for obtaining the g-polynomials intimately connected with the g-analogues of the Racah
and Clebsh Gordan coefficients, i.e., a g-analogue of the Racah polynomials u2?(z(s),a,b), and
the dual Hahn polynomials w¢ (z(s), a,b)q, respectively, it is better to use a different lattice —in
fact the g-Racah polynomials B2 (z(s), N, §), introduced in [6] (see also [13]) were defined on the
lattice z(s) = ¢~ + 8¢~V ¢* that depends not only of the variable s but also on the parameters of
the polynomials—, namely,

z(s) = [s]q[s + 1, (1)

that only depends on s, where by [s], we denote the g-numbers (in its symmetric form)

qs/2 _ q—s/2
[l = =—F——, VseC. (2)
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With this choice the g-Racah polynomials u%?(z(s),a,b), are proportional to the g-Racah coef-
ficients (or 6j-symbols) of the quantum algebra U,(su(2)). A very nice and simple approach to
6j-symbols has been recently developed in [22].

Moreover, this connection gives the possibility to a deeper study of the Wigner-Racah formalism
(or the g-analogue of the quantum theory of angular momentum [24, 25, 26, 27]) for the quantum
algebras U, (su(2)) and U, (su(1,1)) using the powerful and well-known theory of orthogonal poly-
nomials on non-uniform lattices. On the other hand, using the g-analogue of the quantum theory
of angular momentum [24, 25, 26, 27] we can obtain several results for the g-polynomials, some of
which are non trivial from the point of view of the theory of orthogonal polynomials (see e.g. the
nice surveys [14, 28]). In fact, in the present paper we present a detailed study of some g-analogues
of the Racah polynomials on the lattice (1): the u®?(x(s),a,b), and the ©%"(z(s),a,b), as well as
their connection with the g-Racah coefficients (or 6j-symbols) of the quantum algebra U, (su(2))
in order to establish which properties of the polynomials correspond to the 6j-symbols and vice
versa.

The structure of the paper is as follows: In section 2 we present some general results from the
theory of orthogonal polynomials on the non-uniform lattices taken from [3, 18]. In Section 2.1 a
detailed discussion of the Racah polynomials u%?(x(s), a,b), is presented, whereas in Section 2.2
the u?(z(s),a,b), are considered. In particular, a relation between these families is established.
In section 3 the comparative analysis of such families and the 6j-symbols of the quantum algebra
U, (su(2)) is developed which gives, on one hand, some information about the Racah coefficients
and, on the other hand, allow us to give a group-theoretical interpretation of the Racah polynomials
on the lattice (1). Finally, some comments and remarks about ¢-Racah polynomials and the
quantum algebra U, (su(3)) are included.

2 Some general properties of g-polynomials

We will start with some general properties of orthogonal hypergeometric polynomials on the non-
uniform lattices [7, 18].
The hypergeometric polynomials are the polynomial solutions P,(z(s)), of the second order
linear difference equation of hypergeometric-type on the non-uniform lattice z(s) (SODE)
C1

A Vs Ays) 0 () — et 4t o i
R~ 1 Va(s) T TRl T =0 w9 =ald T e, 6t =T (3)

Vi(s)=f(s)=f(s=1),  Af(s)=f(s+1)—f(s),

a(s)

or, equivalently

Agy(s +1) + Bsy(s) + Csy(s — 1) + Ay(s) = 0, (4)
where
o(s) + 7(s)Ax(s — %) o(s)
As = 1 ) ST S A . 1y AS
Az(s)Az(s — 3) ¢ Va(s)Az(s — 3) B (A, + )

Notice that z(s) = z(—s — p).
In the following we will use the following notations! P,(s), := P,(2(s)), and o(—s — p) =
o(s) + 7(s)Az(s — 1). With this notation the Eq. (3) becomes

AP, (s)q VP, (s)q
s — A A P, =0.
0( S /j‘) AJZ(S) U(S) Vl‘(S) + .’E( 2) (S)q 0 (5)
The polynomial solutions P, (s), of (3) can be obtained by the following Rodrigues-type formula
[18, 20] o - v
™), (s), v .

() =005 = V) Vaa(s)  Van(s)

(6)
where z,,(s) = z(s + 2),

pn(8) = p(s+n) Has—i—m (7)
m=1

'In the exponential lattice z(s) = ¢1¢=* + ¢3, so p = oo, therefore instead of using o(—s — ) one should use

the equivalent function o(s) + 7(s)Az(s — %)



and p(s) is a solution of the Pearson-type equation A [o(s)p(s)] = 7(s)p(s)Ax(s — 1/2), or equiv-
alently,

p(s+1) _ o(s) 4+ 7(s)Ax(s — %) _ o(—s—p) (8)
p(s) o(s+1) o(s+1)

Let us point out that the function p,, satisfy the equation A [o(s)pn(s)] = Tn(s)pn(s)Az, (s —1/2),
where 7,(s) is given by

o(s+n)+7(s+n)Az(s+n—3)—o(s) o(—s—n—pu)—o(s) ,

Tn(s) = Az 1(5) = Arn(s— 1) =7, Z,(s) + 7,(0).
n—1{8 Tn(s — 3
(9)
being
S /\2n+1 ( ) _ 0(752 —n—- :u) - O—(S:L)
[27”L"~‘1]117 " wn(‘%""%)_wn(sz_ %)7

where s} is the zero of the function x,(s), i.e., z,(s}) = 0.
(From (6) follows an explicit formula for the polynomlals P, [18, Eq.(3.2.30)]

—B i ’Ilq' m+n V$(S+m— ;) pn(sfn+m) (10)
- n ' )
m:O mlg! HVI 5 4 m=lel) p(s)
=0

where [n], denotes the symmetric g-numbers (2) and the g-factorials are given by
[0]g!:=1, [n]g!:=[1]4[2]g- - [n]q, meN.

It can be shown [7, 18, 20] that the most general polynomial solution of the ¢-hypergeometric
equation (3) corresponds to

4 4

o(s) = A[ls = silg = Ca > [[(¢" =), A-C#0 (11)

i=1 i=1
and has the form [20, Eq. (49a), page 240]

—n q2;1,+n 1+5v4 s q31 s q31+s+u - q)
;

Pn(s)q =D, 4¢3 < q91+92+u q91+33+u q91+94+u (12)

where the normalizing factor D,, is given by (s, := ¢*/? — ¢~1/?)

n
D,=B, <c q:l%5) q—%(351+52+83+s4+3(n2—1))(qs1+52+p«;q)n(q51+83+u;q)n(qsl+54+u;q)n.

The basic hypergeometric series ngﬁp are defined by [13]
k

al,.,., . ais q aTvq) Z k &(k—1) port
¢(b1 > th .)[(1)(]2 ] ’

P:q) (q7Qk

where (a;q)r = an_:lo(l — ag™), is the g-analogue of the Pocchammer symbol.

In this paper we will deal with orthogonal g-polynomials and functions. It can be proven
[18], by using the difference equation of hypergeometric-type (3), that if the boundary conditions
o(s)p(s)z* (s — 1/2)|s=a , = 0, for all k > 0, holds, then the polynomials P,(s), are orthogonal
with respect to the Weight function p, i.e.,

ZP P()Az(s —1/2) = 6pmd®, s=a,a+1,...,b—1. (13)

The squared norm in (13) is [18, Eq. (3.7.15)]

b—n—1

d) = (=1)"AnnB) D po(s)Azn(s —1/2), (14)

S=a



where [18, page 66]

= I () &

A simple consequence of the orthogonality is the three-term recurrence relation (TTRR)

2(8)Pp(8)g = anPryi1(8)g + BnPn(8)qg + YnPr-1(s)q, (16)

where a.,, O, and 7, are given by

2
Gnp bn bn+1 Gp—1 d
Qp = P ﬁnzi_ y  Tn = 2n 5 (17)
Ap+1 A, Ap+1 ap dn 1

being a, and b, the first and second coefficients in the power expansion of P,, i.e., P,(s); =

anx™(8) + b,z 1(s) + -+ -. Substituting s = a in (16) we find
B8, = z(a)Pn(a)g — anPri1(a)g — YnlPn-1(a)q (18)
" Pn(a)q ’

which is an alternative way for finding the coefficient 3,. Also we can use the expression [3, page
148]
n|gTn—1(0 n+ 1|,7,(0
Bn:[]q/ 1()7[ ]q ()+CS([n]q+1*[n+1]q)

!/
Tn—1 n

To compute o, (and 3,,) we need the following formulas (see e.g. [3, page 147])

a, — BELA’?TL',H’ b_" = w + C3([ﬂ]q —n). (19)
njq! an Tn—1

The explicit expression of A, is [20, Eq. (52) page 232]

Agt
Ap = — C%(ql/z—q71/2)4[n}q[81 +82+ 83+ sa+2u+n—1],
(20)
C«q—n+1/2 B
_ (1 _ qn) (1 _ q(91+52+53+54+2p+n 1)
(g2 = ¢~ 1/2)2 )
which can be obtained equating the largest powers of ¢° in (5).
(From the Rodrigues formula [18; 3, §5.6] follows that
AP,(s—1 —AnBn ~
G2 MBup (o), (21)
ALI,‘(S - 5) anl

where P,_; denotes the polynomial orthogonal with respect to the weight function p(s) = p1(s—1).
On the other hand, rewriting (3) as

\Y A
RN I') —=Pu(s)g = —AnPn(s)q,
(6 gy *+ 71 ot P (5)
it can be substituted by the following two first-order difference equations

A v __ s
S =@, (a0 7] Q) = AP 22

Using the fact that
follows that

AI(S) P,(s)q is a polynomial of degree n — 1 on z(s + 1/2) (see [18, §3.1]) it

A
Ax(s)
where C,, is a normalizing constant. Comparison with (21) implies that Q(s) is the polynomial

JSn_l orthogonal with respect to the function p;(s — %) and C, = =\, B,,/By—1. Therefore, the
second expression in (22) becomes

Po(s)g = CpQn-1(s + 3),

Pulo)a = 2 (06) sy + 7 ) Poals 4 3y (23)



The g-polynomials satisfy the following differentiation-type formula [18, 3, §5.6.1]

B
— P, ) 24
Bn+1 +1 (S)q ( )

VP.(s)g M (s s —
O(S) VfE(S) - [n}qu/L 71( )P”l( )q

Then, using the explicit expression for the coefficient «,,, we find

VP,(s)q An Tn(8) apAan

—_— = P, — P, . 2
U(S) Vm(s) [’I’L}q TT/L L(S)q [Qn]q n+1(5)q ( 5)
From the above equation using the identity Avéjx (j)) 1 = A:c ((j))q — VéD;((j)) < as well as the SODE

(5) we find
AP,(s)q An , 1 B,
—5— = n(s) — Ax(s —3))P, - P, .

o(—s—p) Az (s) ]y (TL(S) [n]qmnAz(s 2)) n(8)g Bt n+1(8)g (26)

To conclude this section we will introduce the following notation by Nikiforov and Uvarov
[18, 20]. First we define another g-analog of the Pocchammer symbols [18, Eq. (3.11.1)]

k—1 ~
(alg)x = [[ la+ml, = qu(a(Jr)k) = (—1)¥(g% (g2 — ¢1/?) TR E D= (a7)
m=0 q\a

where fq (x) is the g-analog of the I' function introduced in [18, Eq. (3.2.24)], and related to the
classical ¢-Gamma function I'; by formula

~ _(s=D)(s=2) _(s=1)(s=2) —s (90
Ty(s)=g¢q i Ty(s)=gq i (1—q)* (S) , 0<g< 1.
(¢°; @)oo
Next we define the g-hypergeometric function ,F,(-|q, z)
ERLRERE S k 2|9)k "'(ar|‘1)k G [ k(-] PTH
Fy = s bR DT (os)
<b1,-.-, ‘ ) Z(:) Dk bz|¢1) - (bplg)k (Ug)e U7

where, as before, s, = ¢'/2 — ¢/, and (a|q), are given by (27). Notice that

s k
. a1,02,...,0r p—r+1 )\ __ (al)k”'(a’T)kz_ o a1,a2,...,0r
(}L“%”FP< by ba,....by ’W” >—27.. ek bbb,

q, z) , (29)

and
( g, g2, ..., gttt
¢ g, g

A1,02,...,0p41
F
p+1 p< bl,bg,...,bp ‘Qat>

(ZP'H a;—y. P bi—l)
where tg = z¢2 i=1 .
Using the above notation the polynomial solutions of (3) is [20, Eq. (49), page 232]

A n
Po(s)q = Bn <—2> (s14 52 + plg)n(s1 + 53 + plg)n X
c1q 2%q
4 (30)
—n,2 -1 iy 9
(51 + 54 + 1/q)n 4Fs n,2u+n +;s S1—8851+s+pu g, 1
S1+S2+p,81+83+ 1,81 +s4+
2.1 The ¢-Racah polynomials
Here we will consider the g-Racah polynomials u%?(x(s),a,b), on the lattice z(s) = [s],[s + 1],
introduced in [2, 16, 18]. For this lattice one has
1, R D
c1=q2x, p=1 cs=—(q2+q 2)x,". (31)



Let

chose o in (11) as
—2s
(=)@ — a7 (@ — P )@ — ") =[5 — algls + blgls +a— Bla[b+ o — 8],

o(s) =
=
1
ie., 51 =a,s9=—b,s3 = f—a,s4 = bta, C=—qg 200 .5 A=—1,andlet B, = (—1)"/[n],!.
Here, as before, s, = ¢ /2 — ¢=1/2. Now from ( ) we find
qn)(l o q(x+5+n+1) _ [n}q[n—&—a—l—ﬁ—i— 1]q.
l¢, then, choosing

*
S’IZ

L T
In this case z,(s) = [s + n/2]y[s + n/2 +

To obtain 7,(s) we use (9)
= —n/2, we get

Tn(8) = 7)25(8) + 7,(0), —2n+a+6+2]; 7(0)=0c(-n/2-1)—0c(—n/2). (32)
Taking into account that 7(s) = 79(s), we obtain the corresponding function 7(s)

7(s) = =2+ a+ f)yz(s) + o(—1) — o(0).

2.1.1 The orthogonality and the norm d2

A solution of the Pearson-type difference equation (8) is
T (s+a+b+ 1), (b+a—s)

T (s+a+1)y(s—a+8+1)
T (s—a+1)y(s+b+1)y(s+a— 8+ 1)y(b—s)

p(s) =
Since o(a)p(a) = a(b)p(b) = 0, then the g-Racah polynomials satisfy the orthogonality relation

s, b)qugy; ﬁ( (s),a,b)qp(s)[2s +1]g = 0, n#m,

Zu

with the restrictions f% <a<b-1la> -1
of the norm d2. From (7) and (15) follow

1 < B <2a+ 1. Let us now compute the square

fq(s—l—n—i—a—i—b—i—l)fq(b—i—a—s)

) (s):f (s—i—n—i—a—&—l)fq(s—l—n—a—l—ﬁ—i—l)

" Ty(s—a+1)y(s+b+1)Ty(s+a— B+ 1),(b—s—n)
WTala+p+2n+1) A, = (1) A, B2 = Ty(a+B+2n+1)
! T g Ty(at B+ 1)

Apn = [n](-1)"=
R Tyla+B+n+1)
[2s + n + 1], using (14), and the identity

Taking into account that Va,11(s)

R T T

T (s+n+a+b+D),(b+a—s)

we have
(b—s—mn)2s+n+1]5"

_Abil (s+ntatDly(s+n—atp+1)
s—a—i-l) (5—|—b+1) (s—|—a—ﬂ—|—1)q
! Fq(s—i—n—l—2a+1)fq(s+n—l—ﬁ—i—l)fq(s+n—|—a+b+a+1)fq(b—a+a—s)
fq(s+1)fq(s+b+a+1)fq(s+2a—6+1)~ (b—a—s5—n)[2s+2a+n+1];"
(a+b+n+a+1)f (b—i—a—a)x

qo(b—a—n)

>
s=0

T (a+8+2n+ 1) (2a+n+DT,(n+ 5+ 1)T

) Ty(a+B+n+1)Ty(a+b+1)T,(2a— B+ 1)T

b
:An

2+ 1 1 b+1,1—b ]
(nt2atlntfrlntatatbtl tatnlg) 25 + 2a + n + 1],

(La+b+1,2a— B+ 1,1 —b+a—a|g)s

b—a—n—1

s=0



In the following we denote by S,, the sum in the last expression. If we now use that (alg), =
(—1)"(q% q)nq*%("w‘“l)%qf”, as well as the identity

n+1
) (—q L),
n+1 )

EESY
(@t 259 (=¢* 2 5q)

(¢

2s+2a+n+1),=q¢ °2a+n+1],

we obtain

b—a—n-—1 2a+n+1 +B+1 +a+btat+l 1—bta+ 1 2a+n+3 1 2a+n+3),
S _ (qa " ,qn 7qn ¢ ¢ , q ¢ n7q2( )7_q2( )7q)5
n = E

1 1
s=0 (g, qotbtl, g2e=Bt1 gl-b-ata ga(Gatntl) g5 (Retntl) o) [9g4n41];!

q75(1+2n+ﬁ+a)

B q2a+n+1’ qn+[i+1’ q'nn‘—aﬁ-okl—b<|—17 ql—b+a+n q2(2a+n+3) q2(2a+n+3) 1%n_Bea
= [Za+n+1]g 665 atb+l  2a—B+1 l—b—ata  i(2a4n+tl) L 2atn+1) 249 ’
q »q »q ,q2 ’ _q2

But the above g5 series is a very-well-poised g¢s basic series and therefore by using the summation
formula [10, Eq. (I1.21) page 238]

a, qal/Qa _qa1/27 b7 C, q_k
6%¥5 al/?, —al/Q,aq/b, aq/c, agh+l

ag"™\  (aq,aq/bc; q)k
& e (aq/b, ag/c; )i’

withk=b—a—n—1, a=g>* Tt p=g"tFtL ¢ = gntotatbtl we obtain

2a+n+2 ,—nt+a—b—a—0G.

,qd aq)b a—n—1
(q2a7,8+1 qa b—a+1. q)

Sy = [2a+n+1], (4

b—a—n—1

(20 + 7+ 2[)p—a—n-1(=n+a—b—a—Blg)sa-n-1

= [2a+n+1
[ N Py e | Y iy e 1 P

Finally, using (33) and (27)

(a+b+1) (2a7/6’+1) (bfa+oz+ﬁ+n+1)F (a+n+1)
T (n+2a+2)Ty(b+a—pB—n)Tyla+B+2n+2)T,(b—a+ )

Sy = [2a+n+1],

thus

2= T (a+8+2n+ 1) (2a+n+D,(n+ 5+ 1)T (a+b+n+a+1)fq(b+a—a)s
)y Ty(a+ B+n+1)Ty(a+b+1)T,(2a — B+ Dy(b—a—n) "
T (a+n+1)T (ﬁ+n+1)F (b—a+a+B+n+1)T (a+b+a+n+1)

[a+B+2n+1],Tyn+1Dy(a+B+n+ 1) (b—a—n)Ty(a+b—5—n)

2.1.2 The hypergeometric representation

(From formula (12) and (30) the following two equivalent hypergeometric representations hold

o, _ g3 Raret Bt (et ) (g7 @)n (6T g)
U’n7 (37(8), a, b)q - on X
#2"(¢; @)n (34)
q—n, qa+6+n+1, qa—s7 qa+s+1
4P3 ( gobHL Bt gatbratl ’CI7 (I) )
and
—-b+1 1 b 1
u%’ﬁ(x(s),a,b)q :(a + IQ)n(ﬂ_F |Q)'n(a+ + o+ |q)n
[n]q! (35)
P —-n,a+0B+n+1l,a—s,a+s+1 1
4v3 a—b+1,6+1l,a+b+a+1 '
Using the Sears transformation formula [10, Eq. (IIL.15)] we obtain the equivalent formulas
o b _q—%(—2b+a+ﬂ+n+1)(qa—b-i-l; q)n(qa-i-l; q)n(qﬁ—a—b—&-l; On
Up, (iE(S),(L, )q_ 2n (- X
#2"(¢; Q) (36)
qfn’ qa+ﬁ+n+1’ qufs, q7b+s+1
4P3 ( gobtL gortl gma—bia+l ‘q, Q> )



and

a—b+1g)n(a+1g)n(—a—b+B+1]g)s

[n],!
F (n,a+6+n+1,bs,b+s+1 ‘ 1)
4m3 a—b+1l,a+1l,—-a—b+0+1 ’

W8P (a(s),a,b)g =
(37)

Remark: From the above formulas follow that the polynomials u%?(x(s), a,b), are multiples of
the standard ¢g-Racah polynomials R,,(1(¢""*); ¢%, ¢%, ¢*~%,¢~*?|q).

(From the above hypergeometric representations also follow the values

_(a—=b4+1g)n(B+1g)n(a+b+a+1]g)n

[n]q!

up (2(a), a,b)q =

38
_ @) (@ @)n (@ ) (38)
o QoA 20 (),
—_ 1 1|q)n(—a — 1q)n
uf{’ﬁ(x(b—l) ab) (Cl b+ |Q) (O(—F |Q) '( a b+6+ |q)
[n]q! (39)
- (qa—b+1. q)n(qa-H. q) (qﬁ—a—b+1. Q)n
- 2(- QbJrOtJrﬁJr’ﬂJrl)%Qn(q On )
The formula (10) leads to the following explicit formula?
T (s —a+1 1 — B+ 1T, (b -
u%’ﬁ(x(s),a,b)q— g(s—a+ ) (s +b+ ) (s+a—-B+1 (b~ s)
Fq(s+a+ )F (s—a—l—ﬁ—l—l) (s+a+b+1) db+a—ys)
z”: 2s+2k—n+1] (s+l<;+a+1)r (2s+k—n+ )>< (40)
k+1) (n—k—l—l) (2s+k+2) gs—n+k—a+1)
Ty(s+k—a+B+1)ly(s+k+a+b+D(b+a—s+n—k)
Tys—n+k+b+Dy(s—n+k+ta—F+D)T0b—s—Fk)
from where follows
—1)"T 1 1
uzﬂ(x(a),%b)q:( ) ~q(b a)l (ﬁ+n+) Jqb+a+a+n+ )’
[n]ITq(b—a —n)Ty(B+ 1)Tg(b+a+ o+ 1) (1)

L,(b—a)l (a+n+1) Jb+a—p)

uo"ﬁxb—l,a,bq— =
n (e —1).a.0) ()T (b —a—n)Ty(a+1)Ty(b+a—5—n)

)

that coincide with the values (38) and (39) obtained before.
From the hypergeometric representation the following symmetry property follows

up(2(s), a,b)q = uy, "I (a(s), 0, b)g.

Finally, notice that from (??) (or (36)) follows that u%?(x(s),a,b), is a polynomial of degree
non z(s) = [s]4[s + 1]4. In fact,

(qa_s;q)k(qa+s+1;q) _ ( k k( +k+1) H < — C3 q_%(qa+l+% + q—a—l—%)> ,
where ¢; and ¢ are given in (31).

2.1.3 Three-term recurrence relation and differentiation formulas

To derive the coefficients of the TTRR (16) we use (17) and (18). Using (19) and (17), we obtain

Tfatftmtl) —  ntllfatBtntl],
mlTyla+B+n+1) " le+B+2n+1fa+B+2n+2],

Ay =

20bviously the formulas (??) and (36) also give equivalent explicit formulas.



Table 1: Main data of the g-Racah polynomials u2?(z(s), a,b),

Pu(s) ui?(x(s),a,b)q,  a(s) = [slals + g
(avb) [a,b* 1]
o(s) Ty(s+a+1Dy(s—a+B+ D (s+a+b+1)Ty(b+a—s)

Ty(s—a+ Dy (s+b+1D)Ty(s+a— B+ 1 (b—s)
—t<a<b-l,a>-1,-1<f<2a+1

o(s) [s — alqls + blq[s +a— Blglb+ o — s
o(—s—1) [s+a+1]gb—s—1gls—a+ B+ 1qb+a+s+1]
7(s) [a +1]q[alqla — Blg + [+ 1]q[blg[b + afq — [+ g[8+ 1]q — [a + 8 + 2]q2(s)
~la+B+2n+2gz(s+ 2)+[a+ 2 +1b— 2 - 1B+ 2 +1—algb+a+2+1]
) fa+ 2lab— B+ 3 —dyb+at 2],
An [nlgla+ B+ n+1]q
—1 n
b T
&2 IN“q(a—i-n—i-1)1~“q(~ﬁ+n+1~)1~“q(b—a+a+ﬂ~+n+l)fq(a~+b+a+n+ 1)
[a+B4+2n+1]Ie(n+1)Tq(a+B+n+1)(b—a—n)Ty(a+b—3—n)
pu(s) T,(s tntat l)f‘q(sjrnf a+ﬁir l)f‘q(s+n+a~+ b+ 1)ly(b+ o —s)
Dg(s—a+1)lg(s+b+1)g(s+a— B+ 1)e(b—s—n)
o fq[g+ﬁ+2n+1}q
[n)¢Tyla+ B +n+1]q
o n+1gla+ B8+ n+1],

[a+ B+ 2n+14la+ B+ 2n+ 2],

lalyfa + 1], — [a+B84+n+14la—b+n+148+n+14la+b+a+n+1]
3 ! ! [+ B +2n + g+ B+ 2n + 2],
" [@+nlglb—a+a+B+n]glatb—8—nlyn],

[a+ B+ 2nlgla+ B+ 2n+ 1],

[a+b+a+nfglat+b—B8—nla+n]yB+n]yb—at+at+B+nlyb—a—n]
[@+ B+ 2n]gla+ B+ 2n+ 1],

Tn

To find ~,, we use (17)

a4+ b+ a+n]glat+b— 5 —nlga+n][8+nlgb—a+a+ B4 n]yb—a—n],
T = [a+ B+ 2n)la+ B +2n+1], '

To compute (3, we use (18)
b= ala)— o, mn@@a ), ()0 b),
! Cun(a(a),a.b)y " un(x(a). ab)g

[a+B+n+1lgla—b+tn+1g[B+n+1glat+tb+ta+ntl
[a+ 8+ 2n+1],Ja+ 5+ 2n+ 2],

[+ nlg[b —a+a+ B +nlgla+b— B —nlynl,
[+ B+ 2n],la+ B+2n+1], '

The differentiation formulas (21) and (23) yield

AuP(x(s),a,b a
”i§$ o Bt 1 s B+ b0 ), (42)

= [algla+ 1], -




—[nq[2s + Lgu? (@(s), a,b)g =0(=s = Dupt3 7 a(s + 3),a+ 3,0 = §),

(43)
- U(S)uzt%B—‘rl(x(s - %)5 a—+ %a b— %)Qa
respectively. Finally, formulas (24) (or (25)) and (26) lead to the differentiation formulas
Vu2B(z(s), a,b) [a+B+n+1] o o
O’(s) [28](1 1 == [Oé + ﬁ + 2n + Q]qq Tn(S)Un”B(LL‘(S), a, b)q + [n + Hqunfl(x(s)v a, b)q I

(44)
(s — 1)Au3’5(:r(s),a, b)q _ [a+B+n+1],
[2s + 2], [+ B4 2n+2],

(45)

(Ta(s) + [nlglar+ B + 2n + 2]¢[2s + 1](1)“2’5@(3)» a,b)q + [n + l]qugfl ((s),a, b)q} )
where 7,,(s) is given in (32).

2.1.4 The duality of the Racah polynomials

In this section we will discuss the duality property of the g-Racah polynomials u%?(x(s),a,b),.
We will follow [18, pages 38-39]. First of all, notice that the orthogonal relation (13) for the Racah
polynomials can be written in the form

N—

—

u(a(t + a), a,b)g/plt + Q) AT(i +a—1/2)
dy, ’

CinCim = 6n,m7 Cin = N=b-a,

t=

where p(s) and d,, are the weight function and the norm of the g-Racah polynomials u&?(x(s), a, b),,
respectively. The above relation can be understood as the orthogonality property of the orthogonal
matrix C' = (Ctn)i\;::lo by its first index. If we now use the orthogonality of C by the second index

we get
N-1

Y CuCun=0bry, N=b-a,

n=0

that leads to the dual orthogonality relation for the g-Racah polynomials

N—-1
1 1
a,B a,B / = = - ,.
nEZO Up, (x(s), a, b)qun ({E(S )v a, b)q d% p(s)Ax(s — 1/2) 55»5 (46)

The next step is to identify the functions u®*(z(s),a,b), as polynomials on some lattice z(n).
Before starting let us mention that from the representation (?7?) and the identity

k—1
_ atptl 1 _1
(@ r(@™ e =[] (1 I R A R (%ﬁx(t) +q? +q 2)) ,
=0

where z(t) = [t]g[t + 1] = [n + %ﬁ]q[n + O‘Tﬂg + 1], follows that u2?(z(s), a,b), also constitutes
a polynomial of degree s — a (for s=a,a+1,...,b—a—1) on z(¢t) with t =n + "‘—‘2"5

Let us now define the polynomials —compare with the definition of the Racah polynomials
(35)—

(1T (0 — )Ty (8 + k+ DT, (0 +a' + o 1k +1)

w? (@ (t), ' By = = =
kDb —a' — E)Ly(8 + )TV +a' + o' + 1)

X

(47)
P ko +08 +k+1,d —t,d +t+1 1
443 a’—b’—i—l,ﬁ'—i—l,a'—i—b’—i—a'—l—l ) )
where
k=s—a, t:n+a;ﬁ,(i:a;ﬁ, H:b—a+a;ﬁ, o =2a—p, B =0 (48)
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Obviously they are polynomials of degree k = s —a on the lattice x(t) that satisfy the orthogonality

property
b —1

S @t), 0!, V) guss  (@(t), a,V)gp! (O)A(t — 1/2) = (d)Sm, (49)

t=a’

where p/(t) and dj, are the weight function p and the norm d,, given in table 1 with the corresponding
change a, b, o, B8, s, n by a’, b', &/, 3, t, k.

Furthermore, with the above choice (48) of the parameters of uj o'f (x(t),d’, V)4, the hyperge-
ometric function 4F3 in (47) coincides with the function 4F3 in (35) and therefore the following

relation between the polynomials uz/’ﬂl (z(t),a’,v') and u2P(z(s), a,b), holds

w7 (), a0 )g = Ao, B, a,b,n, s)ui? (x(s), a,b),q, (50)

where

(=1 Ty(b—a—m)ly(s —at+ B+ Db+ a+s+ Dly(n+1)

b — -
Al 8,0,b,m, 5) Ty(b—$)Ty(n+B+1)Ty(b+a+a+n+1)T,(s—a+1)

If we now substitute (50) in (49) and make the change (48), then (49) becomes into relation

(46), i.e., the polynomial set u; o'\ (x(t),ad’, V'), defined by (47) (or (50)) is the dual set associated
to the Racah polynomials u2(z(s), a,b),.

To conclude this study, let us show that the TTRR (16) of the polynomials ug/’ﬁ / (t),a',0')q s

(
the SODE (4) of the polynomials u®?(x(s), a,b), whereas the SODE (4) of the ug/’ﬁ (x(t),d, V)4
becomes into the TTRR (16) of u2?(z(s), a, b), and vice versa.

Let denote by ¢(¢) the o function of the polynomial ugl”@ /, then
sty =[t—=d gt +V]g[t+a — B0+ —t]y =[nlgn+b—a+a+Blyn+alb+a—n—p,
and therefore,
s(—t=1D=fatB+n+1bt+atat+tn+1yb—a—n—1n+5+1],

A = [Klgle + 8"+ k+ 1]y = [s — aly[s +a+ 1]
/’B/

For the coefficients «,, 0}, and 7}, of the TTRR for the polynomials u; "7 we have
o — [k+1]q[a/+ﬁ/+k+1]q _[3_a+1]q[3+a+1]q
Pl B+ 2k + Ul + 5+ 2k + 2, 25+ 1)g[25 + 2],
N = [b+a+s]glb+a—slyls+a—Blgls —a+ Blglb+ s]g[b—s]q
g [2s + 14 [2s] 7
. : : (-s-1) )
, o+ o+ o(—s — o(s
= 1 .
Be=lnt = —laln+ ==+ 1+ 25+ 1,25 + 2, | [25 + 1]4[25],

Also we have Ax(t) = [2t + 2], = 2n+ o+ 5+ 2], and z(s) = [s]q[s + 1] = [k + alq[k + a + 1],
Let show that the SODE of the Racah polynomials u%?(z(s),a,b), is the TTRR of the

uZ‘”'B/ (x(t),a’,b')q polynomials. First, we substitute the relation (50) in the SODE (4) of the

polynomials u%?(z(s),a,b), and use that u2?(z(s £1),a,b), is proportional to uz‘;f/ (x(t),d, V'),

(see (50)). After some simplification, and using the last formulas we obtain

akug+[1j (z(t),d’,b')q + (ﬁllc —[nlgla+B+n+1]; - [L—gﬁ}q[%ﬂ +1]q ) Uy ol (x(t),a’, "),
+7kuk o (x(t>7a/7b/)q =0,

but
[lgla+ B+ n+ 1 + 252,222 + 1], = [n + “L2g[n + 2E2 + 1], = 2(1),

i.e., we obtain the TTRR for the polynomials u; o’f (x(t),ad,b),.
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If we now substitute (50) in the TTRR (16) for the Racah polynomials u%?(x(s),a,b),, and
use that v, (x(s), a,b)q ~uf 7 (2(t +1),d’,'),, then we obtain the SODE

§(—t - 1) ua',ﬁ'
Az(t)Az(t — 1) k

st =1 s(t)
Az(t)Az(t—3)  Va(t)Az(t—3)

Y C(t) o8 Y
(x(t+1)7a,b)q+Wuk ({E(t—l),a7b)q

+ [algla+ 1]~ [k+al [k +a+1), | uf 7 (z(t),d', 1), = 0.

N[

That is the SODE (4) of the uz‘/’ﬁl (x(t),a’, V'), since

a]gla +1]g — [k + alg[k +a+ 1] = —[k]g[k +2a + 1], = —[K]g[k + ' + ' + 1]y = =X

2.2 The ¢-Racah polynomials u%(z(s), a,b),

There is another possibility to define the g-Racah polynomials as it is suggested in [16, 18]. It
corresponds to the function

o(s) = [s —alg[s + blg[s —a+ Blylb+ o + s,

ie, A=1,8 =a, so=-b,s3=a— 0, s4 =—b— «. With this choice we obtain a new family of
polynomials u2%(z(s), a,b), that is orthogonal with respect to the weight function

Ty(s+a+Dy(s+a—B+1)
Ly(s+a+b+Dyb+a—s)Tys—a+D)Ty(s+b+Dly(s—a+ B+ 1), 0b—s)

p(s) =

All their characteristics can be obtained exactly in the same way as before. Moreover, they can
be also obtained from the corresponding characteristics of the polynomials u%?(z(s),a,b), by
changing o — —2b—«, 8 — 2a — 3 —and using the properties of the functions fq(s), Ly(s), (alg)n
and (a;q),. We will resume the main data of the polynomials u%?(z(s), a, b), in table 2.

2.2.1 The hypergeometric representation

For the u%?(x(s), a,b), polynomials we have the following hypergeometric representation

q7%(4a72b7a7ﬁ+n+1)(qa7b+1; q)n(qQafﬁJrl; q)n(qa7b7a+1; q)

i es),0,b), = :
us P (z(s), a, X
/ 72 (¢; q)n (51)
—-n 2a—2b—a—pF4+n+1 a—s ,a+s+1
4p 1 7qbl 2 17qb’(i-1 q,4q],
3 qa— + ,q a—fB+ 7qa— —«

or, in terms of the ¢-hypergeometric series (28),

~ — b+ 1) (2a— B+ 1|Q)n(a —b—a+1|g),

ug,ﬁ(x(s)7a7 b)q :(a’ + |Q) ( a 6 + '|Q) ((l o+ |q) %

F -n,2a—2b—a—0F+n+1l,a—s,a+s+1 1
4vs a—b+1,2a—0F+1l,a—b—a+1 ’ ’

Using the Sears transformation formula [10, Eq. (II1.15)] we obtain the equivalent representation
formulas

. _q—g(2a—4b—a—ﬁ+n+1)(qa—b—H; q)n(q—Qb—a+1; q)n(q—6+a—b+1; Q)n
Up, (.’L'(S), a, b)q - on X
#2(q; q)n (53)
—-n ,2a—2b—a—pFB+n+1 ,—b—s ,—b+s+1
43 ( 1 7qafb+1 72b704+17q afbf,,ngl ‘q, Q> ;
q 4 4
and
~ —b+1lg),(—2b — 1lg)n(a — b — 1lq),
i a(s).a,), = 0D Z 0t (@ b=
[n]q-
(54)

F -n,2a—2b—a—0F+n+1,-b—s,-b+s+1 1
a8 a—b+1,-2b—a+l,a—b—p3+1 )
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Table 2: Main data of the g-Racah polynomials u2?(z(s), a,b),

Pu(s) P (2(s),a,b)q,  (s) = [s]qls + g
(aab) [aabf 1]
o(5) Ty(s+a+1y(s+a—pB+1)
Lys+a+b+D)Iy(b+a—s)y(s—a+D)Ty(s+b+Dy(s—a+ B+ 1)I4(b—s)
—t<a<b-l,a>-1,-1<f<2a+1
o(s) [s —alq[s + blg[s —a + Blglb+ o+ s
o(—s—1) [s+a+1]4b—s—1gls+a—F+1qb+a—s—1]
(s) [2a — B+ 1]g[bla[b + oq — [20 4+ & — 1]g[a]ga — Blq — [2b+ o — 1]4[2a — B+ 1],
T(s
—[2b—2a+4 a+ B — 2]qz(s)
) —2b—2a+a+8—-2n—-2]x(s+%)+[a+ 5 +1]q[b— 5 —1la+ 5 +1-Blb— 5 +a—1],
Tn(s
—la+ 3lqlb— Zlala+ 5 = Blalb— 3 + g
An [n]q[2b —2a+a+ B —n— 1]
1
B
[n]q!
2 f‘q(2a+niﬂ+1)1~“q(2b72a~+a+57n)[2bi2a72n71+fz+ﬂ];1
" Ty (n+1)Ty(b—a—n)Ty(b—a—n+a)ly(b—a+B—n)L4(2b+a—n)Ty(b—a+a+8—n)
pu(s) Ly(s+a+n+1)Ty(s+a+n—pB+1)
" Ly(s+a+b+1)Ty(b+a—s—n)Ty(s—a+1)T4(s+b+ 1)y (s—a+B+1)Ty(b—s—n)
a (=1)"T4[2b — 2a + o+ 3 — n,
" [n]¢!Tq[2b — 2a 4 o + 8 — 2],
B [n+1]4[20 —2a+a+ B —n—1],
on [2b—2a+a+tB—2n—1420—2a+a+tf—2n—2,
[2b—2a+a+B—n—1]4[a—b+n+1]q[2a—B+n+1]qla—b—a+n+1]
3 lalglat1]a+ [2b—2a+a—iﬁ—2n—l]q[qu—2a+a—|—ﬁ—q2n—2]q :
" ) [2b+a—n]4[b—ata+F—n]4[b—a+F—n][n],
" [2b—2a+a+B—-2n—1],[2b—2a+a+3—2n],
7Da—ﬁ+nhw—a—nbw—a—n+qqw—a—n+@qpb+a—nhw—a+a+ﬁ—nh
o [2b—2a+a+F—2n—1]4[2b—2a+a+F—2n],

Remark: From the above formulas follow that the polynomials 4%*(x(s), a,b), are multiples of
the standard ¢-Racah polynomials R, (1(¢%~*); ¢*~°=%,¢* =7 ¢*~° ¢**t|q).

Moreover, from the above hypergeometric representations follow the values

—a (a—=b+1g)n(2a = B+ 1|g)n(a —b—a+1]g),
unﬁ(x(a)ﬂavb)q = !
[n]q- (55)
T ) (PP (¢ )
q%(4a—2b—a—5+n+1)

_(q

)

#2(¢; Q)n

i afb — 1),a,), =L PO 0t (e b= Hlahn

[”}q!
56
(q* " q)n (g2 q) (P70 ), (56)
g (Gamdbma=ftntl) 20 (g q),
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Using (10) we obtain an explicit formula®

T (s—a+1)y(s+b+1)Iy(s —a+ B+ DTy (b—s)Ty(s+a+b+1) "
Fy(s+a+ 1) (s+a—pF+1)

ag,ﬂ (:C(S), a, b)q =

fq(b+a—s)§n:~ (=D**"2s +2k —n+ 1y Ty(s + kta+ D(2s +k —n+1)
Ty + )Ty —k+ DTQ2s + k+2)Ty(s—n+k—a+ 1)Ty(b—s—k)
(57)

T s+ k+a—p+1)
Tys+k—n+at+b+)lyb+a—s—kl(s—n+k+b+ D)l (s—n+k—a+p+1)

JFrom this expression follows that

L,(b—a)l (2afﬂ+n+1) Jb—a+a)

%P (x(a), a =—=
n'(z(a),a,b)q [n]!I‘q(bfa—n)F (2a — B+ 1)L Jb—a+a—n)

~ (58)
—1)"T'y(b — a)T'y(2b r,®-—
ua’ﬁ(x(b—l),mb)q: N( )" Ly ( ~a) ¢(2b+ @) ~q( a+ f3) :
Tg(b—a—n)e(2b+a—n)Ly(b—a+ 3 —n)
that are in agreement with the values (55) and (56) obtained before.
From the hypergeometric representation follows the symmetry property
ﬂg’ﬁ(ac(s), a, b)q = ﬂ;b_a+ﬁ’b+a+a ($(3)7 a, b)Q'
2.2.2 The differentiation formulas
Next we use the differentiation formulas (21) and (23) to obtain
Ao = B-2ata+fon- gtip”y (x(s + 3),a+ 5,03y, (59)
[ ] [28 + 1] Uy, ,6( ( )7a7b)q :U(_S - 1) 77,7[31( (5 + %)7a+ %7b - %)q
(60)

—o(s)a? (x(s — 1),a+ 16— 1),

n—1

respectively. Finally, the formulas (24) (or (25)) and (26) lead to the following differentiation
formulas

u®B(x(s),a —2a+a+0—n— -
o e | ) a(s). .0l 1) 70 o <>,a,b>q],

(61)

Aa%VB('T(S)?C%b)q _ [2b-2a+0¢—|—6—n_1]q

o(=s—1) 2s+2,  [2b—2ata+pB—2n—2],

(Ta(8)+[n]q[20—2a+a+5—2n—2], 25+ 1],)dn* (x(s), a, b)g = [n+1]4U5 ] ((s), a, b)q]’
(62)
respectively, where 7,,(s) is given in table 2.
2.3 The dual set to u2%(z(s),a,b),

To obtain the dual set to u2?(z(s), a,b), we use the same method as in the previous section. We
start from the orthogonality relation (13) for the u%?(z(s),a,b), polynomials defined by (54) and
write the dual relation

1 1
ﬁ a,B / — _ , =b—
Zu ,a,b) 0% (z(s ),a,b)qd% p(s)m(s_l/z)as,s, N=b—a, (63)

3Obviously the formulas (51-54) also give two equivalent explicit formulas.
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where p and d2 are the weight function and the norm of the u%*(x(s),a,b), given in table 2.
Furthermore, from (54) follows that the functions u%?(x(s), a,b), are polynomials of degree k =
b— s — 1 on the lattice z(t) = [t]4[t + 1], where t =b—a —n+ 2 — 1 (the proof is similar to the
one presented in section 2.1.4 and we will omit it here). To identify the dual set let us define the
new set

(=D Ty (b — )Ty (b — a’ + BT (20 + o)
(K], (0 — a/ — k)T (b — o’ + 3 — k)T (20 + o/ — k)

T (@ (t), by =

(64)
F —k,2a =20 —o' =B +k+1,-b —t,-b +t+1 1
43 a —b+1,-20 —a' + 1,0 — b — B +1 q, )
where
k=b—s—1, t= b—a—n+aT+ﬁ—l, a = a;rﬁ, b = b—a+a;ﬁ, o' =2a-8, ['=p
(65)
Obviously they satisfy the following orthogonality relation
b,_l ’ ’ ’ /
Yo (@), d V), (2 (t), d V) op () Az(t — 1/2) = (d})* Ok ms (66)
t=a’

where now p'(t) and dj, are the weight function p and the norm d,,, respectively, given in table 2
with the corresponding change of the parameters a,b, o, 3,n,s by a’,b', ¢/, 3, k,t (65).

Furthermore, with the above definition (65) for the parameters of ﬁg/’ﬂ / (x(t),d,V')q, the hyper-
geometric function 4F5 in (64) coincides with the function 4F3 in (54) and therefore the following
relation between the polynomials ﬁg/’ﬁl (z(t),a’,v') and u2P(z(s), a,b), holds

T (@ (t), ' b))y = Ala, B,a,b,n, )08 (a(s), a,b),, (67)

where

(—1)b‘s_1‘”fq(b —a— n)fq(2b + o — n)fq(b —a+p- n)fq(n +1) .

A/ ) b 7b’ ) - ~ ~ —~ -
(e, 5,a,b,m, 5) Ty (b—5)Ty(s —a+ B+ )Ty(s+b+at )Ty(s—at+1)

To prove that the polynomials ﬁz‘”ﬁ/ (z(t),a’,b'), are the dual set to u%?(x(s), a,b), it is suffi-
cient to substitute (67) in (66) and do the change (65) that transforms (66) into (46).

Let also mention that, as in the case of the ¢-Racah polynomials, the TTRR (16) of the
polynomials ﬁz/’ﬁ/ (z(t),a’,b'), is the SODE (4) of the polynomials % (x(s),a,b), whereas the
SODE (4) of the ﬁg/’ﬁl (z(t),a’, V'), becomes into the TTRR (16) of a2 (z(s),a,b), and vice versa.

To conclude this section let us point out that there exist a simple relation connecting both
polynomials u®?(z(s),a,b), and a2 (z(s),a,b), (see (87) from below). We will establish it at the
end of the next section.

3 Connection with the 6j-symbols of the g-algebra SU,(2)

3.1 6j-symbols of the quantum algebra SU,(2)

It is known (see e.g. [25] and references therein) that the Racah coefficients U, (j1 j2 j j3; j12 j23)
are used for the transition from the coupling scheme of three angular momenta j1, ja, j3

7172(J12), Ja = jm) = > (imagamaljiamas) (ramazgsms|jm) |jima) | jame)|jams),

miy,m2,Mm3,M1i2

to the following ones

17243 (J23) = jm) = Z (Jamajsma|jzamas)(j1majesmas|im)|jima)|jame)|izms),

mi,Mma,ms,Ma3
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where (jomqaJomp|japMap) denotes the Clebsh-Gordon Coefficients of the quantum algebra su,(2).
In fact we have that the recoupling is given by

g2 (rz), ds = gm) =Y Uq(jr j2 J dai jra js)ldrdads(as)  Gm).

J23

The Racah coefficients U define an unitary matrix, i.e., they satisfy the orthogonality relations

Z Uq(j1 927 333 12 J23)Uq (41 J2 5 335 J12 J23) = 0jia gt (68)
J23
> " Uq (1 g2 3a; d12 23)Uq (1 32 3 333 G12 bs) = Oag it - (69)
J12

Usually instead of the Racah coefficients is more convenient to use the 6j-symbols defined by

Uq(jljzjj33j12j23)=(—1)j1+j2+j3+j\/[2j12+1]q[2j23+1]q JuJz Ji .
J3 7 J23 q

The 6j-symbols have the following symmetry property

Juvog2oi2 | _ ) s g2 g | (70)
J3 g Jes ), v g g,
Here and without lost of generality we will suppose that j; > jo and j3 > jo, then for the
moments ja3 and ji2 we have the intervals

Js—J2 <J23s <Ja+tJs, J1—Je <12 < g1+ g2

respectively. Now, in order to avoid any other restrictions on these two momenta (caused by the so
called triangle inequalities for the 6j-symbols) we will assume that the following restrictions hold

|j — 3| < min(ji2) = j1 — jo, |J — j1l < min(jas) = jz — jo.

3.2 6j-symbols and the ¢-Racah polynomials u2(z(s),a,b),

Now we are ready to establish the connection of 6j-symbols with the g-Racah polynomials. We fix
the variable s as s = jo3 that runs on the interval a < s < b— 1 where a = j3 — ja, b = jo + j3 + 1.
Let us put

(—1)frtiaats [2m+1}q{ ?; 9]? 22} = %u%’ﬁ(x(s),a,b)q, (71)

where p(s) and d,, are the weight function and the norm, respectively, of the g-Racah polynomials on
the lattice (1) ug? (2(s), a,b)q, and n = j1a—j1+ja2, @ = j1—jo—Jja+j > 0, B = ji—ja+js—j > 0.4
To verify the above relation we use the recurrence relation [26, Eq. (5.17)]

L b
((220)a(251 +20g = [2lj — oo + 1 + Ugli + os — G11a) %
([272]¢[2723 + 2g — [2]q[J3 — J2 + Jos + Lg[ds + J2 — Jasle)— (72)
(27al[21 + 21 = [2lalire — 2 + 1 + bz + o = G11) 2423 + 2a[2i20], )

- J1 J2 iz , [ od2 g2
2oz + 1 L J2J + 12],[2723], A 1oJ2 =0,
(2725 ]q{ Js J a3 }q 2a[2i2sle Ay { js J Jestl }q

4Notice that this is equivalent to the following setting

n=0b-a-1+a+p)/2, jo=(0-a-1)/2, jz=(a+b-1)/2,
jiz=02n+a+p8)/2, jez=s, j=(a+b—-1+a—p0)/2.
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where

Ay Z\/[j + joz + 1 + Uglj + jaz — Jilgly — Joz +J1 + Ugljaz — 7 + Jilgx

\/[Jé + j3 + jos + 1glj2 + 3 — jas + 13 — j2 + Jaslqli2 — J3 + Jaslq,

Af :\/[j + Jaz + 1+ 2]q[j + jes — g1 + gl — jas + Jilglizs — 7 + 1 + 1 ¥

\/[jz + J3 + Joz + 2)qlj2 + J3 — Joslqliz — j2 + jos + Lgli2 — j3 + jos + 14

Notice that

Ay = o(jas)o(—jas),  Af = Vo(jas + 1)o(—j2z — 1),

where

0(j23) = [j23 — J3 + Jalqli2s + Jo + g3 + 1glies — J1 + Jlld + 51 — j2s + 1lg,
o(—j2s — 1) = [Jaz + J3 — Jo + 1glj2 + Js — Joslqlizs + 1 — 4 + 1qlJ + j1 + Joz + 2|4

Substituting (71) in (72) and simplifying the obtained expression we get

[25)q0 (s — Du P (@(s + 1), a,b), + [25 + 2go(s)u? (a(s — 1),a,b),+

()\n[Zs]q[Zs +1]4[2s + 2], — [2s]q0(—s — 1) — [2s + Z]qU(S))U%’ﬁ(Jf(S), a,b)y =0,

(73)

which is the difference equation for the g-Racah polynomials (4). Since ug’ﬁ(x(s), a,b)g =1, (71)

leads to

-1 Jit+j23+j 251 — 24y + 1 .7:1 ]2 .71_.72 _ p(s) =
(-1) (271 — 242 + 14 s 3w 2

{j1 J2 j1—j2} ,:{h Jo jl—j2}
Js 7 J23 . Js 7 s .

:<_1)j+j1+s\/ b1+ + s+l +5 — slgllin — 7 + s]g!lds — j2 + slg! %
[

J =1+ slg'liz + jo — slg! 2 — J3 + slg!lj2 + jz + s + 1],!

251 — 252]![252] 2 + J3 + J — jal¢!
(271 + 11 + 3 — g2 — Jlg!lir — g3 — j2 + 4lg!r + Js — d2 + 5 + 1]g!

Furthermore, substituting the values s = @ and s = b — 1 in (71) and using (41) we find

{,7:1 J2 .j12. } :(_1)j12+j3+j><
J3J I3 —J2

12 + j3 — Jlg![2d2]q! 12 + j3 + 5 + 11! [243 — 272]4! G2 — J1 + J12l4!
[J1 — Jo + 73 — glg'li1 + Jo — Jr2lg!lj1 — J2 + Js + 7 + 1]4!

U1+ g2 — J3 + Jlg! 1 — J2 + Ji2)e! iz — Jiz2 + 4!
(273 + 1)4'Js — d1 — G2 + jlg 12 — ds + Flg! g1 + J2 + ji2 + 1]4!

and

Jvogz iz — (1) HizHis i
37 2t ),

X

[2j2)g! 712 — d3 + dlq!ld2 — J1 + Js + J)g! (243l 4 1 + J2 + J3 — Jl4!
71+ j2 — Ji2lg! i1 — J2 — J3 + 7lq! s — Jiz + Jl4!

\/ [Jo — j1 + Jiolq! i1 — Jo + Jrolg!ljn + J2 + js + 5 + 1],!

(272 + 273 + 1]¢![j12 + J3 — dlg! 1 + J2 + Jrz + ¢! e + J3 + 7 + 1]!

that are in agreement with the results in [25].
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The relation (71) allows us to obtain several recurrence relations for the 6j-symbols of the
quantum algebra SU,(2) by using the properties of the g-Racah polynomials. So, the TTRR (16)
gives

N o B o
2l AT I I 2 4 [219 £ 2], A7 L 2 2
R S A R TS B W
- ([2j12]q[2j12 + 1]4[2512 + 2] ([j2slq[i23 + Ug — is — Jalgliz — j2 + 1]g) + [212]¢ %
1 — Jo + Jiz + Ugljiz — j1 — Jalglyie +ds — 7 + gl + Js + 5 + 2]g — [2512 + 2]¢ X

12 — Js + dlglit + g2 + jiz + Uglis — jiz + 7 + gl — j1 +j12]q>{ JuJz i } =0,
q

J3 7 J23
where
A; = iz~ g1+ duolalis — G2+ uolaline — s + dlalinz + G5 — dlalin + 2 + iz + Uy
\/[312 + 3+ 7+ Ugljn + jo — jiz + 1glds — jrz +j + 14 (77)
A = \/[]2 —J1+Jrz + Uglir — j2 + ji2 + Ugljnz —js +J + Uglirz +js — J + 1] X
\/[jl +j2 + Jiz + 2Jqlirz + ds + 5 + 2g [ + 2 — Jr2lelis — Ji2 + e

The expressions (42) and (43) yield
- JoJ2 12 - 1 J2 Ji2
o +1 . S +vo(—j2z —1 . S
(s ){ J3 J Jas+l }q (=23 ){ J3 7 J23 }q
ji+3 jo—3 J12 }
Js J joz + 1 q’

(78)

= [2j23 + 2]q\/[j2 — g1+ Ji2lqlin — Jo + jiz + 1] {
and

. 1 . 1 . . 1 . 1 .
- h+s5 J2—3 J12 - Ji+s5 J2—3 J12
o(—7Ja3 —1 .2 .2 + /o .2 .2
(=23 ){ J3 J 323+% }q (323){ J3 J J23*% }q

. : — . Ji o J2 Ji2
= [2j25 + 1 \/ -+ +i1—Jj2+1 S ;
(2723 + Uq/ U2 = 51 + Jalaliiz + 1 = j2 ]‘1{ Js 3 Jes }q

respectively, whereas the differentiation formulas (44)—(45) give

J1 J2 J12 o g g2 g1z +1
2512 + 2 A T + [2723]4 A . : . +
(212 + 2 { J3 J Jas—1 }q [223]a 4, { Js J J23 }q

(U(j23)[2j12 +2]g + [J1 — g2 + Ji2 + 1]4[223]gA(J12, Jo3, J1, J2) { i; j; ;;z } =0
q

and

. ] ] ] ] +1
o + 2, A4 I 2 T 2os + 2, Af LIz e +
(212 + 2q 4y { J3 J Jes+1 . ~ [2723 +2)q Js J J23 p

([2j12 + 2]q0(=j23 — 1) — [2j23 + 2]4[j1 — J2 + J12 + 1g (A(J12, 23, J1, J2)+ (81)

12 — J1 + Ja2lq[2712 + 2]4[2723 + 1]4) { Jl J2 z;; }

respectively, where A;t are given by (73), A'(:]t by (77) and

—ji2 g1 - —ji2 G-
AGjr2, joz, g1, j2) =0 Vi S R WY S e w5 S 2 W
2 2
j12j1+j2] { Ji2 — Jj1+J2
LR e+
q

27 2 ]
2712 + 24 []234' 2 B

0

q
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Using the hypergeometric representations (35) and (37) we obtain the representation of the
6j-symbols in terms of the g-hypergeometric function® (28)

{ ']:1 ']2 ']:12 } — (_1)j12+j23+j2+j [2.72]q'
Ja sy 1 — 2+ Js — dla'ljn — g2 +js + 5 + 1!

[J1 4+ 7 + Joz + 1] 1 + 7 — Jaslg! i1 — J + Joslg!liz — Jo + joslg! "
[J — J1 + J2slg!lds + d2 — J2slq!lJ2 — g3 + Jaslq!lje + Js + Joz + 1]4!

12 — J1 + dolg' 1z + 41 — Jalq! iz + 5 — d12lq iz + ji2 — 4]l + jiz + 7 + 1]4! o
[F12 — g3 + dlg'li1 + J2 + Jiz + g + J2 — Jizlg!

JFs J1—J2—J12,01 —J2+Jiz + 1, j3 — jo — jo3,Jazs + iz —Ja + 1 .1
—2j2, j1—J2+tJs—J+1, j1—Jotjs+j+2 )

and

{ Ji Jo Ji2 } :<_1)j1+j23+j [2j2]q![j2 +is—n +j]q!
js g J ), [j1 — J2 — j3 + Jlq!

[J1 + 7+ Josz + 1o 1 + 7 — Jaslg!li1 — J + Jaslq!lyz — Jo + Jjoslg!
[J — 1+ j23lg!lJs + J2 — j2slq!li2 — Js + Jaslq!lje + js + joz + 1]4!

[J12 — J1 + Jolg! 12 + J1 — Jalg! 12 — 43 + ]! y
1+ g2 + jio + 1! 1 + Jo — jilg! s + 7 — Ji2lg!liie + Js — dlg!lis + iz + 5 + 1]4!
Ji—J2—J12,J1 —Je+ji2+1,—js —ja+je3,—Ja3z —Js —jo — 1
4F3 q,1).

—2jo, 1—J2—J3tit+1l, j1—J2—Js—J

Notice that from the above representations the values (74) and (75) immediately follows. Notice
also that the above formulas give two alternative explicit formulas for computing the 6j-symbols.
A third explicit formula follows from (40)

{ J1 J2 Ji2 } _ 23 + Jo — Jslg![d23 + J2 + ja + 1g![jes + 7 — Ji)¢!ld2 + J3 — j2slq! y
js 7 J=s ), [j23 + j3 — J2lq!ldes + J1 — dlg!lizs + 1 + 7 + gl + 7 — Jasly!

12 — j1 + Jalg!ld1 — d2 + Ji2lg! i + J2 — J12lq' s — Ji2 + 74!
12 = Js + jlg!linz + Js — Jla'lin + J2 + Jiz + Ug!ljr2 + Js + 4!
TS ()Mt k4 ) — o — o + 223 + 1g[k + jas + jz — jalg! X
= [Klg!l2 = g1+ g2 = Klg![273 + 1+ Kl [k + Jas + 1 — 12 — Jlq!
[2j23 + k — jiz + j1 — Jolg![k + jas + J1 — jlg![k + jas + j1 +J + Ug!ljr +J — jas — Klg!
[k + Jos + v — Gz + Js + Ugllk + Jos + 5 — J2 — Jrelg!liz + Js — Jas + 1 — k!

To conclude this section let us point out that the orthogonality relations (68) and (69) lead
to the orthogonality relations for the Racah polynomials u2?(z(s),a,b), (35) and their duals

ug/’ﬁ / (x(t),a’,b')q, respectively, and also that the relation (50) between g-Racah and dual g-Racah
corresponds to the symmetry property (70).

3.3 6j-symbols and the alternative ¢g-Racah polynomials u%"(x(s),a,b),

In this section we will provide the same comparative analysis but for the alternative g-Racah
polynomials u%?(z(s), a, b),. We again choose s = jo that runs on the interval [a, b—1], a = j3—ja,
b = jo 4+ j3 + 1. In this case the connection is given by formula

—1)etis i, [194., 4+ 1 {31 ]2 112} — @ﬂl,ﬁ ,a,b),, ]9
(-1) it e | =B a0, (52)

n

where p(s) and d,, are the weight function and the norm, respectively, of the alternative g-Racah
polynomials 4% (z(s),a,b), (see Section 2.2) on the lattice (1), and n = ji + jo — j12, @ =
1—Je—Js+i=0,8=41—ja+js—Jj=0.

5To obtain the representation in terms of the basic hypergeometric series it is sufficient to use the relation (29).
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Using the above relations we see that the SODE (4) for the u%*(z(s), a, b), polynomials becomes
into the recurrence relation (72) as well as the TTRR (16) becomes into the recurrence relation
(76). Evaluating (82) in s = jog = j3 — j2 and s = jog = jo + js + 1 and using (58) we recover the
values (74) and (75), respectively. If we now put n = 0, i.e., ji2 = j1 + j2 we obtain the value

Ji Jo J1tJe _ g2 it
J3 J Jo3 - Jj3 J s .
— (_1)j1+j2+j3+j [2]1]‘1'[232}(1'[31 +jot+izt+i+ 1]q'[.71 +Jj2—7J3 +]}q'
271 + 272 + 1 [~71 — Jo + j3 + jlg'[J2 + js + s + 1],!

[s — 1+ Jlg'[s — j2 + Jslq!
1 +7 = slg!ln —J + slg!ln +5 + s + gz + Js — slq!lj2 — Js + 54!
The expressions (59) and (60) yield

C(j23+1){jl J2 J12 }_ C(—j23—1){jl J2 le}
a q

Js J Jes+1 Js J  J23

=% Ja—3% (83)

:2'+2\/'+'—' 1+ J2 + ji2 + 1 vz o2y I :

(2523 + 2]g\/[J1 + J2 — Jr2lqli1 + Jo + j12 ]q{ is j joy + 1 q

and
Vs(=jaz — 1) ATe 2Ty e 1 — /s(j23) AT 2T i 1

J3 J Jsstz ), J3 J J23— 3 ),

(84)

:[2j23+1]q\/[j1+j2—j12]q[j1+j2+j12+1]q{ nop o } ,
J3 7 Js ),
respectively, where

S(jo3) = [joz — Js + Jelqljas + Jo + j3 + glias — 1 + 7 + gl + 1 + Jaz + 1y,
§(=j23 — 1) = [jas + j3 — jo + LglJ2 + j3 — Joslqljes + 1 — J + Lgld + J1 — j2slq-

The differentiation formulas (61)—(62) give

, S N FR - N I g g2 21
2 A . o -2 A : ; ) —
SE { Js J g1 }q [2722]a4q { js g s }q

. . . . . N YT i1 g2 J 85
<§(J23)[2J12]q + [J1+ J2 + 12 + 1]q[2j23]q/\(j12,]237]17]2)) { i; j; jz } -0 (85)
q

and

[2j12]qu+{ L } +[2j23+2]qﬁq{ JuoJ2 g2l } _
a q

Jj3 Jj Jast1 Jja Jo3
([2j12]q§(_j23 — 1) = [2j23 + 2]q[j1 + J2 + J12 + 1]q (K(j127j23,j17j2)+ (86)
. . . . . Ji J2 Ji2
+ o — jralol2ralo 2oz + 1 )) 1 g2 =0,
[J1 + J2 — Ji2lq[2712]4[2723 + 1]4) { G 7 s }q

respectively, where Aqi are given by (73), gqi by (77) and

A(jra, o3, g1, j2) =< (Jim _‘;1 —2 1) - (]712 _;1 _]2) -

j1+j2—j12} { Ji+J2— iz

— | Y@t
q

1
2 2 - ]

[2j12]4 {j23 +
q
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If we now use the hypergeometric representations (52) and (54) we obtain two new representa-
tions of the 6j-symbols in terms of the g-hypergeometric function (28)

{ J1 J2 Ji2 } — (—1ypatist [272]q![J1 + j2 — J3 +j]q!x
J3 g Jes ), [z — J2 — J1 + jlg!

[J — g1 + Joslg! 33 — 2 + Jaslq! "
U1+ 7+ oz + g1 + 7 — Jeslq!li2 — J3 + Joslq!lj2 + j3 + Joz + 1! 1 — 7 + J2slq!

[73 = di2 + jlg'e + 3 — dlg! s + die + 5 + 1! 1 — j2 + Jiz + 1]¢! o
[73 + g2 — Jeslg!li1 + J2 — d12lq!d2 — 71 + Jaz2lg! 2 — Js + dlg!i1 + g2 + Jiz + 14!

JFs Ji2 —J1—J2,—J1—Je —Ji2 — 1, j3 — jo — jes,Ja3 +Js —jo + 1 g.1
—2J0, js—J1—Jetj+1l, Js—J1—Ja—1J )7

and

{ gio g2 g } (< 1)irtiati 272111 + J2 + Ja + Jla! b1 + 2 47 = Jlat
J30 )2 ), Vs + d2 — jaslg!li1 + J2 — Ji2]g!
[7 — J1 + J2slg!liz — Jo + J2slg!
1+ 7+ d2s + 1! 1 + J — Jasle!ld2 — J3 + J2slg! g2 + 3 + doz + 1! d1 — 7 + j2slg!

X

12 — js + Jlg' iz + 51 — j2 + 1] y
s — jiz + Jlg' e + ds — dlg!lin + Jo + Jiz + g J2 — J1 + Ji2lg!lys + j12 + 7 + 1]4!
Ji2 —J1—J2,—J1—Jo —Ji2 — 1,—J3 — jo — joz — 1, ja3z — j3 — j2
4F q71
—2j2, —j1—J2—J3—J, J—J1—J2—J3

Notice that from the above representations the values (74) and (75) also follows. Obviously the

above formulas give another two alternative explicit formulas for computing the 6j-symbols. Fi-
nally, from (57)

{j1 J2 ju} [J23 + 71 + 7 + ¢! [j1 — Jes + Jlq [jz—j3+j23]q![j2+j3+j23+1}q!><
Js J  Jos p [g2s — j2 + j3lq![—d1 + J23 + Jla![—J12 + j3 + Flq![j1 + g2 + Jiz + 1]g!

[1 + Joz — dla! [z + Js — j2sla!lj1 + Jo —112] =j1 + j2 + jiz]q!
(=3 + 7 + jrzlg! a2 + gz + 5 + 1g! " i1 — j2 + jazlg!
Jitja—iiz (_1)l+j1+j2+j3+j [2j23 + 20— j1 — jo + jio + 1]q
— ('l +J2 — G2 — Ua! (223 + 1+ Lg!ljas — j1 — J2 + Ja2 + L+ J2 — Jsla![j2 + Js — J2s — U]4!

X

[2423 + 1 — j1 — j2 + j12]q![Jos + 1 — j2 + Jalg![—d1 + J + Jos + 4!
4 d12 —J2 + 7+ Jos + gllir + 5 — oz — Ug![—J1 + jiz + g3 + jos + 1+ g [—F2 + jiz — 5 + Jos + !’

To conclude this section, let us point out that the orthogonality relations (68) and (69) lead to
the orthogonality relations for the alternative Racah polynomials u2?(z(s),a,b), (52) and their

duals uo‘ 6 (x(t),d',b)q (64), respectively, as well as the relation (67) between ¢-Racah and dual
q- Racah corresponds to the symmetry property (70).

3.4 Connection between 7"’ (z(s), a,b), and u®’(z(s),a,b),

Let us obtain a formula connecting the two families ﬁg’ﬁ (z(s),a,b), and u&P(x(s),a,b),. In fact,

Egs. (71) and (82) sugest the following relation between both Racah polynomials uk’ﬁ (2(s),a,b)q
and u®?(z(s),a,b),

Uy (@(8),0,b)g = (1) x
T (s—a+ 3+, (b+a—s)T (b+a+1+s) Ja+b—p5—n)
Tys+a—B+DTy(a+14+n)Ty(B+1+n)Tyla+b+a+1+n)

(87)

ug’ﬁ(x(s), a, b)q

To prove it is sufficient to substitute the above formula in the difference equation (4) of the
%P (x(s),a,b), polynomials. After some straightforward computations the resulting difference
equation becomes into the corresponding difference equation for the polynomials u?(x(s), a, b)g-
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Notice that from this relation follows that
F a—b+n+l,a—b—a—0—na—s,at+s+1 1
avs a—b+1,2a—0B+1l,a—b—a+1 ’

_ (B41g)s—albtata+1|g)s—a —n,a+f+n+la—sat+s+1 1
T 2B+ 1geala—b-at1), \ a-b+LB+Latbta+l |[D7)

This yield to the following identity for terminating 4¢3 basic series, n, N—n—1,k=0,1,2,...,
qn—N+1 q—n—N—i-lA—lB—l q—k q—kD
1P3 ( ¢'=N, g 2*DB1 g=N A1 ’(L Q>

" (gBi k(N 2D A;s ) ¢ " ABq",q " ¢=*D
 ARBF (g DB g (¢ N AT g TP ¢t Y B gY DA [T

4 Conclusions

Here we have provided a detailed study of two kind of Racah ¢-polynomials on the lattice z(s) =
[s]q[s + 1], and also their comparative analysis with the Racah coefficients or 6j-symbols of the
quantum algebra U, (su(2)).

To conclude this paper we will briefly discuss the relation of these g-Racah polynomials with
the representation theory of the quantum algebra U,(su(3)). In [18, §5.5.3] was shown that the
transformation between two different bases (A, 1) of the irreducible representation of the classical
(not q) algebra su(3) corresponding to the reductions su(3) O su(2) xu(1) and su(3) D u(1) x su(2)
of the su(3) algebra in two different subalgebras su(2) is given in terms of the Weyl coefficients
that are, up to a sign (phase), the Racah coefficients of the algebra su(2). The same statement
can be done in the case of the quantum algebra su,(3) [21, 17]: The Weyl coefficients of the
transformation between two bases of the irreducible representation (A, ) corresponding to the
reductions sug(3) D suq(2) X ug(1) and sug(3) D ug(l) x suq(2) of the quantum algebra su,(3) in
two different quantum subalgebras su,(2) coincide (up to a sign) with the ¢-Racah coefficients of
the suq(2).

In fact, the Weyl coefficients satisfy certain difference equations that are equivalent to the
differentiation formulas for the g-Racah polynomials u%?(z(s), a,b), and u%?(z(s),a,b), so, fol-
lowing the idea in [18, §5.5.3] we can assure that the main properties of the ¢g-Racah polynomials
are closely related with the representations of the quantum algebra U, (su(3)). Finally, let us point
out that the same assertion can be done but with the non-compact quantum algebra Uy, (su(2,1)).
This will be carefully done in a forthcoming paper.
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