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Abstract
In this paper, we consider a natural extension of several results related to Krall-type polynomials
introducing a modification of a g-classical linear functional via the addition of one or two mass
points. The limit relations between the ¢g-Krall type modification of big g-Jacobi, little g-Jacobi, big

g-Laguerre, and other families of the ¢g-Hahn tableau are established.

1 Introduction

In the last years, perturbations of a linear functional C via the addition of Dirac delta functions —the so-
called Krall-type orthogonal polynomials— have been intensively studied (for recent reviews see e.g. [6, 7|
and references therein), i.e. U = C+ Ad(x —x0), where A > 0, 2y € R and §(x —y) means the Dirac linear
functional defined by (§(x — y),p(z)) = p(y), ¥p € C[z], the linear space of polynomials with complex
coefficients. Of particular interest are the cases when the starting functional is a classical linear functional
(Jacobi [6, 18], Laguerre [6, 16], Hermite [6], and Bessel [20]) and a discrete one (Hahn, Meixner, Kravchuk,
and Charlier) [3, 4, 5, 10, 11, 14]. A more general case U = CJerVil Aid(r—a;) — Z;V=1 B;d'(x —bj) was
studied in a recent paper [2] where a special emphasis is given when C is a semiclassical linear functional.

In a recent paper [9] the case when C is a discrete semiclassical or ¢g-semiclassical linear functional was
considered in details. Here we will focus our attention on the case when C is a g-classical linear functional
and we will construct the Krall-type polynomials associated with the g-classical families of the so-called
g-Hahn tableau [8, 19]. This case is not so well known and only few papers deals with examples of such
polynomials: the Stieltjes-Wigert polynomials [12], a particular case of the g-little Jacobi polynomials
[24], and the Al-Salam & Carlitz I and discrete g-Hermite I [9)].

The aim of the present contribution is to continue the work started in [9] and study several families
of ¢g-Krall type orthogonal polynomials. In particular, we will obtain the limits of the ¢-Krall type
polynomials in the ¢-Hahn tableau. In such a way we will continue the study started in [6] concerning
the limit relations among the Krall-type families.

The structure of the paper is the following. In section 2 some preliminaries and the basic parameters
of the families that we will consider later on are given. In particular, we include the explicit values for the
kernels of the corresponding ¢-classical polynomials in terms of the polynomials and their g-derivatives. In

section 3 the ¢-Krall-type orthogonal polynomials are defined and some algebraic properties are deduced



for these new families. Finally, in section 4, the limits of the modified polynomials of the examples

considered in section 2 are established.

2 Preliminary results

In this section, we state some formulas for g-classical orthogonal polynomials P, (z(s))q of the ¢-Hahn

tableau, orthogonal with respect to a g-classical linear functional C, [21], i.e.,
(Cqy PoPr) = d26pm, d2#0, n,m=0,1,2,... (1)

These functionals usually have the form (see the section 2.1 for more details)

o0
> P(a(s))p(s)Vai(s), little g-Jacobi, g-Meixner, Wall, g-Charlier,
<Cq7 P> = =0
s1
/ P(x)p(x) dgz, big g-Jacobi, big ¢g-Laguerre, Al-Salam-Carlitz I,
S0
etc., where f:ol f(t)d,t is the Jackson g-integral (see [13, 17]), p is a weight function satisfying the following
difference equation of Pearson-type

pls+1) _ o(s) +7(s)Vaa(s)
A = =
7()p(s)] = () Tar(s) = L tr¥al),
the lattice is z(s) = cg®™ + ¢/, zx(s) = z(s + £), and V and A are the backward and forward dif-
ference operators defined respectively as Vf(s) = f(s) — f(s — 1), Af(s) = f(s+ 1) — f(s). Now,

consider the sequence of g-classical orthogonal polynomials with respect to the linear functional C, (g-

COP). They satisfy the second order linear difference equation (SODE) of hypergeometric type [22]

a(s) vﬁ(s) gi’g:g +7(s) 21‘;’%3 + Ay(s) = 0, where o(s) and 7(s) are polynomials of degree at most 2 and

exactly 1, respectively, and A, is a constant. Moreover, these families of g-polynomials satisfy several
algebraic relations such as a three-term recurrence relation (TTRR)

2(8)Pn(8)g = anPuy1(8)g + BuPn(8)g + nPrn-1(s)g, n=0,1,2..., (2)

with the initial conditions Py(s)q =1, P_1(s)q = 0, the structure relations (n =1,2,3,...)

(5) gt = TuPass )y + BaP(s)y + T Paa (5 )
(ZS(S)AAPZ((;S))(Z = 0pPny1(8)g + Bnpn(s)q + Y Pr-1(8)q;

where ¢(s) = a(s)+7(s)Vx1(s), as well as the Christoffel-Darboux formula for the n-th kernel associated
with the family

Pr(51)gPm(s2)q  an Pry1(s1)qPnu(s2)q — Prny1(52)¢Pn(s1)q
Ku(s1,80) = Y ( )d%1 (s2) -5 +1(51) i(sz)_x(;)( JaPn(s1)q ()

m=0

In the sequel we will use the notation K, (so) := K, (s0, So). From (4) and (3) follows that
1. If o(sg) = 0, then

P (s )q Y )
<Ln E cL) ann(s)q  a(s) —x(s0) Va(s)

2
dn Tn QAn

Kn(sa 50) =



2. If ¢(sg) =0, then

Pn(50)q Yn
ﬁ(%oiﬂ[;ﬂ*”x@—xw>AA@ | )

Remark 2.1 A straightforward calculation shows that n and Jn are independent of the normalization
an 777.

of Pn(s)q, t.e. if P,(s) = Cy, P, (s)q then those ratios do not change. Moreover ([1, eq. (6.15)]) Fn/Y¥n —

62n/an :an/’)/n - an/an

2.1 The ¢-classical polynomials

In this section, we will summarize the main properties of the g-polynomials of the ¢-Hahn tableau needed
in the next sections (for more details see [17]). In all cases we have used (5) and (6) for computing the
kernels at the corresponding points. In the sequel we will consider probabilistic measures, i.e. d3 = 1.
This fact will be useful in order to obtain the right limits for the corresponding ¢-Krall-type polynomials.

Here and through out the paper we will use the standard notation for the basic series. For more details

see [13].
Table 1: Parameters of big g-Jacobi and Stieltjes-Wigert polynomials
Big g-Jacobi Stieltjes-Wigert
o(x) q ' (z — ag)(z — cq) q ta
o(s) aq(z — 1)(bz — ¢) x?
1 (1—abg"*ty(1-¢™) 1 a-g"

An T Az 72 gy

(z) 1 (ag,bg,cq,abc™ ga" 2" aig) o0 _ 1 1
P aq(1—q) (g,abg?,a=1c,ac=1g,z,bc=12;q9) o0 Ing (¢,—z,—qz~1;q) 0o

2 (1—abq)(g,bg,abc” q;q)n (_ nt3 )" 1
i (—abq?™ 1) (aq,abg,eqsa)n \ 27 2 (G na™

b ! 3d)n nElNT
Pa (o) Pu(ag; a,b,¢;q) = 5 tDn (—cq™s ) Sn(030) = b
; ntl\™

Pr (1) Pa(cg;a,b,c;q) = (ol (*aq 2 ) —
n/an abq 1f_q 3 1;1(1,
=~ 1—abg"t?! 1
T/ "o =
-~ s
Gn/om e=nrd 0
~ 1—abgt1 .
n/n B =g

The big ¢g-Jacobi polynomials P, (z;a, b, ¢; q), introduced by Hahn in 1949, are the most general family
of g-polynomials on the g-linear lattice x := z(s) = ¢°. They constitute a ¢-COP sequence with respect

to the linear functional CB97 aq

wmﬁpw:/ P(2)p(x)dy, (7)

1

where the weight function p(x), supported on [cg,aq], 0 < a,b < ¢~*,¢ < 0, is given in table 1.

For these polynomials we also need the following expressions for the kernels

(aq, abg; q)n {(1 — abq" ") Pu(z;a,b,¢;9) — (x — cq)(1 — ¢~ ") Dy Pu(q 'w;a,b, ¢ q)}

KB4 (z aq) =
(¢00) (4,5 O)n (1 — abg)a™

KB‘ZJ(:L_ 1) — (a’q7abq7 cq; Q)n (qin — abq)Pn(xva’v ba C; Q)iaq(bmic)(qil)pqpn(xva‘7b7 G q) (8)
" (g, by abe g g)n (1 — abq)(—acq/2+1/2)n ’

. _ n+1 . o) — (o — _ 1 —1,.. .
KSQJ(x’Cq): (abqchaq)n [(1 abq )P’ﬂ(‘r7a7bacyq) (l‘ a’q)(l q )qun(q x,a,b,c,q)}y

(q,abc=1q; q)n (1 — abg)cn



and

n — abg?kt1 1. N
Kfq‘](aq) _ Z (1 abq )(aq,abq,abc q,q)k (_a,1 Q) :
= (1 — abq)(q,bq, cq; q)x

= (1 — abg®**1)(bg, abg, cq; ) L, koK
KEqJ c — ( ) ) ) —ac 1 5 7
(ca) kZ:O (1 — abq)(g, ag, abc='q; ) ( I )
KPaI (1) = i (1 — abg**")(ag, abg, cq; )k (_ac k;3)*’“
" (1 — abq)(q, bq, abc™'q; )k I ’
k
n _ 2k+1 . e
KB (ag,cq) = S )(abq7Q)k( z ) _ (a5 ) (_Q”T“)n
! ’ = (1 — abg)(g; @) (¢ O)n ’

n
1 — abg2k+1 . 2 2.
KB (qq,1) = Z( abg )(aq,abq,q)k(a ) (aq”, abq ,q)n( =
= (1—abq)(q,bg; q)x (¢,b¢;9)n
where D, the g-Jackson derivative (see e.g. [17]), D,P(z) = [P(z) — P(g2)]/[(1 — ¢)z].
The big ¢-Laguerre polynomials P,(x;a,c;q), are a particular case of the big g-Jacobi polynomials:
P, (x;a,c;q) = Pu(x;a,0,c; q), therefore all their properties can be obtained from the corresponding ones

of the big g-Jacobi by putting b = 0. A special case of the big ¢-Laguerre polynomials are the affine
g-Kravchuk polynomials [17, page 101].

Table 2: Parameters of little g-Jacobi, ¢-Laguerre and Al-Salam-Carlitz I polynomials

little g-Jacobi g-Laguerre Al-Salam-Carlitz I
o(x) g lz(z—1) g lz (z —1)(x —a)
o(s) ax(bgr — 1) am(:r +1) a
2 (1—abg"tH(1-¢") =i 5 _1-q"

An O aa® =5 Ba =i

(z) (ag; q)oo (bg;q) s q)e a® (ag,—c,—c 'qi9) o0 1 (qz,a " tgziq) oo
P (aba%iq)o (0:0)s (q,fcaq,fcflafl,fcqs;q)oc 1-q (g,a,a71q;9) 0

2 (1—abg)  (4,b¢;:a)n (ag;0)n ) n_l\n
dp (1—abg27+1) (aq,abq;q)n (aq)™ (6:9)nq™ (¢ )n (—aq 2 )

n—1\"

Pu(0) Pa(03a,blg) = 1 i (05q) = (g 9 (19) = (—aq™7)
P 1—q™ (1—q")
&n/om =g | o IT=g)a
Fn /Y *% ffq - 1Eq

The little g-Jacobi polynomials p,(z; a, b|q) constitute a ¢-OPS with respect to a linear functional

('l p Z P(s

where p(s) is given in table 2 and it is supported on [0,1], 0 < a < ¢!, b < ¢~!. Moreover

b

K97 (1,0) = (aq,abg; @)n [ (1 —abq" ™) Py(x;a,blq) — (x — 1)(1 — ¢ )Dy Pn(q ' x;a,blq)
o (q,bq; q)na™ 1 —abg

Kio7 (0) = 2”: (1 — abg®***)(aq, abg; q)x (ag)~" = (aqg,aqu;q)n(
" — (1—abqg)(q,bq; Q)k (¢,b¢; 9)n

aq)™".

The g-Meixner polynomials M, (¢~*%; b, ¢;q) are a ¢-COP sequence with respect to a linear functional

o0

(ctM. Py =) P(s)p(s)a™",



where the weight function p(s) is supported on [1,4+00), 0 < b < ¢!, 0 < ¢ (see table 3). Furthermore,

bq; q)n
K?LM(JC, 1) = (q,(—c—lt)],q)n [Mn(gv7 b,c;q) — (. +be)(1 — q)Dy—1 My, (23 b, ¢ q)} ,

KV (1) = Z(q(bqq)kq

k=0 , —C lq;q)k

(10)

A special case of the g-Meixner polynomials are the quantum ¢-Kravchuk [17, page 98].

Table 3: Parameters of Wall, g-Meixner, and ¢-Charlier polynomials

Wall q-Meixner g-Charlier
o(z) q lz(z —1) q le(z — bq) q tax
o(s) —ax (z —1)(x + bc) z(x —1)
3 g 1 g 1 q_gn
An —9* G-g)7ar 9 g7 P agp .
(a;9) oo (=bcqi@) oo (bq;0)s sE1NS 2 il
p() (a:9)s a® (—=¢q)oo  (a,—bca;q)s (cq 2 ) @0 (—a)ee \ 2
. a1,
dy (Ll (aq) (e aln g=n (—a e, ¢ g "
Pn(z0) pn(0;alg) =1 Mn(1;b,clg) =1 Cn(lia59) =1
&n /o 0 — =
= 1 1 1
'Yn/'Yn - (1—q)q™ ﬁ ﬁ

The Al-Salam-Carlitz I polynomials Uy(la) (z; q) are orthogonal with respect to the linear functional

1
@1, P)i= [ Pla)pla)dya

where p(x) is supported on [a,1], a < 0, x := z(s) = ¢°. Their main data are in table 3. For these
polynomials we have
n

Kt (e 1) = s

Lo (U960 — =1 - PP )]

1 E=1\k
(—aq2).
k

The little g-Laguerre / Wall polynomials p,, (x; a|q) are orthogonal with respect to the linear functional

n

KACI(1) =

k=0

(. p Z P(s x:=xz(s) = ¢°, supp(p) = [0,1].

Since they are a particular case of little g-Jacobi (b = 0) all their properties can be obtained from the
former ones putting b = 0 (see table 3). In particular,

Ly gy — (4= V(g9 v lqL (a4°; @)n
Kn ( 70) (q;q)nan—l qun( ’ |Q)7 K (0) (q q)n(aq) (12)

The g-Laguerre polynomials Lgf‘)(

x; q) are orthogonal with respect to the linear functional

(- p Z P(cq®)



where the weight function p(s) (see table 2) is supported on [0, +00), a = ¢%,  := x(s) = ¢¢®. In this
case

gt-1

n 2
o)/ — aq;4)k aq=;q)n
DL (g arg), Kip(0) =Y LDk o WEDn

KiF(2,0) = ¢"L{ (259) -
= (G Dk (¢ Dn

—S8

The g-Charlier polynomials C,,(¢%; a; q) constitute a ¢-COP sequence with respect to the linear func-

tional
oo

(C19,P) =" P(s)p(s)a >,

s=0

where p(s) is supported on [1,+00), a > 0 (see table 3). Moreover,

K1%(z,1) =

Colxya;q) — (1 — q)Dq—ICn(x; a; Q), K%C(l) _ i qk) (14)

(—a~'q,¢; @)n = (o,

The Stieltjes-Wigert polynomials S,,(x; ¢) correspond to an indeterminate moment problem, so there are
infinitely many representations for the linear functional C°" with respect to which they are orthogonal

(see e.g. [17]). Here we will chose the following one

©W.pyi= [ P

where p(s) is a weight function supported on [0, +00) (see table 1). In this case

1

K (@,0) = q" () = (07"~ DDoSu(q”'w:0), K"(0) = s

3 The ¢-Krall-type orthogonal polynomials

In this section, we will introduce the ¢g-Krall-type orthogonal polynomials. In a very recent paper [9]
the authors introduce the “discrete” Krall polynomials as a perturbation of a classical or semiclassical
discrete linear functional and they develop a general theory in order to find some algebraic properties
such as TTRR, SODE, etc. In this paper we focus our attention on the special case when the starting

functional C is a g-classical functional [21]. Thus we consider the linear functional I defined as
(U,P)=(C,P)+ AP(x¢) + BP(x1), A, B>0, (16)

where C is the linear functional (1) and xg, 1 € R. In [9] a general theory for solving this problem (when
N mass points are added) has been presented, nevertheless only two examples were considered in details.
Here we will complete this work introducing new examples and we will establish the limit relation among
them, in the same way as in [6].

The explicit expression of the polynomials 15;:1,3 (s)q orthogonal with respect to the linear functional
U (16) is given by [9]

M
Pn(a:) = Pn(l') - ZAzﬁn(az)anl(xa ai)7 (17)

where (P, (ay))} | are the solution of the system

M
Po(ar) = Palar) = Y AiPo(ai)Kn_i(ak, a;), k=1,2,..., M.

i=1



The formula (17) was firstly obtained by Uvarov [23] (see also [15, §2.9]). Hence, the formula [9, Eq.
(2.5) page 57] yields

-1

- AK,_ 1+ AK,,_ BK,_1(x0, P,
PAP(s)y = Pals)y— | ron B0 | Lt A o) B (o) ol
BK,_1(x,21) AKy,_1(x1,29) 1+ BK,_1(21) P, (xq)
where C? is the transpose of C. Furthermore, the polynomials E’;‘vB(s)q exist for every n = 0,1,... if

and only if the following condition

1+AK’,L—1($O) BKn—l(mOaxl)

det
AK,_1(x1,20) 1+ BK,_1(21)

] £0, VneN, (19)

holds. When the mass B = 0 (18) transforms into

Py = Palo)y = AP o)y oa(o0), - Piao)y = 1t

(20)
Notice that if A > 0, then (19) becomes into 1+AK,,_ () > 1, hence PA(s), exists for everyn = 0,1, .. ..
The next step is to construct the corresponding families of ¢-Krall type orthogonal polynomials associated
with each family of g-orthogonal polynomials considered in section 2.1. We will start with the big ¢g-Jacobi
family since the other families can be obtained from it via taking appropriate limits. Furthermore, we

will choose the values of xy and 7 in such a way that the kernels (4) has the simplest form, i.e., (5) and

(6).

3.1 The big ¢-Jacobi-Krall polynomials

Let us consider the linear functional 2%/ defined by
UuP Py =(CP1, P)+ AP(x) + BP(z1), A, B >0,

where zg, z; € R and CP4/ is the functional (7). The corresponding polynomials will be denoted by
PAB(x:a,b,c; q) and constitute a g-analog of the Koornwinder polynomials [18]. The polynomial expres-

sion for this family follows from (18)

PAP(25a,b,¢;9) =Po(z;0,b,¢;9) — | AKPY (2500)  BKP (2;21) } x

1+ AKZ (20)  BKP (29, 21)

AR (21, 20) 1+BKBqJ( 1) Py (z1;30,b,¢59)

Pn(‘TOv a, bv & q) ]

Now, we are going to consider two specific cases:

1. The ¢-Koornwinder polynomials obtained when we add two mass points at the endpoints of the

interval of orthogonality of the big g-Jacobi polynomials. i.e., xyp = ¢q and x1 = aq. For these values,
PAB (250, ¢;q) := Po(x;a,b,¢;q) — APYE (eq) K29 (2, ¢q) — BPAP (ag) K2 (2, aq).

Then, using (8) and taking into account the identities [17, Eq. (3.5.6), (3.5.7)] for the big g-Jacobi
polynomials,

qlg™" = 1)(1 — abg"*")
(1 —aq)(1 - cq)

ca C: ( )(1 _abqn+1)
DyPy(z;a,b,¢;q9) = (1_q)(1_aq)(1—cq)

Pn(l’, a, ba & q) - Pn(QSC, a7b7 [ Q)

xP,_1(qx;aq,bq, cq; q),

P—1(qx; aq, bq, cqg; q), (21)



we get

ﬁ;;l,B(x; a7b7 [& Q) = P’n(x7 a, ba (X C]) - Anflpnfl(m; a, b7 [6X Q) - anl(x)Pn72(x; aq7bQ7 cq; q)7 (22)

where (abe®; ) (cq;9) (ag;9)
abg*q)n [ =a.B cq; q)n SAB aq; q)n
A, = n (gpAB ) Don | ppAB, )
G ( +1(e0) c*(abc=1q; q)n 41(ag) a"(bq; q)n
and
(abg?; q)n(1 — q™) < ~ap, (c;q)n(z — aq) ~an, (g Q) (x— cq))
B, (r) = APAB (g — T | ppAB () T )
(=) (1 —aq)(1 - cq)(q; O)nq" fi(ca) c(abe=1q; q)n (aq) a"(bg; q)n

Before analyzing the following particular case let us show that these polynomials can be written as a
basic hypergeometric series. In fact, by definition of the big g-Jacobi polynomials and (22) we obtain

. & - _aba™. 1 k 1— k+1 1— k+1 1—ab n+k
Pf,B(m;a’ac;q):Z(q ,2aq2,x,q)kq (( ag* ) (1 —cg" ™) [ abg
= (ag® cq®, 4 )k (1 —aq)(1 — cq) 1 — abg™
(23)
1— —n+k _ ,—n+k _ ,—n+k+1
4 Lo }+Bn(x)(1 "M —g¢ : ))
L—q™ (1—-g ™)1 —qg

Now, if we use the identity (¢**1;q)m(1—¢%) = (¢%; ¢)m(1—q*T™) as well as the fact that the polynomial

as

on ¢* at the RHS, namely 73, has three zeros, namely ¢, ¢®2, and ¢®® which depend, in general, of all

parameters, i.e. o123 := ai123(n,z;a,b,¢, A, B;q), and

m3(¢") = r(2)(¢" — ¢*)(d" — ¢**)(¢" —q**),  degr(z)=1.
Then we get

—n n l—a -« 1—ac
q " abg", g T g

aq®,cq®,q

. q
4%, q

—Q1 17043

PAB(2;a,b,¢;9) = D)5 <

q;q> , (24)
where B
Dy (x) = (1= ¢*")(1 = ¢**)(1 — ¢**)r(x).

Remark 3.1 Notice that D, is, in general, a polynomial of degree 1 in x. To see that ﬁ;ﬁ*B is a
polynomial of degree n we only need to evaluate (23) for k = n since in this case the second term on the

last bracket vanishes.

2. The case o = aq and 1 = 1. For these values,

BB (a0,b,¢:q) 1= Pa(wia,b, ¢9) = AP (ag) K, (2, aq) = BEMP (1)K, (x, 1),

n—1
Then, using (8) and the relation (21), we get

PAB(z5a,b,¢9) =  Po(w30,b,¢59) — Ap_1 Po1(50,b,¢;9)
—Bn_1(z)Py_1(z;aq,bq, cq; q) — Cn—1(x) Pp_1(qz; aq, bg, cq; q)

where

1 _(00,0b¢% @) (4 50,5 (=1)"(cq; @)n SAB
A= e (AP )+ o e n BRP () )

= (aq,abg®; q)n(1 — q")(x —cq) 548
n(T) = AP
) = 0 b () (1 — ag) (1 —eq) 41
G(r) == 1)"(00 abq®, cg; @)n (1 — 4" )ag®(bx — c) A (1)
" (¢, bq, abc1q; q)n (ac)q*/2+37/2(1 — ag) (1 —cq) "1

(aq),




Hence, following the same idea of the previous case we get, this family admits another representation in
terms of basic hypergeometric series. Indeed some calculations, in the same fashion as in the previous
case, yield

q " abg",q' P g P2 g P

DAB(,.. ) — D
Pn (:c,a,b,c,q) = Dn(x)6¢5 ( an’ch’q—ﬁ1,q—ﬁ2’q—ﬁ3

a; q) , (26)

where lA)n(x) depends of the parameters defined for this family, and ¢, ¢%2, and ¢ are the zeros of
a certain cubic polynomial on ¢*, B; := B;(n,z;a,b,c, A, B;q), i = 1,2,3, obtained as before from the
expression (25) and the basic series representation of the big g-Jacobi polynomials.

Two particular interesting cases are the following: Setting A = 0 in the ¢-Koornwinder polynomials (24)

Q§Q>a
Q;Q>-

we obtain the g-Hahn-Krall polynomials.

we obtain

BB (10 b e ) — DB g " abg", ¢, g 0, g
P (a:,a,b, C; Q) - Dn (17)6(,05 < aq27cq27q_a1,q_ﬂz7q_63

and setting A = 0 in the second family (26) we get

g ", abg", ¢ P g P2 gl P g

DB(,.. . _ B
P (x,a,b,c,q) - Dn (:L')6<)05 ( aq2,cq2,q_ﬂ1,q_’827q_53

Putting in all the above formulas ¢ = ¢~ V1!

Before continuing let us point out that the above families satisfy a three-term recurrence relation and

a second order linear difference equation. For more details see [9].

3.2 Examples adding one mass point
3.2.1 The big ¢-Laguerre-Krall polynomials
It is a particular case of the g-Krall big g-Jacobi. In this case the linear functional UP7” is

UPt py = (CP1* P) + AP(aq), A >0,

where CB49L is the functional with respect the big g-Laguerre are orthogonal. The explicit expression for

the polynomials is

P Pa(ag; a, c;q) K2 (z,a
P (w;a,¢; q)g = Pn(z;0,¢,9)g — A (aq q)é Lnfl( 9)
1+ AK, 7] (aq)

)

or, equivalently, putting A =0 in (22) and set b = 0,

n+1 n
N A(=cq 2 ) (ag;q)n
Pz;a,¢,q) =Pu(250,¢,q)g — ( B)qL
1+ Aanl (a’q)

Po(x;a,¢q)q — (x — cq)(1 — ¢ Dy Prlq a5 a,¢:q)q
(cq; @)n(q; @)na™

X

They can be represented as a g5 basic series.

3.2.2 The little ¢g-Jacobi-Krall polynomials

These polynomials are orthogonal with respect to the linear functional /47

'’ Py = (€', P) + AP(0), A>0,



where C'?”7 is the functional of little g-Jacobi polynomials. The representation formulas for this family is

(see (17), (9))

Apn(O;a,CIQ)qufijl(va) _ A(ag, abg; q)n
1+ AKY’ (0) 1+ AK'’ (0)

(1 —abg" )P, (z;a,bq)g — (x — 1)(1 — ¢ ) Dy Pulq™ z;a,b|q),

(1 — abq)(q, bg; g)na™

Pa(wsa,clq)q =pn(z;a,clq)q — = pn(T;0,c|q)q

This case leads to a g5 basic series.

3.2.3 The ¢-Meixner-Krall polynomials
These polynomials are orthogonal with respect to the linear functional /9™
UM Py = (™ P)+ AP(1), A>0,

where C? is the functional of the g-Meixner polynomials. The explicit expression for this family is (see
(17), (10))

Mn(17 a, b|q)qu,ji/Il (37, 1)

1+ AR (1)
M, (250, ¢;q) — (x4 be)(1 — q)Dy-1 My (25 b, ¢; q)
(¢:—c'q;9)n

A(bg; q)n

Mf x;a,b; =M, (x;a,b —A —_—
( 7)q ( 19)q 1+ AKZAfl(l)

= Mn(xv a, b|‘])q -

And, this case leads to a 5¢4 basic series.

3.2.4 The Al-Salam-Carlitz-Krall I polynomials

These polynomials are orthogonal with respect to the linear functional /A¢!

UACT Py = (AT Py + AP(1), A>0,
where CA¢! is the functional of the Al Salam Carlitz I polynomials. The representation formula for this
family is (see (17), (11))
U (15 q)g K A% (2,1)
1+ AKACI(1)

) (1:9),
1+ AKACT (1)

[Uy(f)(x; q) — (x—a)(1 = ¢ DU (¢ ;) | -

UM (@1q)g =UL (39)g — A = U (w;9)g — A

n

q
(¢ Dn

This case leads to a 5¢4 basic series. This family was considered in [9]. Since the Al-Salam-Carlitz II

X

are related with the Al-Salam-Carlitz I by the change ¢ — ¢! the corresponding ¢-Krall family can be

obtained by the same change.

3.2.5 The little ¢-Laguerre-Krall/Wall-Krall polynomials
These polynomials are orthogonal with respect to the linear functional 244~
W't Py = (% P) + AP(0), A >0,
where C!9% is the functional of the g-Laguerre/Wall polynomials. The explicit expression for this family
is (see (17), (12))
Apn(o; a|Q)ququfl (LE, 0)
1+ AK“% (0)

Pn(05alg)g (g —1)(ag;@)n

1+ AKYE (0) (g @)na™?

ﬁﬁ(x;a‘@q = pn(x;a|Q)q -

= palzialg)g — A aPn (5 alg).

This case leads to a 4¢3 basic series.
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3.2.6 The ¢g-Laguerre-Krall polynomials

These polynomials are orthogonal with respect to the linear functional 249~
(U™, P) = (C", P) + AP(0), A>0,

where C?" is the functional of the g-Laguerre polynomials. In this case (17) and (13) yield

AL(“)(rq) K™ (z,0)
1+ AKZ" (0)

Ly (15 q), ¢ ' -1
_—m A d)g nL(a) T D Lgla) g .
1 AR (0) q (z3q) — oLy (¢ w31q)

T (), A «
LM aq)g = LS (259)q —

= L’Ela)(x; Qg —
This case leads to a 43 basic series.

3.2.7 The ¢-Charlier-Krall polynomials

These polynomials are orthogonal with respect to the linear functional 2/9¢
U, Py =(C1° P) + AP(1), A>0,
where C9¢ is the weight function of the g-Charlier polynomials. For these polynomials (17) and (14) yield

~ Cn(l;a;q x, 1
Cil(asaiq)g = Culr;a59)q — 4 TLHSICE

1+ AKC, (1)
= Clrad. 4 Cnliaa)e [Cnlwiaiq) — 2(1 — ¢)Dy-1Cn(23059)
= Onlmadlg A1+AKn,1() (—a q,q,q)n

This case leads to a 43 basic series.

3.2.8 The Stieltjes-Wigert-Krall polynomials
These polynomials are orthogonal with respect to the linear functional 45"
U, Py = (W, P) + AP(0), A>0,

where C°W is the functional of the Stieltjes-Wigert polynomials. The representation formula for this
family has the form (see (17), (15))

Sn (07 Q)q

QA - : AT SW oy
S (@3 @)a = Sul@:0)e = A s

(4" Sn(x5q) — (" = 1)DgSnlq a5 q)] -

This case leads to a 3¢3 basic series. This family was firstly studied in [12].

3.3 Some algebraic properties of Ig,f‘(s)q

In [9] it is shown that the g-Krall-type orthogonal polynomials satisfy a second order linear difference

equation of the form
FAG,5)y(s + 1) + g4, 5)y(s) + b (m, s)y(s — 1) = 0, (27)

as well as an explicit expression (in terms of the parameters of the starting family) for getting the
coefficients f4, g, and h** was given. Also in [9] the TTRR for the polynomials P (s), is computed

w(s) P (@(9))q = an Pty (2(5))g + B Bt (2(5))g + v Py (2(5)) s (28)

11



where the coefficients a2, 324, and 7/ are given by

72

0571? = Qp, %‘? Ay — 1d~2n 7£ 0,
AP, (z(s0)) Pri1(z(s0)) Pp—1(z(s0))
A _ q q q
6" =B+ d% an 1+ AKn(So) Tn 1+ AKH,1(80) ’

where a,, Bn, and 7, are the coefficients of the TTRR of the starting family of g-polynomials (2),
= (C, P,P,) and

1 + AKn(So) d2

~y ~ ~ 2 2
2 = (U, PPy =d2 + | AP K A =
dn <u7 n n> dn + |: n (SO)Q} n— 1(80) + |: (SO) :| 1 + Aanl(SO) n’

are the square of the norms of the polynomials P, and 157?, respectively.

3.3.1 Some examples

Here we will restrict ourselves to the more simple cases. The other cases are analogously and we will
omit them here.

For the little g-Laguerre-Krall / Wall-Krall polynomials, we have the following coefficients of the
SODE (27) and TTRR (28), respectively

FAM, ) = — a(((1+ bo(s))(1+ bo(s — 1)) (¢"" = 1)+

(14 b, (8)bn(s — 1)(a— ¢ +1—¢* (1 — ¢")) — b (5)bn(s — 1)a),
An,s) = — (14 bu(s + 1)bu(s — Dalg® — 1)—
(1 + b s+1))(a—qs 1= g1 = ") — abu(s + 1)) X
(T+b(s—D)(@* ' =D +bp(s—D(a—g* ' +1-¢" 11 —q")),
=(
(

g
1
(1+ (

¢ = 1)) (L +ba(s + 1)) (L +ba(s)(¢" — D+
L+by(s+1)bu(s)(a— g +1—¢g" T (1= q")) — bu(s + 1)bu(s)a),

h(n, s)

aff =—q"(1—ag"t"),

B =q"(1 —ag"*") + ag"(1 — q"))
q"(1 —ag"™)(1 — aq) 4 " '(1—aq")(1 —aq)
(1—-aq)d? + A(1 — ag™t?) (1—aq)d®_, + A(l — aq™)
a_pa (A1 —aq)di_y +1—aq") + (1 —aq)dp_1)((1 - ag)dy_» +1—aq""")
T T @ (U= aq)_y+ 1 —ag ) + (1 — aq)d_,)((1—aq)d?_, + 1 —aq")’

where a1 s
bn(S) _ CL( _GQ)q

(1 - aq)d2 + A(1 — agnt2)’

For the ¢-Krall Laguerre polynomials family we have

fA(n, ) =alg® + 1) ((1 4 bn(8))(1 4 bn(s —1))—
(L4 b,(8)bn(s — 1)(a(l 4+ ¢*T" 1) + 1) 4+ by(s)bn(s — Da(g* " + 1)),
1+b, (5+1))b (s = Da(g* "+ 1)+ (1 — abu(s — 1)(1 +¢"T" 1)) x
n(s+ 1)) (a(l+¢*t™) +1) —a(g® + L)ba(s + 1)),
bn(s+1))(1 + by(s))—
1+ by (s+1))b (s)(a(l+¢*t™) + 1) + bu(s + Dbu(s)a(g® + 1)),

g (n,s) =(
(@
=((@
(

12



n+1)q—2n—l —1

at=—(1-¢q a ",

=g (1= ¢ +q(1 - q"a)]a!

(aq; 0), n n e -
~ AT e (g g2 ((1—ag")(1 —ag"™) = (1 = ¢"7)(1 — ¢" %))

A Load (14 Ag") (g5 D)n—1 + Alag? @)n-1) ((¢; Q-2 + Alag®; @) n—2)
" ag® (14 Ag" ) (q; @)n—2 + A(aq? @)n—2) (¢ @)n—1 + A(aq% @)n-1)’

where ,

Alagq; @)n(1+q°)
(1=¢") (¢ Dn—1 + Alag?; @) n—1)q"
Finally, for the g-Stieltjes-Wigert-Krall polynomials

fA(n s) = (((1+b SN +by(s—1))—

bn(s) = —

(s)
(14 bn(8)bn(s = 1)(¢°T" 1 +1) = bu(s)bn(s — 1)g° 1),
g2 (n,5) =(14bn(s+ Dbn(s = 1)g* " + (1 +ba(s + 1))(¢*" + 1) + bu(s + 1)¢°) x

(L +bn(s—1)) +bu(s — 1)(¢"T" 1 + 1))

5) =(((1+ by (s + 1))(1 + bn(s))—
(1+bn(s +1)bu(s)(¢" " + 1) = b (s + 1)bn(s)g°),

aff =— (1 =g g,
_ n+1y —2n—1 A 1 ¢

P =0+ =" gl ((' Dn +A_(q;q)n1+A>’

A 1 ()0 +A) (G @01+ A1 —g" 1))

T T R (G + A (@) + AL —q7)

where
Aqs

(40)n + A1 —qm)’

bn(s) = —

4 Limit relations between ¢-Krall-type orthogonal polynomials

In this section, we study the limit relations involving the g-Krall-type orthogonal polynomials associated
with some families of g-polynomials of the g-Hahn Tableau [19, 21]. As we already pointed out the
g-Koornwinder polynomials ﬁfﬁ (z;a,b,¢;q) (22) is the g-analogue of the Koornwinder polynomials
P2B(x) [18]. In fact, a direct calculation show

. .4) — pAB
ngli P B(x;a,b,¢;q) = P (x).

Let now consider the other limits.

1. Big ¢-Jacobi — Big ¢-Laguerre. We know that the big ¢-Laguerre is a special case of big
g-Jacobi setting b = 0, i.e. P,(z;a,0,¢;q) = Py(x;a,c;q). Then, from (20) we get

ﬁﬁﬁl(m;a70’c;q) :‘1’5717,4(‘,1:7a707Q)

2. Big g-Jacobi — Little g-Jacobi. The little g-Jacobi polynomials can be obtained from the big
g-Jacobi polynomials by linear change of the variable + — cqx and taking the limit ¢ — oo, i.e.
lim. 00 Pp(cqz;a,b, c;q) = pn(x;a,b|q). In this case, putting xcq = aq and taking the limit ¢ — oo
we get  — 0, thus lim P,(aq;a,b,c;q) = pn(0;a,b|q). Taking into account that the the norm of
big g-Jacobi transforcaso into the norm of the little g-Jacobi we obtain

lim E‘;‘(cqm;a,b, ¢ q) = ’pv,?(x;a,b|q).
Cc— 00
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10.

11.

12.

Big ¢-Jacobi — ¢-Meixner. If we take the limit @ — oo in the big g-Jacobi we obtain the
g-Meixner polynomials [17]. Thus, from (20) we deduce

n

lim PA(q™%a,b,¢;q) = M (g% ¢, —b 1)
a—r o0

N=1in the big ¢-Jacobi we get the ¢-Hahn polynomials

Big ¢-Jacobi — Hahn. Setting ¢ = ¢~
ﬁ;;"B(x;a, bgN=lq) = @f’B(x;a,b,Nm). Substituting = ¢~%, a = ¢%, b = ¢°, we recover
the Hahn-Krall polynomials studied in [5] limg_,;- @%A(q_”’;q“,qﬂ,q_N_Hq) = Q%A (x; 0, B, N).
Notice that from the Hahn-Krall polynomials it is possible to obtain several other families of Krall-
type polynomials via appropriate limits (see [6]).

Big ¢-Laguerre — Al-Salam-Carlitz I. Substituting * — agx and ¢ — ac in the big g-Laguerre

Py (aqzia,aciq)
a™ -

polynomials and taking a — 0 we obtain the Al-Salam-Carlitz I polynomials lim,_,q
U (z;q). Therefore,

lim =q" 177(1@"4(33; q).

a—0 a™

Big ¢-Laguerre — Little ¢-Laguerre/Wall. The little ¢-Laguerre polynomials can be ob-
tained from the big ¢-Laguerre polynomials by setting x — bgxr and then taking the limit b — oc:
limp s 00 P (bgx;a, b; q) = pp(x;alg). Thus

lim P (bqz;a,b; q) = pis (x; alq).
b—o0
Little g-Jacobi — Little ¢-Laguerre/Wall. Setting b = 0 in the little g-Jacobi polynomials we
get the little g-Laguerre p,(x;a,0|q) = p,(z;alqg), then
P (x30,0lg) = P, (3 alg).

Little g-Jacobi — ¢-Laguerre. In this case straightforward calculations give us

x
li SA ML o b
bggopn ( bqu )

(GDn F(a).a
1) = G )

g-Meixner — ¢-Laguerre. Straightforward calculations yield

lim M (caia, i) = o On_Fle)a

oo @) " (%3 )-

g-Meixner — g-Charlier. lim;_,q Mr‘;‘(m; b,a;q) = é;?(x; a;q).
g-Laguerre — Stieltjes-Wigert. lim,_, E(Ia)’A(a:q*“; q) = 5;?(50; q).

g-Charlier — Stieltjes-Wigert. lim,_, ., éf(a:z:; a;q) = (g; q)ng;?(x; q).

To finish this work let us point out that for the other families of the g-Hahn tableau, i.e., for the ¢-

Kravchuk, alternative g-Charlier the same results can be obtained in an analogous way.
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Figure 1: The ¢g-Hahn-Krall Tableau
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