FACTORIZATION OF THE HYPERGEOMETRIC-TYPE
DIFFERENCE EQUATION ON THE UNIFORM LATTICE
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Abstract. We discuss factorization of the hypergeometric-type difference equations on the
uniform lattices and show how one can construct a dynamical algebra, which corresponds to each of
these equations. Some examples are exhibited, in particular, we show that several models of discrete
harmonic oscillators, previously considered in a number of publications, can be treated in a unified
form.
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1. Introduction. The study of discrete system has attracted the attention of
many authors in the last years. Of special interest are the discrete analogs of the
quantum harmonic oscillators [2, 5, 6, 9, 11, 12, 16, 18, 19, 22, 26] among others.

There are several methods for studying such systems. One of them is the factor-
ization method (FM), first introduced for solving differential equations [29, 20]. This
classical FM is based on the existence of the so-called raising and lowering operators
for the corresponding equation, which allow to find the explicit solutions in a simple
way, see e.g. [7, 23]. Later on, Miller extended it to difference equations [24] and
g-differences —in the Hahn sense— [25]. In the case of difference equations this method
has been also extensively used during the last years (see e.g. [9, 11, 14, 23, 30] for
difference analogs on the uniform lattice and [4, 5, 6, 9, 11, 12, 15] for the g-case).

Later on, references [7, 8, 13] indicated a way of constructing the so-called “dy-
namical symmetry algebra” by applying the FM to differential or difference equations
[3, 11, 12] and then this technique has been used to consider some particular in-
stances of g-hypergeometric difference equations. Of special interest is also the paper
by Smirnov [30], in which the equivalence of the FM and the Nikiforov et al formu-
lation of theory of g-orthogonal polynomials [27], was established. In [4], following
the papers [15, 23] for the classical case, it has been shown that one can factorize the
hypergeometric-type difference equation (2.1) in terms of the above-mentioned raising
and lowering operators.

Our main purpose here is to show how to deal with all different cases of difference
equations on the uniform lattice x(s) = s in an unified form. One should consider
this paper as an attempt to provide a background for the more general g-linear case
(since in the limit as ¢ goes to 1, the g-linear case reduces to the uniform one). Some
results concerning this general case will be also given in the last section.

The structure of the paper is as follows. In Section 2 some necessary results on
classical polynomials are collected. In section 3 the factorization of the hypergeome-
tric-type difference equation is discussed, which is used in section 4 to construct a
dynamical symmetry algebra in the case of the Charlier polynomials. In section 5
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2 FACTORIZATION OF DIFFERENCE EQUATIONS

the Kravchuk and the Meixner cases are considered in detail. Finally, in section 6 we
briefly discuss a possibility of applying this technique to the g-case.

2. Preliminaries: the classical “discrete” polynomials. The discretization
of the hypergeometric differential equation on the lattice x(s) [27, 28] leads to the
second order difference equation of the hypergeometric type

A Vy(z(s))
O RGo12) Vas) T A
where Af(s):= f(s+ 1) — f(s), Vf(s):= f(s) — f(s—1).

The most simple lattice is the uniform one z(s) = s and it corresponds to the
equation

o (s)AVy(s) + 7(s)Ay(s) + Ay(s) = 0. (2.2)

The above equation have polynomial solutions P, (s), usually called classical discrete
orthogonal polynomials, if and only if A = X\, = —n(7’ + (n — 1)0” /2).
It is well known [27] that under certain conditions the polynomial solutions of

2.2) are orthogonal. For example, if o(s)p(s)s"* =0, forall k=0,1,2,..., then
P b

the polynomial solutions P, (s) of (2.2) satisfy

b—1
<Pn7 Pm>d = Z Pn(s) Pm(s) p(s) = 5nmd3u (23)

S=a

where the weight functions p(s) are solutions of the Pearson-type equation

Alo(s)p(s)] = 7(s)p(s) or o(s+p(s+1) = [o(s) +m()p(s).  (24)

In the following we will consider the monic polynomials, i.e., P, (s) = s"+b,s" - -
The polynomial solutions of (2.2) are the classical discrete orthogonal polynomials
of Hahn, Meixner, Kravchuk and Charlier and their principal data are given in the
table 2.1.
They can be expressed in terms of the generalized hypergeometric function ,Fy,

o0 k
F ( a1,02,...,0p 1‘) — (a’l)k(a‘Q)k'”(al))k‘i (2 5)
P blabQ»'“abq s (bl)k(bg)k' (bq)k k' ’ ’
where (a)j is the Pochhammer symbol (or shifted factorial)
(a)o=1, (a)p=ala+1)(a+2)---(a+k—-1), k=1,2,3,... . (2.6)

Using the above notations, we have for the monic polynomials of Hahn, Meixner,
Kravchuk and Charlier, respectively

hasi (s, ) = L= NVn(B+ Da Fz( —s,a+f+n+1,-n

(a+B+n+1),° 1-N,B+1

1), (2.7)

(p—1)"

M)H(s) = (V)npt 2F1( —n%—s .

1— 1>7 (2.8)
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TABLE 2.1

The classical discrete orthogonal monic polynomials.

Hahn Meixner Kravchuk Charlier
P(s) hef(s; N) Mp*(s) K7(s) Cr(s)
[a, b] [0, N] [0, 00) [0, N +1] [0, 00)
o(s) s(N+a—s) s s s
7(s) B+DIN=1) = (a+B+2)s | (p—1)s+py s p—s
o+T (s+B+1)(N-1-5) s+ yp —%(s = N) o
An nn+a+0+1) (1—p)n - n
I'(N4+a—s)I'(B+s+1 ST(y+s N\ s —s e Hus
p(s) ( F-('—Nf.s))l"((sﬁ»l) : rﬁzy)gsﬂ)) (Dp* @ =p)*~ ey
a,B>-1,n<N-1 v>0,p € (0,1) | p€(0,1),n <N-1 nw>0
n!T'(a+B+N+n+1 « n —1 n! "t N\, . n n n
dy (an(71)1(a+,a+:+i)n ( Jffﬁrf% (1_(1%75% (m)p"(1—p) nlu
(=p)™N! —-n,—s |1
P _ ) -
Kn(s) - (N — n)' 2F1 -N » 3 (29)
o n -n,—=§ 1
Ch(s) = (=w)" 2Fo _ ) (2.10)

A further information on orthogonal polynomials on the uniform lattice can be
found in [1, 21, 27, 28].

3. Factorization of the difference equation. Let us consider the following
second order linear difference operator

h,(s)=—-v(s—1) e % — v(s) e + [20(s) 4+ 7(s)]{, (3.1)

where e*95 f(s) = f(s+ a) for all a € C, v(s) = \/o(s + 1)[o(s) + 7(s)], and I is the
identity operator, and let (®,,),, be the set of functions

(3.2)

where d,, is a norm of the polynomials P, (s), which satisfy equation (2.2), and p(s) is
the solution of the Pearson-type equation (2.4). If P,(s) possess the discrete orthog-
onality property (2.3), then the functions ®,(s) have the property

b—1
(Br(s), Pr(s))a = D> Pn(8)Pm(5) = G- (3.3)
Using the identity V = A — VA and the equation (2.2), one finds that
H,(5)Pn(s) = An®p(s), (3.4)



4 FACTORIZATION OF DIFFERENCE EQUATIONS

i.e., the functions ®,(s), defined in (3.2), are the eigenfunctions of f,(s). In the
following we will refer to b, (s) as the hamiltonian.
Our first step is to find two operators a(s) and b(s) such that the Hamiltonian
B,(s) = b(s)a(s), i.e., the operators a(s) and b(s) factorize the Hamiltonian b, (s).
DEFINITION 3.1. Let a be a real number. We define a family of a-down and a-up
operators by

ak(s):= =% (/o) = Vols) T 7(3) 1)
al (s):= (\/@6785 —Vo(s)+71(s) I)eo‘as,

respectively.
A straightforward calculation (by using the simple identity e? V = A) shows
that for all a € R

bi(s) = al(s)a(s),

i.e., the operators al (s) and a/ (s) factorize the Hamiltonian, defined in (3.1). Thus,
we have the following

THEOREM 3.2. Given a Hamiltonian Y,(s), defined by (3.1), the operators
al(s) and al(s), defined in (3.5), are such that for all o € C, the relation b,(s) =
al (s)al(s) holds.

4. The dynamical algebra: The Charlier case. Our next step is to find
a dynamical symmetry algebra, associated with the operator 0, (s), or, equivalently,
with the corresponding family of polynomials, i.e., To find two operators a(s) and
b(s), that factorize the hamiltonian §,(s), i.e., §,(s) = b(s)a(s), and are such that
its commutator [a(s),b(s)] = a(s)b(s) — b(s)a(s) = I, where I denotes the identity
operator.

THEOREM 4.1. Let h,(s) be the hamiltonian, defined in (3.1). The operators
b(s) = al (s) and a(s) = al(s), given in (3.5), factorize the Hamiltonian b, (s) (3.1)
and satisfy the commutation relation [a(s),b(s)] = A for a certain complex number A,
if and only if the following two conditions hold:

o(s —a)lo(s —a)+7(s — )]
o(s)lo(s —1) +7(s — 1)]

=1 (4.1)
and

os—a+1l)+o(s—a)+7(s—a)—20(s) —7(s) = A. (4.2)

Proof. Taking the expression for the operators a],(s) and al,(s), a straightforward
calculation shows that al (s)al (s) = A;1(s)e? + Ay(s)e™% + Az(s)I, where

A(s) = —o(s+1—a)o(s —a+1)+7(s —a+1),

Ag(s) = —/o(s — a)[o(s — ) + 7(s — ), (4.3)

As(s)=o(s+1—a)+o(s—a)+7(s — ).
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In the same way, a/,(s)al,(s) = 0,(s) = Bi(s)e? + Ba(s)e % + Bs(s)I, where
Bi(s) = —v(s), Ba(s)=-v(s—1), Bs(s)=20(s)+ 7(s). (4.4)

Consequently,

[0 (s). al ()] = (A1(5) = Bi(s) ) e + (Aa(s) = Ba(s) Je O+ (A3(s) ~ Ba(s) ) I. (4.5)

To eliminate the two terms in the right-hand side of (4.5), which are proportional
to exp(+0s), one have to require that A;(s) — Bi(s) = 0 and As(s) — Ba(s) = 0.
But A1(s)/B1(s) = A2(s 4+ 1)/Ba(s + 1), hence, the requirement that A;(s) = B(s)
entails the relation As(s) = Ba(s), and vice versa. Thus, from (4.5) it follows that
the commutator [a] (s),al(s)] = A, iff A;(s) = Bi(s) and Az(s) — Bs(s) = A. O
Using the main data for the discrete polynomials (see table 2.1), we see that the
only possible solution of the problem 1 corresponds to the case when o(s) + 7(s) =
const. and a = 0, i.e., the Charlier polynomials. Moreover, in this case A\, = n.
COROLLARY 4.2. For the hamiltonian, associated with the Charlier polynomials,

by (s) = —v/sme ™ — /(s + e + (s + ),

by ()28 (s) =na{(s),  @5(s) = Ch(s), m>0, n=012...

Furthermore, the operators

Cl(l)(s) =Vs+1e% — /ul, ag(s) = se % — Jul, (4.6)
are such that [’)f =al(s )CLO( ) and [aé(s),ag( )] =1.
Notice that, since b, (s)®(s) = A®(s),

by (s){ag(s)®(s)} = a(T)( Jag(s){ag(s)8(s)} = (ag(s)aj(s) — D{ag(s)®(s)}
= (A= Dfag(s)2(s)},
by (s){ag(s)®(s)} = ag(s)ag(s)ag(s)@(s) = ag(s)(A + 1)@ (s)
= (A + D{ag(s)2(s)}

In other words, if ®(s) is an eigenvector of the hamiltonian 0, (s), then u(l)(s)d)(s) is
the eigenvector of ), (s), associated with the eigenvalue A — 1, and a] (s)®(s) is the
eigenvector of b, (s), associated with the eigenvalue A+1. In general then [a}]*(s)®(s)
and [a}]¥(s)®(s) are also eigenvectors corresponding to the eigenvalues A—k and A+k,

respectively.

Using the preceding formulas for the Charlier polynomials, one finds
ah ()% (s) = Un® 1 (5), ag(s)D (s) = Dl (s), (4.7)
where U,, and D,, are some constants.

If we now apply ag(s) to the first equation of (4.7) and then use the second one and
(3.4), we find that A, = D,U,_1. On the other hand, applying Clé(s) to the second
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equation in (4.7) and using the first one, as well as the fact that a}(s)a)(s)®S (s) =
(An +1)®% (s), one obtains that 14+ X\, = Up,Dyi1 = Any1, from which it follows that
An, should be a linear function of n (that is also obvious from table 2.1).

If we use the boundary conditions U(s)p(s)|s=a , = 0, as well as the formula of
summation by parts, we obtain 7

(05 (5B (5), @ (5))d = (Bra(5), B(5)Pn(5))a
i.e., the operators a(s) and a/(s) are mutually adjoint.

From the above equality (the adjointness property) and (4.7) it follows that
Dyi1 = U,, thus U? = \,41, therefore U, = \/A\,11 and D, = /\,, ie., we
have the following

COROLLARY 4.3. The operators ag (s) and aé(s) are mutually adjoint with respect
to the inner product (-,-)q and

ab(s)®@S (s) = (VseP — ul) @5 (s) = Vn + 195 (s),

(4.8)
ag ()05 (s) = (Vs + 1P — /i I) 85 (s) = vVn @S, (s).

From the above corollary one can deduce that

Vs+105(s+1)— JidS(s) =0 = F(s) =Ny %

Using the orthonormality of ®§ (s), one obtains that Ny = e~#/2. Thus

G () = — [a)($)]"0G (5) = —= [Vae® — iil]" ( ﬂ) ~

n! n! s!

Notice that

[h1(s) a5(s)] = Va(u—1)+uaj(s),  [By(s), ag(s)] = —v/a(p—1) - pag(s). (4.9)
This example constitute a discrete analog of the quantum harmonic oscillator [9].

5. The dynamical algebra: The Meixner and Kravchuk cases. From the
previous results we see that only the Charlier polynomials (functions) have a closed
simple oscillator algebra. What to do in the other cases? To answer to this question,
we can use the following operators:

a(s) = Vo(s ¥ De2” — \Jols— D 4 7(s ~De 3%,
at(s) = eiéasm— 6%65 Vo(s—1)+7(s—1).

For this operators

(5.1)

h,(s) = a(s)a(s) + 7 — .
We will define a new hamiltonian b, (s) and operators b(s) and b*(s)

h,(s) = C2h,(s) + E, b(s) = Cha(s) and bt(s) = Cuat(s), (5.2)
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where C, and E are some constants (to be fixed later on). Notice that from (3.4) it fol-
lows that the eigenfunctions of b, (s) are the same functions (3.2), but the eigenvalues
are C2)\, + E, i.e.,

B2(5)@n(s) = (CoAn + E)®ils). (5.3)
A straightforward computation yields
ba(s) = b(s)b* (s) + (7' — 0")CF + B, (5.4)

and

+ C’g\/o(s+% Jo(s—3)+7(s—3)) e (5.5)

or, equivalently,
mwwﬁ@n=¢d&+aw@—%>+ﬂs—%»fm

—F\/as—k§ — D +7(s—3))e”
+bi(s )+T< N+ 5(5 0" =7").

The right-hand side of (5.5) suggests us to use the following new operators

o(s) = Cyb(s) e 2% /a3 F 1) = CyCal(o(s + 1) — e~ 1(s)),
¢ (s) = Cp /o F 1) e%f’szﬁ(s) — CyCa(o(s+1) — v(s) e ),

where, as before, 1(s) = \/o(s + 1)(a(s) + 7(s)). So,
[B2(s),c(s)] = —03(0”—7')0(8) + CuCy [52(8) + ((0"=1)CI=E) 1] o' (s+3),
[02(s), ¢t (s)] = C2(0" — ') (5) — CaCho’ (s + 5)[D3(s) + ((0” = 7')C2 — E) 1],
[e(s), ¢t (s)] = C2C2 (a’(s + De P u(s) + v(s)e? o’ (s + 1) — 3 (s) — v2(s — 1)]1).

The above expression leads to the following
THEOREM 5.1. If 0" = 0, then the operators §),(s), c(s) and c*(s), defined by
(5.4) and (5.6), respectively, form a closed algebra such that

[ (s). ()] = 7'C2e(s) + CyCa0’(0) (hy(s) — 7'C2 — E)
[ (s), ¢* (5)] = —7'C2e* (5) — C4Ca0’(0) (By(s) — 7'C2 — E).
[e(s),¢* ()] = CE[(s) = o' (0) (B (5) - B)] .
Observe also that with this particular choice o/(s+3) = 0/(0) and
e(s) + ¢ (s) = CyCal(hy (5) +207(0) + 7(s)),
V2(s) — 12(s — 1) = 0/ (0)(20(s) + 7(5)) + 7o (s).

(5.6)
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Furthermore, using the boundary conditions a(s)p(s)|8:a , = 0, one finds

b—1 b—1
<C D, (I)m>d =C,Cy ZU(S + 1)(I)n(5)q)m(5) - V(S - 1)©n(3 - 1)(I)m(5)

a

bii | —1
=CaC Y 0(5+ 1) (8)Pp(s) = CaCh Y ()P (8) Dy (s + 1)

a

<

S=a S

= <(bn7 C+q)m>d7

i.e., the following theorem follows.
THEOREM 5.2. The operators c(s) and ¢t (s) are mutually adjoint.
Notice also that the operators [, (s) and h,(s) are selfadjoint operators.
REMARK 5.3. Since A = X\, = —n(7' + (n — 1)0”/2), the identity ¢” = 0 is
equivalent to the statement that A, is a linear function of n. In this case \,, = —nT’.
In the following we will consider only the case when ¢” = 0, i.e., the case of the
Meixner, the Kravchuk and the Charlier polynomials.
If we define the operators

Ko(s) = By(s)(-7'C) ™!
K_(s) =—1'C2c(s) — CvC,a0’(0) (hy(s) — 7'C2 — E), (5.7)

K, (s) = —1'C?cT(s) — C,Cuo'(0) (f)z(s) —7'C? — E) ,

then
[Ko(s), Ki(s)] = £K1(s) v [K_(s), Ki(s)] = AoKo(s) + A1,
where
Ay = —270"(0)CECLH(—7'C%) (0’ (0) + 7/) and
Ay = —FEAy(-7'C2)~t + CECS72[6'(0)7(0) — o (0)7'].

The case Ag = 0 corresponds to the Charlier case (see the previous section). If
Ap # 0, we have two possibilities: Ag > 0 and Ay < 0. In the following we will choose
C?2=-1/7"ie., —7'C2 =1.

In the first case Ag > 0 one can choose Cp, and F in such a way that Ag = 2 and
A; = 0. Thus

-7 Cilo'(0)7(0) — a(0)7']
c2=— T ___  p=_=b : 5.8
b0 +0'(0)] 27! (5:8)
Consequently, the operators K1 and Kj are such that
[Ko(s), K+(s)] = £K4(s) and [K_(s), K (s)] =2Ko(s). (5.9)
This case corresponds to the Lie algebra Sp(2,R).
In the second case one can choose C;, and E in such a way that Ag = —2 and
Ay =0. Thus
/ 27/ _ /
2= T B Cylo’(0)1(0) — o (0)7'] . (5.10)

' (0)[r" + o'(0)]’ 27!
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Consequently, the operators K1 and Kj are such that
[Ko(s), K+(s)] = £K4i(s) and [Ky(s),K_(s)] =2Ko(s). (5.11)

This case corresponds to the Lie algebra so(3).

Notice that since the operator f),(s) is selfadjoint, the operators K4 (s) are mu-
tually adjoint in both cases, i.e.

<K+q)m; (I)n>d = <(I)m7 K—(I)n>d~
5.1. Dynamical symmetry algebra Sp(2,'R). Let us consider the first case.
We start with the operator
K(s) = K3(s) — Ko(s) — K+ (s)K_(s), (5.12)

where Ky(s), K (s), and K_(s) are the operators given in (5.7). A straightforward

calculation gives

~ 7(0)0’(0) — 7' (0)

~ 207(0)(0"(0) + )

where F is given by (5.8), i.e., the K2(s) is the invariant Casimir operator.
Furthermore, if we define the normalized functions

K?(s) = E(E — 1), E

B, (s) = pcgj) Po(s),

we have
K2%(5)®,(s) = E(E —1)®,(s), Ko(s)®y(s) = (n+ E)P,(s). (5.13)
Now using the commutation relation (5.9), it is easy to show that
Ko(8)[K+(8)@a(s)] = (0 + B & 1)K (5)®n(s).
Consequently, from (5.13) and the above equation we deduce that
K (5)®,(s) = knPri1(s), K_(8)®,(s) = 6, Pr-1(s).
Employing the mutual adjointness of the operators K4, one obtains
Fin = (K4 @n(s), Pntr(s))a = (Pn(s), K_Pry1(s))a = Fnt1,
thus
K (8)P,(8) = knt1Pnt1(9), K_(8)®,(s) = kn®Pn_1(s). (5.14)
In order to compute k,, use (5.13) and (5.14); this yields
E(E—1)=n+E?-(m+E)—k2 = k,=+n(n+2E-1).
In this case the functions (®,), define a basis for the irreducible unitary repre-
sentation D*(—F) of the Lie group (algebra) Sp(2,*R).

From the above formula it follows that the functions ®,,(s) can be obtained re-
cursively via the application of the operator K (s), i.e.,

B0(5) =~ KP(5)Ba(s). Do) = g;(

~

where p(s) is the weight function of the corresponding orthogonal polynomial family
and dy is the norm of the Py(s).
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5.1.1. Example:
tions

The Meixner functions. Let consider the Meixner func-

(I)nM(S) — M(sfn)/Z(l _ u)'y/2+n (’7)5

>0
slal(y), " (s), n20,
and the hamiltonian b

—vVus(s+y—1)e

p(s+1)(s+7)e® + (s +p(s+7)1
thus [)1 Y@M (s) = n®M(s). In this case we have Cj,
Therefore

s—l—i—'y 16%85
1—uw — ’

S_,_~_7
C1-pu

N\H
[N

67 %
Consequently,

Moreover,

T\ g M
n+ 2) o7 (s),

1+
-8 s—l—i—'y \F — /(s + 1)( s+7 f (54_%)7”]
-1 1
K+(S) _ S(S +p)/) 6_65 _ H (S+ )(S+7) eas + \/ﬁ (2S+’}/) I,
1—pu 1—pu 1—p

0. VBTG

2s+v) 1,
% I—p 1 u< )
and
M TN M 2 My _ (Y M
Ky(s =/(n+1) n—i—’y‘IJ%rl
K_

(5.15)
=/n(n+v—1)eM
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Using the fact that b, 07 (s) = 204! (s), together with the formulas (5.7) and (5.15),
one finds

0=K_(5)®)(s) = /s(s — 1 +~) @) (s — 1) — sp~ 20} (s),

therefore the normalized function ®)7(s) is

_ A=) | pT(y +s)
K (3)‘\/ ) ¢ TONG 1)’

and

B 6) =\ i (5" [ )

A similar result have been obtained before in [9].

5.2. Dynamical symmetry algebra so(3). Let us consider the second case
and define the following operator

K(s) = K2(s) + Ko(s) + K_(s)K . (s). (5.16)

where Ko(s), K+ (s), and K_(s) are the operators given in (5.7). Substituting the
value of E, given by (5.10), and doing some straightforward computations yield
7(0)o’(0) — 70 (0)

257(0)(a’(0) + 1)’

K?(s) = E(E - 1)I, E =

i.e., the K?(s) is the invariant Casimir operator.
Moreover, if we define the normalized functions as

@) = 1/ 2 (s),

we have
K?%(8)®,(s) = E(E —1)®,(s), Ko(s)®pn(s) = (n+ E)P,(s). (5.17)
Now using the commutation relation (5.11), we have
Ko(8)[K+(8)®a(s)] = (n+ E & 1) K4 (5)Pn(s).

Consequently, from (5.13) and the above equation, we conclude that

Ky (5)Bn(s) = Fu®pia(s), K (5)®u(s) = iy _1(s).
Using the mutual adjointness of the operators K, one obtains

Fn = (K4 ®n(8), Pnt1(s))a = (Pn(s), K-Pni1(8))a = Fny1,
thus

K (8)0,(s) = knt1Pnt1(s), K_(5)®,(s) = kn®p_1(s). (5.18)
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To compute £y, use (5.13) and (5.18); this leads to

E(E-1)=n+E?+m+E)+r2, = ky=+v-(n)n+2E-1).

In this case the functions (®,), define a basis for the irreducible unitary repre-
sentation Dt (—FE) of the Lie algebra so(3).

As in the previous case, from the above formula it follows that the functions ®,,(s)
can be obtained recursively via the application of the operator K (s), i.e.,

Bals) = — KED(s), ols) = Y2

where p(s) is the weight function for the associated orthogonal polynomial family and
dp is the norm of the Py(s).

5.2.1. Example: The Kravchuk functions. Let us consider now the Krav-
chuk functions

Of (s) = plomm/2(1 — p) N el

and the corresponding hamiltonian £, (s)

Vps(N —s+1 N —2 (N —
b5 (s) = — ps(N — s+ h4%+ pt+s—2ps,  /pls+ 1 S%m’
V1—p 1—p V1—p

thus f)f(s)@f(s) = n®K(s). In this case C, = VI—p, C, = \/p~ !, E = =&,
therefore

1, 1s
b(s) = —v/p(N — s+ De 2% + /(T - p)(s + Dez™,

b+(8):'_V@XR;:?;1E56563+' (1-pX8-%%)e%&.

Consequently,

By(s) = (1= p) By () — o = b(s)b* (s) -

Moreover,

Ko(s) = —=/p(1 = p)s(N — s+ 1)e™% — /p(1 —p)(s + 1)(N — s)e’
+[N(p—3) —s(2p— ]I,

Ki(s)=(1-p)/s(N —s+1)e % +p\/(s+ 1)(N — s)e? — /p(1—p)(2s — N)I,
K_(5) =py/s(N —s+1)e % + (1—-p)\/(s + 1)(N — s)e — \/p(1—p)(2s — N)I,
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and

Kool ) = (0= 5 ) o) KAL) = T (¥ + 2 BE)

K ()@ (s) = /(n + 1) (N —n) @5 (s),
(5.19)
K_(s)8K(s) = \/n(N —n+ 1)K | (s).

n

Using the fact that h,®{ (s) = =5 ®{ (s), together with the formulas (5.7) and (5.19),
we find

0= K- (92 () = \ [ (@{f e 1>) ,

therefore the normalized function ®X (s) is equal to

nl(N —n)!
sI(N — s)!”

0T o [(7)(125)])

6. The g-case. To conclude this paper we will discuss here briefly what happens
in the g-case. The preliminary results, related with this case, have been presented
during the Bexbach Conference 2002 [3]. A more detailed exposition of these results
is under preparation.

One can first introduce the corresponding normalized functions

_ A)Vo(s)

CI)(I)((S) — p(s—n)/Z(l _ p>(N—n—s)/2

and

Pp(s;q), (6.1)

where d,, is the norm of the ¢g-polynomials P, (s; q), p(s) is the solution of the Pearson-
type equation

A

Az(s— 1)

[o(s)p(s)] = 7(s)p(s) or (s +1)p(s+1) = o(—s — w)p(s),

and A(s) is an arbitrary continuous function, not vanishing in the interval (a,b) of
orthogonality of P,. If P,(s; q) possess the discrete orthogonality property (2.3), then
the functions ®,,(s) satisfy

b—1
((5), () = 3 q)n(s)q>m(5)VAx21(s‘;) = . (6.2)

Notice that if A(s) = \/Vz1(s), then the set (®,), is an orthonormal set. Obviously,
in the case of a continuous orthogonality (as for the Askey-Wilson polynomials) one
needs to change the sum in (6.2) by a Riemann integral [10, 27].
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Next, we define the g-Hamiltonian $),(s) of the form

1 1

$q(s) = mA(S)Hq(S)A(S)7 (6.3)

where
Vo(—s—p+1)o(s) _o \/0' o(s+1)
Hq(S) =— Vx(s) e~ 9 Ax( ) d (6.4)
o(—s—p) o(s)
+ (T et -

As in the previous case, one can easily check that

Now we define the a operators:
DEFINITION 6.1. Let o be a real number and A(s) and B(s) are two arbitrary
continuous non-vanishing functions. We define a family of a-down and a-up operators

by
a4 (s)i= 20 easW@) \/ )
\/W V(s) A(s)’

( s) [o(—s— 1 > Vx1 )
Vxl Vac(s Aa: ’

respectively. The first result in this case is

THEOREM 6.2. Given a q-Hamiltonian (6 3) 9,(s), then the operators al (s) and
al (s), defined in (3.5), are such that for all a € C, ﬁq(s) =al (s)al(s).

Our next step is again to find a dynamical symmetry algebra, associated with the
operator $),(s), or equivalently, with the corresponding family of g-polynomials.

DEFINITION 6.3. Let ¢ be a complex number, and let a(s) and b(s) be two opera-
tors. We define the ¢-commutator of a and b as

[a(s),b(s)]s = a(s)b(s) — cb(s)a(s). (6.7)

al (s):=

We want to know whether the following problem: To find two operators a(s) and
b(s) and a constant s such that the Hamiltonian $)4(s) = b(s)a(s) and [a(s),b(s)]. = I,
has a non-trivial solution.

Obviously, we already know the answer to the first part: these are the operators
b(s) = al (s) and a(s) = al(s), given in (6.6). The answer to the second part of this
problem is summarized in the following two theorems (in what follows we assume that
A(s) = B(s)).

THEOREM 6.4. [3] Let (®,), be the eigenfunctions of $4(s), corresponding to
the eigenvalues (An)n, and suppose that the problem 1 has a solution for A # 0. Then
the eigenvalues \,, of the difference equation (3.4) are q-linear or q~1-linear functions
ofn, i.e., \p = C1q" + C3 or A\, = Caq™ ™ + Cj3, respectively.
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THEOREM 6.5. [3] Let $)4(s) be the g-Hamiltonian (6.3). The operators b(s) =
al (s) and a(s) = al(s), given in (6.6) with B(s) = A(s), factorize the Hamiltonian
$q(s) (6.3) and satisfy the commutation relation [a(s),b(s)]c = A for a certain com-
plex number <, if and only if the following two conditions hold

V(s) \/ Vzi(s —1)Vaxi(s) \/O’(S —a)o(—s — p+a)
V(s —a) \| V(s — a)Az(s — @) o(s)o(—s—pu+1)

=s,  (6.8)

1 o(s—a+1) o(—s—p+ a) 1 o(s) | ol=s—p)\ A
Az(s—a) <Vx1(s—oc+1) * Vzi(s—a) ) ngl(s) (Va:(s) + Ax(s) > -
The proof of the theorem 6.5 is similar to the proof of the theorem 4.1, presented
here for the case of the uniform lattice x(s) = s.

Let us point out that the g(respectively, ¢~!)-linearity of the eigenvalues is a
necessary condition in order to provide that the solution of problem 1 exists. But this
condition is not sufficient. For example, if we take the discrete g-Laguerre polynomials
L& (2;q) (for more details see [3]) with a # ¢~'/2, the problem has not a solution, but
An is a g-linear function of n.

6.1. Examples. We present here only two examples, others can be found in [3].

6.1.1. The Al-Salam & Carlitz I ¢g-polynomials UT(La)(a:;q). We start with
the very well known case: the Al-Salam & Carlitz I polynomials [21]. The correspond-
ing normalized functions (3.2) are

qx
i P q°.

(g2, 01 qz; )oo (—a)g3) g "
D, (z) = A2(s) 20
() \/(1—q)(q;q)n(q,a,q/a;q)m (5)261 0
1 1
Putting A(s) = \/Vzi(s) = \/xk,, where k; = ¢2 — ¢~ 2, we have that the functions
(®,,)n satisfy the orthogonality condition

where the integral fal f(x)dqx denotes the classical Jackson g-integral.
For these polynomials o(s) + 7(s)Vx1(s) = a, therefore o = 0 and ¢ = ¢~ 1. The
g-Hamiltonian has the form

Ve —D@—a) , Val-gz)la—qr) ,

$q(s) = (0= 1)%2 22 e
Valg(x—1)z+a(l+q—qr)) s
+< (q—1)%? )L T

31 —n
2

) ®,,(s) and the operators (x = ¢°)

Consequently, $4(s)®,(s) = ¢

—~|
—

al(s) = ab(s) = - (Vo 1/a)(@ —afg) * ~ Va ).,

" (6.10)

=

a°
kqx

o
—
—~
»
N
I

ag(s) =

(V=D —a) e = Vaja 1),
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are such that

al(s)al(s) = Hy(s), and [at(s),al(s)],—r = qu

A straightforward calculation shows that the operators a'(s) and a'(s) are mutually
adjoint. A similar factorization was obtained earlier in [6] and more recently in [4]
with the aid of a different technique.

The special case of the Al-Salam & Carlitz I polynomials are the discrete g¢-
Hermite I h,(z;q), * = ¢°, polynomials, which correspond to the parameter a = —1
[21].

6.2. Continuous ¢g-Hermite polynomials. Let us now consider the particular
case of the Askey-Wilson polynomials when all their parameters are equal to zero, i.e.,
the continuous g-Hermite polynomials [21]. In this case o(s) = C,q>*.

Let us choose A(s) = B(s) = y/Vzi(s). In this case &« = 1/2 and ¢ = 1/q. The
corresponding Hamiltonian is given by

Hals)=—— Cod e Co e
! k2+v/sin 6 \sin(6+ 5 log q)/sin(6+ilog q) sin(6— % log q)/sin(f—ilog q)

N 1 ng?s Caq—Qs s
k2sin6 \ sin(6 + % logg) sin(f — % log q)

and the a-operators

1 C,q2 1 Coq=2s
! =e2% Cac — e 29 o4
a1/2(s) ¢ \/kg sin @ sin(f + £ log q) € \/kg sin@sin(6 — £logq)’

C..g2s 1 C _g—2s 1
aq — aqd 6265

T — 30s _
C‘1/2(5) \/—k§ sin Osin(0 + £ log q)e \/—kg sin@sin(0 — % log q) ’

are such that

al(s)at(s) = H,(s) and [al(S),aT(s)]l/q = 4qu’G‘

Another possible choice is A(s) = B(s) = 1 [12], hence a straightforward calcula-
tion shows that the two conditions in Theorem 6.5 hold if ¢ = ¢~ !, thus A = 4Cakq’1.

With this choice the orthogonality of the functions ®,, is f_ll D, ()P (8)dx = Iy
In this case, the Hamiltonian is

Csq e 9 e 4 1+g¢
NDals) =5 5= 3 + 3 e\ o L
ki | sinf@sin(+35Ing) sin(f—5lng)sind /g qa+q 2 cos 20

v—Cy, 1y _ly
al(s) = a]l_/Q(S) = k Sin9 ezabqs - abq s )
q
(6.11)
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With these operators

9q(s) = aT(s)al(s) and [ai(s),aT(s)]qq =

This case was first considered in [12].
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