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ABSTRACT. ¢-Classical orthogonal polynomials of the g-Hahn tableau are characterized from
their orthogonality condition and by a first and a second structure relation. Unfortunately, for
the g-semiclassical orthogonal polynomials (a generalization of the classical ones) we find only in
the literature the first structure relation. In this paper, a second structure relation is deduced.
In particular, by means of a general finite-type relation between a g-semiclassical polynomial
sequence and the sequence of its ¢-differences such a structure relation is obtained.

1. INTRODUCTION

The g-Classical orthogonal polynomial sequences (Big g-Jacobi, ¢g-Laguerre, Al-Salam Carlitz I,
g-Charlier, etc.) are characterized by the property that the sequence of its monic g-difference
polynomials is, again, orthogonal (Hahn’s property, see [?]). In fact, the g-difference operator is
a particular case of the Hahn operator which is defined as follows

flgz + w) — f(x)
qu(f)(l')— (q—l)x+w
In the sequel, we are going to work with g-semiclassical orthogonal polynomials and g-classical
polynomials of the Hahn Tableau, hence we will consider the g-linear lattice z(s), i.e. z(s+1) =
qx(s) + w. Therefore, for the sake of convenience we will denote AM) = L, . Notice that for
q = 1 we get the forward difference operator A. In such a case, when w — 0 we recover the
standard semiclassical orthogonal polynomials [?].

Taking into account the role of such families of ¢-polynomials in the analysis of hypergeometric g-
difference equations resulting from physical problems as the ¢-Schrodinger equation, g-harmonic
oscillators, the connection and the linearization problems among others there is an increasing
interest to study them. Moreover, the connection between the representation theory of quantum
algebras and the g-orthogonal polynomials is well known (see [?] and references therein).

We also find many different approaches to the subject in the literature. For instance, the
functional equation (the so-called Pearson equation) satisfied by the corresponding moment
functionals allows an efficient study of some properties of g-classical polynomials [?], [?], [?], [?].
However, the g-classical sequences of orthogonal polynomials {Cy, },>0 can also be characterized
taking into account its orthogonality as well as one of the two following difference equations, the
so-called structure relations.

, weC,qeC, |q #1.

e Flirst structure relation [?], [?], [?]

n+t
(1) (I)(S)CT[L”(S) = Z )\n,VCV(S)a n >0, )\n,n #0,n>0,

where ® is a polynomial with deg® =t < 2 and CE](S) = [n+1]7TAMC,,1(s), being
[n]:=(¢"-1)/(¢g—1), n=0.
ee Second structure relation [?, 7]
(2) Co(s) = > OnyCl(s), n>t, 0<t<2, Opp=1n>t
v=n—t
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The g-classical orthogonal polynomials were introduced by W. Hahn [?] and also analyzed in [?].
The generalization of this families leads to ¢-semiclassical orthogonal polynomials which were
introduced by P. Maroni and extensively studied in the last decade by himself, L. Kheriji, J. C.
Medem, and others (see [?, ?]).

For g¢-classical orthogonal polynomial sequences, which are g-semiclassical of class zero, the
structure relations (1) and (2) become

¢(3)Lq,wpn(5) = anPnJrl(S) + gnpn(s) + §nPn,1(S), ?n 7é O,
U(S)Ll/q,w/qpn(s) = anPnJrl(S) + Bnpn(s) + %an(s), an 7& 07

Pu(s) = PM(s) + 6,PM (5) + en P15 (s).

In particular, in Table 1 we describe these parameters for some families of ¢-classical orthogonal
polynomials.

The first structure relation for the g-semiclassical orthogonal polynomials was established (see
[?]), and it reads as follows.

An orthogonal polynomial sequence, { By, }n>0, is said to be g-semiclassical if

n+t
Bl (s Z AMwBu(s), n>0, Mno#0, n>0+1,
v=n—o
where @ is a polynomial of degree ¢ and o is a non-negative integer such that o > max{t —2,0}.
Recently, F. Marcellan and R. Sfaxi [?] have established a second structure relation for the
standard semiclassical polynomials which reads as follows

Theorem 1.1. For any integer o > 0, any monic polynomial ®, with deg® =t < 042, and any
SMOP {B,,}n>0 with respect to a linear functional u, the following statements are equivalent.

(i) There exist an integer p > 1 and an integer r > o +t+ 1, with 0 = max(t —2,p — 1),

such that
n+o n+o
Z gn,VBV(:L‘) = Z gn,l/BLI] (1’), n Z max(a, t =+ 1)a (336)
v=n—o v=n—t

where BY ()= (n+1)7'B) 4 (2),
fn,n-{—o— = Sn,n+o = 1, n> maX(@ t+ 1)7 gr,r—agr,r—t 7é 0,
(Pu),Bp) =0, p+1<n<20+t+1, (Pu),B,) #0, (¢ >1),
and if p=1t—1 then (u, B2) ' (u, ®By;) ¢ N*.
(ii) The linear functional u satisfies
(Pu)' + Yu =0,

where the pair (®, V) is admissible, i.e. the polynomial ® is monic, deg® =t, deg¥ =

p>1,and if p=t—1 then %\I/(”)(O) ¢ —N* with associated integer o.
Now, we are going to extend this result for the g-semiclassical polynomials of the Hahn Tableau.
Some years ago, P. Maroni and R. Sfaxi [?] introduced the concept of diagonal sequence for

the standard semiclassical polynomials. The following definition extends this definition to the
g-semiclassical case.

Definition 1.1. Let {B,},>0 be a sequence of monic orthogonal polynomials and ¢ a monic
polynomeal with deg ¢ =t. When there exists an integer o > 0 such that

n+t
(3) ¢(S)Bn(5) = Z GHJ/BI[/H(S)? an,n—a ?é 0, n=>o,

v=mn—o

the sequence {By,}n>0 is said to be diagonal associated with ¢ and index o.
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Big g-Jacobi ﬁn(az, a,b,c;q) r=x(s) =gq

A1)
Py, ( ;a, b C; Q) = q_nﬁn(q% aq, bQ7 cq; Q)
x) = aq(z — 1)(bx — ¢) o(z) = ¢ *(z — aq)(z — cq)
@n =abg[n]  an=q"[n]
n+1)c+ ab2 2n+1 + b(l _ Cq _ Cq _ Can(l +q-— an-l-l))
(1 —abg®>)(1 — abq2n+2)
~ et c+ a2bq2n+1 + a(l _ cqn _ cqn _ bq”(l +q— an+1))
Bn = q[n](1 —abg"™)
" (1 — abg®™)(1 — abg?n+2)

(L= ag")(1 —bg")(1 — abg”)(c — abg")(1 — cq")(1 — abg" ")
(1 — abg®)2(1 — abg®»—1)(1 — abg?+1)

M 1-¢"Hl-9 _
— abq"“ (1 _ abqn)(l _ abqn+l)’7n

Bn = —aq[n](1 — abq

5n €n = abq2n

ﬁn = qn% op = —

S

(A2) g¢-Laguerre Ll (z;q) r=x(s) =q
L ;) = ¢ L (gw;0)

$@) =ax(z+1)  ol@)=q 'z

an=aln]  Bu=g¢ " 'M(1+q—ag")  Au=a"'¢""*"[n](1-aq")
~ ~1_1-3n

a, =0 Bn =q "[n] Yo =a~q (1 —aq™)
Sn=a'1-q)Bn  en=a'1-¢")(1—q)n

(A3) Al-Salam Carlitz I Ur(la) (x5 q) r=x(s) =¢°
W) = 0 @) ~
o(x)=a oz =1—-2)(a—2) dn=¢""n Bu=ql+a)n] An=aq"[n]

(A4) g¢-Charlier Cy(q~%;a;q)

C’I[LH(q_S7 a; q) = C'\n(q—s7 aq—l’ q)

o(x) =x(x—1) o(z) = ¢ lax

Qp = [n] //B\n - q—2n_1[’n](a +aq + qn+1> ;)7n _ aq1—4n[n] (a + qn)

a, =0 gn = aq*"[n] %n = qn% Op = (1 - Q)B\n €n = (1 - qnil)(l - Q):V\n

polynomials are not diagonal.

TABLE 1. Some families of ¢-polynomials of the Hahn Tableau

(@(s+ 1) + v0)Qn(s) = Q1 (5) + puQIl(s), n >0,

3

Obviously, the above finite-type relation, that we will call diagonal relation, is nothing else that
an example of second structure relation for such a family. But, some ¢-semiclassical orthogonal
As an example, we can mention the case of a g-semiclassical
polynomial sequence {@Qp }n>0 orthogonal with respect to the linear functional v, such that the
functional equation: ANy = Wy, with deg ¥ = 2, holds. In fact, the sequence {Qn}n>0 satisfies
the following relation
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where the lattice, x(s), is ¢-linear, i.e. z(s+ 1) — gz(s) = w,

n+1 1
pn: q [n+ ]7n217 p0:07
Q: Yn+1
In+2Yn+1
= I2ntle s 4Bn—w, n>0.

Here € is a constant, v, and 3, are the coefficients of the three-term recurrence relation (TTRR)
that the orthogonal polynomial sequence {Qy, }»>0 satisfies. In fact, this sequence is not diagonal
and it will be analyzed more carefully in § 5.1.

The aim of our contribution is to give, under certain conditions, the second structure relation
characterizing a g-semiclassical polynomial sequence by a new relation between the sequence
of g-polynomials, {B;,}n>0, and the polynomial sequence of monic g¢-differences, {BT[L1 ]}nzo, as
follows

n+o n+o
Z $npBu(s) = Z §n,,,B7[11](s), n > max(t + 1,0),
v=n—o v=n—t

where &, pto = Snuntoe = 1, n > max(t + 1,0), and there exists r > o + ¢t + 1 such that
gr,rfo'gr,rft 7& 0.

Notice that when o = 0 we get the second structure relation (2).

2. PRELIMINARIES AND NOTATION

Let u be a linear functional in the linear space P of polynomials with complex coefficients and
let P’ be its algebraic dual space, i.e., the linear space of the linear functionals defined on P. We
will denote by (u, f) the action of u € P’ on f € P and by (u), := (u,2™), n > 0, the moments
of u with respect to the sequence {z"},>0.
Let us define the following operations in . For any polynomial k and any ¢ € C, let AMw, hu,
and (z — ¢)"lu be the linear functionals defined on P by (see [?, ?])
(i) (AWu, f) = —(u, AV f), feP,

(i) (gu, f) :==(u,gf), [, g€P,

(i) ((z — ) u, f) = (u,0.(f)), fEP, c€C, where O.(f)(x) = L2
Furthermore, for any linear functional v and any polynomial g we get

(4) Lo (gu) := AV (gu) = g(¢™ (& — w) AW u+ AW (g(¢7 (z — w)))u.

Let { B, }n>0 be a sequence of monic polynomials (SMP) with deg B, =n, n > 0, and {uy }n>0
its dual sequence, i.e. u, € P, n > 0, and (up, Bp) := dpm, n, m > 0, where 0, is the
Kronecker symbol. The next results are very well-known [?].

Lemma 2.1. For any u € ', and any integer m > 1, the following statements are equivalent.
(i) (u,Bm-1) #0, (u,Bp)= 0, n>m.

m—1
(ii) There exist \, € C, 0 <v <m—1, \p—1 # 0, such that u = Z ApUy.

v=0
On the other hand, it is straightforward to prove

Lemma 2.2. For any (t,5,7) € N>, 7 > 6+t + 1 and any sequence of monic polynomials
{Q}n>0, deg Qy, =n, n >0, with dual sequence {wy}n>0 such that

n
Qn(x) = > AuBu(x), n>t+5+1, Apg#0,
1/:7’1,—?
Qn(xr) = Bp(z), 0
we have that wy, = uy, for every 0 < k <
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The linear functional u is said to be quasi-definite if, for every non-negative integer, the leading
principal Hankel submatrices H, = ((u)iﬂ)zjzo are non-singular for every n > 0. Assuming u
is quasi-definite, there exists a sequence of monic polynomials {B;, },,>0 such that (see [?])

(i) deg B, =n, n >0,

(ii) (u, BnBm) = Tnénm, with 7, = (u, B2) # 0, n > 0.
The sequence {Bj},>0 is said to be the sequence of monic orthogonal polynomials, in short
SMOP, with respect to the linear functional u.
If { B, }n>0 is a SMOP, with respect to the quasi-definite linear functional u, then it is well-known
(see [?]) that its corresponding dual sequence {uy, }n>0, is

(5) Up = 1, 'Bpu, n > 0.
Remark 2.1. We assume ug = u, i.e. the linear functional u is normalized.

On the other hand, (see [?]), the sequence { By, },>0 satisfies a three-term recurrence relation
(TTRR)

(6) Bnyi(z) = (z = Bp) Ba(z) — mBn-1(2), n 20,

with v, #0, n > 1 and B_;(x) =0, By(z) = 1.

Conversely, given a SMP, {B,},>0, generated by a recurrence relation (6) as above with ~,, #
0, n > 1, there exists a unique normalized quasi-definite linear functional u such that the family
{By}n>0 is the corresponding SMOP. This result is known as Favard Theorem (see [?]).

An important family of linear functionals is constituted by the g-semiclassical linear functionals,
i.e., when u is quasi-definite and satisfies

(7) AW (Du) = V.

Here (®,V) is an admissible pair of polynomials, i.e., the polynomial ® is monic, deg ® = t,
degWV =p > 1, and if p =t — 1, then the following condition holds

p
lim —— [AMP G(0) = lim — AD - AD G(0) £ —n, ne N,
o ol i

where [m]! = [1][2] - - - [m], m € N*| is the g-analog of the usual factorial.

The pair (®, ¥) is not unique. In fact, under certain conditions (7) can be simplified, so we
define the class of u as the minimum value of max ( deg(®) — 2, deg(¥) — 1), for all admissible
pairs (®, V). The pair (®, V) giving the class o (0 > 0 because deg(¥) > 1) is unique [?].
When u is g-semiclassical of class o, the corresponding SMOP is said to be g-semiclassical of
class o.

When o = 0, i.e., deg® < 2 and deg ¥ = 1, then u is g-classical (Askey-Wilson, ¢-Racah, Big
g-Jacobi, ¢-Charlier, etc). For more details see [?, 7, ?].

3. MAIN RESULTS

First, we will present particular cases of diagonal sequences.
Let {P,}n>0 and {Qn}n>0 be sequences of monic polynomials, {v,},>0 and {wy}n>0 their
corresponding dual sequences. Let ¢ be a monic polynomial of degree t.

Definition 3.1. The sequence {P,}n>0 is said to be compatible with ¢ if pv, # 0, n > 0.
Lemma 3.1. [?, Prop. 2.1] Let ¢ be as above. For any sequence {Pp}n>0 compatible with ¢,
the following statements are equivalent.
(i) There is an integer o > 0 such that
n+t

(8) qb(ll?)Qn(ZL') = Z )\n,VPu(l')y n > o,

v=n—o

(9) dr>o0 1 Ay #0.
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(ii) There are an integer o > 0 and a mapping from N into N : m +— p(m) satisfying

(10) max{0,m —t} < p(m) <m-+o, m>0,
(11) Imo >0 with pu(mo) =mo+ o,
such that
w(m)
(12) PUyp = Z >\l/,mwl/7 m > t,
v=m—t

)‘u(m)ﬂn 75 0, m > 0.

Proposition 3.1. [?, Prop. 2.2] Assume {Qn}n>0 is orthogonal and {P,}n>0 is compatible with
¢. Then the sequences {Pp}n>0 and {Qn}n>0 fulfil the finite-type relations (8)-(9) if and only
if there are an integer o > 0 and a mapping from N into N : m — u(m) satisfying (10) and
(11). Moreover, there exist {km}m>0 and a sequence {A,m)}tm>0 of monic polynomials with
deg(Ayu(m)) = u(m), m >0, such that

(13) ¢Um = kmAM(m)wo, m > 0.

n(m

From these two results we get

Corollary 3.1. [?, Prop. 1.6] Let ¢ be as above. For sequences of monic orthogonal polynomials
(SMOP) { P, }n>0 and { By, }n>0 orthogonal with respect to linear functionals v and u, respectively,
the following statements are equivalent.

(i) There exists an integer o > 0 such that

n—+t
$(5)Pa(s) = Y AwBl(s), Ao £0, n>0.

v=n—o

(ii) There exists a monic polynomial sequence {Qpotn>0, with deg(Qpto) =n+o0, n >0
and non-zero constants k,, n > 0 such that

(14) qﬁug} = knQpiov0-
where {Ug]}nzo is the dual sequence of {B,[ll]}nzo.
Thus we can prove

Proposition 3.2. Any diagonal sequence, { By }n>0, orthogonal with respect a linear functional
u 1s necessarily semiclassical and w satisfies

(15) AD(6(g2 + )8 (2)u) = Y(x)u, 0> 0

where

(16) ule) = LD 00 (6) = (51005 ~ DB ()
and

(17) dp = [n+ 1] W Brso) s

<u, BEL+1>)\’)’L+U,TL
Furthermore, the sequence { dy,4s}tn>0 satisfies

(18)

QnJrg(s)A(l)Qg(s) — QU(S)A(l)Q,HU(s) = ¢(s+ D{dpnQ%(8)Brt1(s+1) — doQnio(s)Bi(s +1)}.
Proof: Let {B,,},>0 be a diagonal sequence in the sense of Definition 1.1 and assume the linear

functional u is normalized. Then from Lemma 3.1 there exist a sequence of monic polynomials
{40 }n>0 and non-zero constants {ky, },>0 such that

pull) = ki ou



SECOND STRUCTURE RELATION FOR ¢-SEMICLASSICAL POLYNOMIALS OF THE HAHN TABLEAU 7

Then
kA Q) = AD (9~ — w)))ull + (g~ — ) AV
(19) = AD(g(g w— )l — I @ ) B (@)u(s),
<u> Bn+1>
as well as
(20) A (¢(S)¢)(S _ 1)) — ¢(8> (25(8 + 1) — ¢(S — 1) )

Ax(s)

Combining (19) and (20), a straightforward calculation yields (15), (16), and (17).
Taking (15) for n = 0 and cancelling out AM(¢(gz + w)u), from the quasi-definite character of
u we obtain (18). O

Corollary 3.2. [?, Corollary 2.3] If { By, }n>0 is a diagonal sequence given by (3), then we get
1
(21) GiSost+2

For a linear functional u, let (®, ¥) be the minimal admissible pair of polynomials with ¢ monic,
deg® =t, and deg ¥ = p > 1, defined as above. To this pair we can associate the non-negative
integer 0 := max(t —2,p—1) > 0.

Now, given {B,, }n>0, a SMOP with respect to u, we get

(22) (s)BM(s HZH AnwBu(s), n>max(t—1,0),
where Annis = 1 and
o = 7 0,00 BB 5) = s (B, A0
= T B ) A (@) £ A (B (g — ), i), < v <t

[n+1]

Lemma 3.2. [?, Prop. 3.2] For any monic polynomial ®, deg® =t, and any SMOP {B,,},>0
with respect to u, the following statements are equivalent.
(i) There exists a non-negative integer o such that

n+t
(23) ®(s)BM (s Z AnwBu(s), n>o,
(24) Aum—o 20, n>0+1.
(ii) There exists a polynomial ¥, deg W = p > 1, such that
(25) AW (Py) = Tu.

where the pair (®, V) is admissible.
(iii) There exist a non-negative integer o and a polynomial ¥, with deg¥ = p > 1, such that

n+o(n)
(26) ®(s)AMB, (s —1) + U(s)By(s — 1) Z nwBuii(s), n>t
(27) 5\n,n—t 7é 07 n > t’

where o = max(p — 1,t — 2), the pair (P, V) is admissible, and

(28) U(n)Z{ Pl Z;?’

g,
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We can write

3 <’LL, B'r2L>
(29) Ay =—V+1]——"5"Mn, 0<v<n+o.
<u7 BZ+1>
Proof: (i)= (ii), (iii). Assuming (i), from Lemma 3.1 and taking P, = B,, and Q,, = Br[ll], we
get
pu(m)
du,, = Z Au,m“z[/l}a m > 0.

v=0
On the other hand, (24) implies u(m) =m+ o, m > 1.
Taking into account that

(30) AW = —[m 4+ Nupyr, m >0,
we have
u(m)
AD(@uy,) == > Ay + L1, m > 0.
v=0
In accordance with the orthogonality of {B;,},>0, we get
(31) AW (®B,u) = VU m)+1u, m >0,
with
p(m)
(32) Wymy+1(s) = Z Avm[v +1]Byia(s), m > 0.
v=0

Taking m = 0 in (31), we have
(33) AW (Du) = =T, )4 1u.
Inserting (33) in (31) and because u is quasi-definite, we get
(I)(S)A(l)Bm(S -1) - \IJM(O)-H(S)BWL(S -1)= _\Iju(m)-i-l(S)? m 2 0.

The consideration of the degrees in both hand sides leads to

e If t — 1> u(0) + 1, which implies ¢ > 3, then t = 0 4+ 2, u(0) < o.
o Ift —1 < pu(0)+1, then pu(0) =0, t <o +2.

Obviously, the pair (®, —W¥,)4+1) is admissible and putting p = ((0) + 1, we have o = max(p —
1,t —2). So (26) and (27) are valid from (29).

Thus, we have proved that (i)=-(ii) and (i)=-(iii).

(ii)=-(iii). Consider m > 0. Thus

m+o(m)+1
(s)AVB, (s = 1)+ U(s)Bu(s — 1) = > A, ,By(s).
v=0
We successively derive from this
(u, (®(s)AW By, (s — 1) + U (s) By (s — 1)) B,) = Ao, BZ}, 0<pu<m+o+1.
A straightforward calculation yields
(34) (u, (®(s) AW B, (s — 1) + U(8) By (s — 1)) B,,) = —(u, ®(s) B (s) AN B, (s)).
Then
—(u, ®(5) B () A By (s)) = Ay, B).-
Consequently, A, , =0,0<pu<m—t, A}, g =0, m>0. Moreover, for y =m —t+1, m > t,

—(u, @(5) P () AW Py —41(8)) = —[m — t + 1)(u, By,) = Xy g 1w By, 1)
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Therefore, for m > t,

m+o(m)
<I>(S)A(1)Bm(3 — 1)+ ¥(s)Bp(s — 1) Z A maw+1Br+1(8), A;n,m—tﬂ # 0.
v=m—t
(iii)=(i). From (26), we get
m+ao(m) ~
> Anwbnprr = {tn, ®(s)AM By, (s — 1) + T(5) Bru(s — 1))
v=0

—(AD(Duy,) — Vuy,, Bp(s —1)).
For n =0, (¥u — A (®u), B,,(s — 1)) = 0, m > 0. Therefore
(35) AW (du) = Vu.
Moreover, using (34) and the orthogonality of { B, }n>0, we get
(U, @(s) AW B, (s — 1) 4+ W(8) B (s — 1)) = —7r, L, ®(5) By (s) AN By, (s)).
Furthermore, making n — n + 1, we obtain
(@AWB,  )u,Bp)=0, m>n+t+1, n>0,
<(®A(1)Bn+1)u, Byt)= —rn+15\n+t7n #0, n>0.

According to Lemma 2.1,
(@A(l)BnH)u = — Z rnj\,,,nu,,, n > o.

The orthogonality of { B, }n>0 leads to

n—+t
~ B
((I)A(l)BnJrl)u = - Z (Au,nWBu> u, n > 0.

v=n—o
From (35) and taking into account u is quasi-definite, we finally obtain (23)—(24) in accordance
In an analog way we can prove the following result

Lemma 3.3. [?, Lemma 3.1] For any monic polynomial ®, deg ® = t, and any SMOP {B,,},,>0
with respect to u, the following statements are equivalent.

(i) There exists a non-negative integer o such that the polynomials B, satisfy

ntt—1
(36) AD(@(s—1)Bu(s)) = Y. AuwBuls), n>o+1,
v=n—oc—1
(37) Mmeo1 #0, n>t+o+2.
(ii) There exists a polynomial ¥, deg W = p > 1, such that
(38) AW (Py) = Tu.

where the pair (®, V) is admissible.
(iii) There exist a non-negative integer o and a polynomial ¥, deg W = p > 1, such that

n+o(n)+1
(39) ®(s)AWB, (s — 1)+ U(s)Bu(s — 1) = Bu(s)ADD(s = 1) = Y AyuBy(s), n>t,
v=n—t+1

(40) Ann_ti1 70, n>t,
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where o0 = max(p — 1,t — 2) and the pair (®, V) is admissible. We can write

3 _ <U7B72n>
e A = BY)

A, 0<v<n+o(n)+1, n>0.

3.1. First Characterization of g-semiclassical polynomials.

Theorem 3.1. For a monic polynomial ®, deg® = t, and any SMOP {By,}n>0 with respect to
u, the following statements are equivalent.

(i) There exist a non-negative integer o, an integer p > 1, and an integer r > o+t + 1,
with o = max(t — 2,p — 1), such that

n—+t n+t

(42) Z anyBy(s) = Z vn,l,B[Vl](s), n > max(o,t),

ven—o v=n—t

where oy pit = VUpptt = 1, n > max(o,t), Qpr—gUrr—t # 0,
(AD(Qu),B,) =0, p+1<n<o+2t+1, (AD(Pu),B,)#0,
and if p=1t—1, then lqi%lw’ Bf))*l(u, SAWB) £ —m, m € N*,
(ii) There exists a polynomial ¥, deg W = p > 1, such that
AN (du) = Tu,

and the pair (®, V) is admissible.

Proof: (i) = (i7). Consider the SMP {€,,},,>0 defined by

n+t

[n+t+1]
Q, = " Un By 5 > t+1,
+t+1(8) V:Zn:t DS +1(s), n>o+t+
Qn(s)= Bp(s), 0<n<o+2t+1.

From (42),

n—+t
(43) AD(Quygga(s) =+t +1] > anpBu(s), n>o+t+1.
Since u is quasi-definite, then

(AD(Du), Q1) = —(u, @ADQ, 4q)
n—+t
=—[n+t+1] Z any(u,®B,)) =0, n>oc+t+1.

Therefore, (A (®u),Q,) =0, n > o + 2t 4 1, and by hypothesis (A (du),Q,) =0, p+1 <
n < o+ 2t + 1, then (AM(®u),Q,) =0 for n > p+ 1, and (AN (du),Q,) # 0. Hence, if we
denote {wy, },>0 the dual sequence of {2, },>0 and apply Lemma 2.1, then

(44) AW (Py) = f:(A(l)(q)u), B,)w,.

v=1

On the other hand, if we take t = 2¢t, 6 = o + 1, and 7 = r + ¢ + 1, then

n
Qn(s)= > TnwBu(s), n2G+t+1,
v=n—t

Qn(s): n(3)7 0§n§5+£
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where
- n ~ o~

Un,l/—mvn—t—l,y—h n—t<v<n, n>oc+t+1,

~ r+t+1 N o~
Ua;f\_?:wvnrt#o, T20+2t+220'+t+1
From Lemma 2.2 and (5), it follows that wy = ux = (u, B)"'B;, 0 < k <7 = o + 1. So,
relation (44) becomes
AW (Py) = T,

where
P

U(s) = =Y (u,B2) " (u,2AVB,)B,(s),
v=1
with deg U = p, as well as we have (u, PAMB,) # 0 and, as a consequence, the pair (®, ¥) is
admissible with associated integer o.
(ii) = (i). From Lemma 3.3 (i) and making n — n 4+ 1 we have
n+t
(45) AD(®(s = 1)Boya(s)) = Y An1.Bu(s), n>o,
v=n—o
where \pp1p4t =[n+t+1],n>0,and A\py1pn—0 #0,n>t+0+ 1.
On the other hand, the orthogonality of {B,,},>0 yields

n-+t
B(s — 1)Buyi(s) = Y (s = DBri() B p o sy,

v=n—t <'U/, Bl%+1>
Hence,
n+t
1 B B,
(46) A(l)(CD(S —1)Bnsi(s)) = Z [v + 1](u, ©(s — 1) By11(s) +1(8)>BL1](8), n>t.
v=n—t <u BV+1>
From (45) and (46), we obtain (42) with
Ant 1
Qpy = ﬁ, n—o<v<in+4t,
n
b UG VB 0B,

[+t + 1] {u, By 1) ’
An n—oUnn—t 7& 0, nzo+t+1.
Then,
0, p+1<n<oc+2t+1,
(AD(Qu), By) = —(u, @AVB,) = ¢
' U O By, n=p = deg ¥,
and if p = t — 1, the g-admissibility of (®, ¥) yields n%qm, B2 N u, ®AWB,) # —m, m € N*.
q
U
In the case of g-classical linear functionals, we get the following result
Corollary 3.3. Let {B}n>0 be a SMOP with respect to u and a monic polynomial ®, with
deg ® =t < 2, such that (u,®) # 0, then the following statements are equivalent.
(i) The linear functional u is q-classical, i.e. there erists a polynomial U with deg¥ = 1
such that A (du) = Tu.
(i) S0 a, By (s) = S v, VBm(s), n > t. Furthermore, there exists an integer
r > t+ 1 such that a,,vp,—t # 0, and if t = 2 then limgp (u, B?) " Hu, ®) # —m,
m € N*.
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3.2. Second Characterization of g-semiclassical polynomials. From the previous charac-
terization, we can not recover the second structure relation of ¢-classical orthogonal polynomials
(2). Our goal is to establish the characterization that allows us to deduce such a case.

First, we have the following result.

Proposition 3.3. For any monic polynomial ®, with deg ® = t, and any SMOP {By,}n>0 with
respect to u, the following statements are equivalent.

(i) There exists a polynomial ¥, deg¥ = p > 1, such that
(47) AW (Py) = T,

where the pair (®, V) is admissible.
(ii) There exist a non-negative integer o and a polynomial ¥, with deg ¥ = p > 1, such that
(48)
n+o(n)
d(s)[AM2B, (s — 1) + AW (W (s)B,(s — 1)) — B, (s)[ADPd(s — 1) = Z UnBy(s), n> o,
where Oy g # 0 eithern > o+t+1orn=oc+tandp>t—1, c =max(t—2,p—1),
and the pair (®,¥) is admissible. We can write

(u, B})
4 v = v,n, <v< ) > 0.
(49) Un, (u, B2) Yyn, 0<v<n+o(n), n>0
Proof: We have
(50)
n+o(n)
®(s)[AMB, (s — 1) + AD(U(s)By(s — 1)) — B, (s)[AD]2D(s — 1) = Z nwBy(s), n >0,
v=0

where for all integers 0 < v <n+o(n), and n > 0,

(u, BY)On = (u, (2(s)[AD]2Bu(s — 1) + AW (U () Bu(s — 1)) = Bu(s)[AV]*®(s — 1)) By).
Taking into account (5) and (48), a straightforward calculation leads to

(u, BY)On, = (u, (2(s)[AWPBy (s — 1) + AV (¥ (5) By (s — 1)) = Bu(s)[AW]*®(s — 1)) Bn).
Therefore, inserting (50)

v+o(v)
(u, B2)v Z O3 (u, B2)Si. = 0y (u, B2).

In particular, for 0 < v <nmn—o—1,then n >v+o+1>v+o(v)+ 1 Thus, we deduce
Yy n =0. Hence ¥,,, =0, for 0 <v <n—-0—1.
For v =n — o0 and n > o + t, we obtain

(u, B2_ V-0 = (u, A(l)(CI)(s)A(l)Bn,o(s — 1)+ ¥(s)By_o(s —1)))

n+1
~(u, AW(B, 5(s)AM®(s = 1)) Bn) = > Ao (u, B,AVB,)
~ nu=0
= [n+1Monr1(u, B2).
But, from (40), we get Uy p—o # 0, either n > o +t+1,orn=0+tand p >t — 1.
As a consequence,
n+o(n)

®(s)[AMB, (s — 1) + AW (W (s)B,(s — 1)) — B,(s)[AD]?® Z UnBy(s), n>o.

v=m—o
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(ii)=(i). From (48)
(AD(@(s — 1)ADu) + (AV@(s — 1)) — ¥(s)) AW, B, (s — 1)) =0, n>o+1,
(A(l)(q)(s - 1)A(1)u) + ((A(l)CD(S -1)) — \I/(s))A(l)u, Bn(s—1)) = (u,1)¥p9, n<o.

According to Lemma 2.1

g

AD(@(s — 1)ADy) + (ADD(s — 1)) — T(s)) Ay = Z WBH(VU —u)
o
= Z%n W(Vu —u).
n=0

Finally, a direct calculation yields

AW (AD(Qu) — Tu) =0,
then AM (du) — Ty = 0. i i
Moreover, since (n) = ¢ and Uy, pto = [Rn+0+1] Ay ntor1 # 0, for n > t41, then Ay, ;46511 # 0,
n > t+1. The g-admissibility of the pair (®, V) follows taking into account the value of A, 5(n)41-
|

Our main result is the next one.

Theorem 3.2. For any monic polynomial ®, deg® =t, and any SMOP {By,},>0 with respect
to u, the following statements are equivalent.

(i) There exist a non-negative integer o, an integer p > 1, and an integer r > o +t + 1,
with o = max(t — 2,p — 1), such that

n+o n+o
(51) > &uBu(s)= > suuBl(s)
v=n—o v=n—t

where &npnto = Snpt+o = 1, n > max(o,t + 1), & r—oSrr—t # 0,
(AD(®u),By) =0, p+1<m<20+t+1,
{ <A(1)(<I>u),Bp> # 0,
and if p=t—1, then lg%rll(u, Bg)_ (u, AN B,) # m, m € N* (q-admissibility condition).
(ii) There exists a polynomial ¥, deg W = p > 1, such that

(52) AW (Py) = T,

where the pair (®, V) is admissible.
Proof: (i)= (ii). Let us consider the SMP {=, },,>0 given by

= n+a+1
Entotl (x) = Z Sn VBVJrl(:E)a n>o+t+1,
v=n—t
En(z) = Bp(x), 0§n§20+t+1.
A direct calculation yields
n+o
ADZ, () =[n+o+1] Y &uBu(s), n>o+t+1.
v=n—o

Taking into account the linear functional u is quasi-definite, we get

n+o
(AD(@u),Epig11) = —(u, PANZ, 4 11(5)) = —[nt0+1] Y &uu(u,PB,) =0, n > o+i+1.

v=n—o
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From the assumption and Lemma 2.1, if we denote {wy, },,>0 the dual sequence of {Z,,},>0, then
we get,
p
(53) AD(@u) = (AN (Qu), B, )w.
v=0

Takingt =0 +t,6 =0+ 1, and 7 = r + o + 1, the polynomials Z,, can be rewritten as follows

where
= ﬁgn—a—l,l/—la n_?gygna nZU‘f'?‘*' 17

v
~ r+o+1 ~ o~
g‘?’?_?: [[,r._t_i_l]]gr’rt#o7 T220+t+220+t+1
From Lemma 2.2, wy = uj, = (u, Bf) 'Byu, 0 < k <7 =0 + 1. So, (53) becomes

P
D w), B _
A( ;:1 (uBQ>BV> u = Tu.
Since (AW (du), B,) # 0, then deg U = p.

From the assumption, if p =t — 1, then

AW (du), B AR
lim - (AW w(0) = hm% = —limw #—m, meN"
gt [p]! g1 (u,B2) gt (u,B2)
Hence, the pair (@, V) is admissible with associated integer o.
(ii)=-(i). From Lemma 3.2(iii), there exists a polynomial ¥, deg ¥ = p > 1, such that
n+o(n)+1 ~
(54) (s—1)AWB,(s—1)+ U(s)Bp(s—1) = Bu()ADD(s—1) = > X\,Bu(s), n>t,
v=n—t+1
where Ay, ¢11 # 0, n > t, 0 = max(t — 2,p — 1), and the pair (®, ¥) is admissible.
Taking g¢-differences in both hand sides of (54), we get

(55)
n+a(n)
() AW By (s — 1) + AD(W(s)Bp(s — 1)) = Bu(s)[ADPB(s —1) = > GpBl(s), n>t,

where (,, = [v + 1]5\n7y+1, 0<v<n+o(n),n>t.
From (48) and (55), we obtain (51) where

Y
fn,uz L’ n—o<v<n-+o,
ﬁn,n+a~
v+ 1A
Sny = [_;]W’ n—t<v<n+t,
n,n+o
n—1t+1 <
gn,nfagn,nft = [192] ﬁn,nfa)\n,nft+1 75 0, n>oc+t+1.
n,n+o

Finally,
0, p+1<n<20+1t+1,

((u, B3)/[PI)[ADPE(0) #0, n=p=degV.
From the admissibility of the pair (®, V), if p = ¢t —1, then (u, B§>’ (u, AN B,) #m, m € N*.
U

(AW (du), B,) = (u, UB,) = {
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4. THE UNIFORM LATTICE z(S) = s

As a direct consequence from the operator Ly, and the g-linear lattice z(s), we can recover
the uniform lattice setting x(s) = (¢° — 1)/(¢ — 1) and taking limit ¢ — 1. For instance, for
A-classical orthogonal polynomials the structure relations (1) and (2) have been studied in [?].

Theorem 4.1. First Characterization of discrete semiclassical polynomials
For a monic polynomial ®, deg® = t, and any SMOP {By,}n>0 with respect to u, the following
statements are equivalent.

(i) There exist a non-negative integer o, an integer p > 1, and an integer r > o+t + 1,
with o = max(t — 2,p — 1), such that

n+t n+t
(56) Z anyBy(s) = Z vnyBH(s), n > max(o,t),
v=n—o v=n—t

where B (s) := (n+ 1) ABui1(), Qnntt = Uit = 1, 1> max(0,t), o Vppt #
0,

(A(Qu),Bn) =0, p+1<n<o+2t+1, (A(Pu),B,) #0,
and if p=1t—1, then (u, BZ%)_l(u, PAB,) #—m, m € N*.
(ii) There exists a polynomial ¥V, deg W = p > 1, such that
A(Du) = Vu,
and the pair (®, V) is admissible.
Theorem 4.2. Second Characterization of discrete semiclassical polynomials For any

monic polynomial ®, deg ® =t, and any SMOP {By,}n>0 with respect to u, the following state-
ments are equivalent.

(i) There exist a non-negative integer o, an integer p > 1, and an integer r > o +t + 1,
with o = max(t — 2,p — 1), such that

n-+o n+o

(57) > GuuBu(s) = > wBl(s),

v=n—o v=n—t
where &nnio = Snnto = 1, n > max(o,t + 1), & r—oSrr—t # 0,
(A(Qu),By) =0, p+1<m<204+t+1,

{ (A(®u), By) # 0,

and if p=1t—1, then (u, B})"*(u, ®AB,) # m, m € N* (admissibility condition,).
(ii) There exists a polynomial ¥, degV = p > 1, such that

(58) A(Pu) = Yu,
where the pair (®, V) is admissible.

The proofs are analogous to the original ones setting w = 1, and taking limit ¢ 1 1. Therefore
Ly1 = AW becomes A and [n] becomes n.

Remark 4.1. A-semiclassical linear functionals have been studied in [?].

5. EXAMPLES

5.1. First example. Let {Q,}n>0 be a SMOP that satisfies the following relation

(59) (@(s+ 1)+ v00)Qu(s) = QL (5) + pa(s)QWN (s),
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where the lattice, x(s), is ¢-linear, i.e. z(s+ 1) — gz(s) = w,

n+1 1
Pn = a [n+ ],7121, POZO,
¢ Tn+1
In+2Yn+1
= 76 - - 9 > 07
Un,0 q" [n n 2] +pn—qBp —w, n>

and € is a constant, being {5, }n>0 and {7y, }n>0 the coefficients of the TTRR

rQn = Qn—‘rl + BnQn + Qn-1, n=>1

Then, from the above TTRR and Theorem 3.1, we get {Qy }n>0 is a sequence of g-semiclassical
orthogonal polynomials with respect to the linear functional v, solution of the Pearson equation

(60) AWMy = Ty,

of class o = 1, with ®(z) =1 and deg ¥ = 2.

Then, it also satisfies the following relation

(61) Q(s) = Qn(3) + A1 Qn1(5),

Yn+1Tn
q*[n + 1]

1
In fact, a straightforward calculation gives ¥(z) = ¢ Q2(x) — — Q1(x).
q m

where A\, -1 =

Lemma 5.1. Let {Qn}n>0 be a SMOP with respect to the linear functional v satisfying (60).
Then the sequence {Qp}n>0 is not diagonal.

Proof: Assume {Q,}n>0 is diagonal with respect to ¢, with deg ¢ = ¢, and index . Then from
Corollary 3.2, t/2 < o0 <t + 2 and we have the following diagonal relation

n+t

Z 0”7VQ[V1}(3)a Hn,n—a ?é 0, n > o.

v=n—o

If we denote by {vy, }n>0 and {1)7[11} }n>0 the dual sequences of {@Q), } >0 and {QL” }n>0, respectively,
then by Proposition 3.1 the last relation is equivalent to

(62) ool = & Qi v, n >0,

where k, = (v, Qn+a> Op+on, and

n-+o

Vn n+a>
n+0' Z 0n+gn < Q2> Qy( ) n > 0.

It is clear that v satisfies an infinite number of relations as (62). Indeed, by multiplying both
hand sides of (62) by a monic polynomial, we get another diagonal relation.

For this reason, we will assume ¢ = deg¢ is the minimum non-negative integer such that v
satisfies diagonal relations as (62), i.e. the Eq. (62) cannot be simplified.

Notice that ¢ > 1. Indeed, if we suppose that ¢ = 0, then 0 < ¢ < 2 and we recover the
first structure relation characterizing g¢-classical sequences. This contradicts the fact that the
sequence {Qn }n>0 is g-semiclassical of class one.

Consequently, since ¢t > 1 then ¢ > 1. Taking g¢-differences in both hand sides of (62) and using

(5), from (60) and AW = —[n + 1]Jvp41, we obtain

(63) ool = kv, >0,
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where

o(s) = [t AWg(s),
VYn(s) = [t]il(Qn-&-a(S +1)W(s) + A(I)QM—U(S) + dnd(s + I)Qn+1(3>)7 n =0,
dn = [n+1)((v; Q711 )kn) ™" n > 0.
Notice that the polynomial gg is monic with deg 5 =t—1.
Moreover, taking into account u is a quasi-definite linear functional, combining (62) and (63)
we obtain ¢(x)Qp40(z) = ¢(x)1,(x), and analyzing the highest degree of this relation, we get

1y, is a monic polynomial with deg, = n+ ¢ — 1. But, this contradicts the fact that t = deg ¢
is the minimum nonnegative integer such that v satisfies diagonal relations as (62). 0

5.2. The ¢-Freud type polynomials. Let {P,},>0 be a SMOP with respect to a linear func-
tional u such that (u)g = (u,1) = 1 and the following relation

(64) AWP,(s) = [n]Py_1(5) + anPn_3(s), n>2,

holds, where P_1 =0, Py = 1, and Pi(x) = z, being z = z(s) = ¢°, i.e. w = 0.
We know that this family satisfies a TTRR, i.e. there exist two sequences of complex numbers
{bn}n and {c,}n, cn # 0, such that

Py = Poy1 +bpn Py +cnPr1, n>1

Furthermore, from a direct calculation we get a,, = K(q)q¢ "cpcn—1¢n—2, n > 2. In fact, the
parameters ¢, satisfy the non-linear recurrence relation

qln]en—1 + K(q)q_n+1cncn—lcn—2 = [n — 1, + K(q)q_"_lcn+1cncn_1, nz=1,
with cg = 0, ¢; = —P2(0) # 0, and hTUllK(Q) = 4.
q

Moreover, from Proposition 3.2 we deduce that & = 1 and thus o0 = 2. As a consequence, ¥ is
a polynomial of degree 3. In other words, w is a ¢-semiclassical linear functional of class 2, i.e.
u satisfies the following distributional equation

(65) AWy = Ty, deg¥ = 3.
Lemma 5.2. ¥(z) = —K(q)q > P3(x) — ¢; ' Py ().

So, (65) is the g-analog of the Pearson equation for the Freud case.
Proof: From our hypothesis ¥ is a polynomial of degree 3, so ¥(z) = egPy+e1 P +eaPo+e3Ps.
Then, taking into account d? = ¢,d?_,, n > 1, and the value of a,, n > 3, we get

n—1°
e()dg = €0<u7 PO2> = (Yu, Py) = _<u7 A(1)130> =0,
eld% = €1<U, P12> = <\IJU7P1> = —<’LL, A(l P1> = _17
ead2 = ealu, P2) = (Uu, P) = —(u, AP @ _(u, 2]Py) = 0,
e3d? = e3(u, P}) = (Vu, P3) = —(u, AL P3) @ —(u, [3] P2 + agPy) = —ag

From Theorem 3.2, we can write the second structure relation as follows

1 1
(66) Bn+2 + 5n,n+1Bn+1 + gn,an + gn,n—an—l + gn,n—QBn—Q = B7[7,_]l,_2 + gn,n—l—an_}H + gn,nBr[Ll}-
Using (64) we get

Sn,n-‘rl = Sn,n+1, gn,n = [Tl + 3]_1an+3 + Sn,ns
fn,n—l = [TL + 2]_1§n,n+1an+27 gn,n—Q = [n + ]-]_lgn,nan—l—l-
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Moreover, combining both structure relations if P, (z) = > An,j ™79 then A, ox41 = 0 for
nonnegative integers n, k such that 0 < k < (n —1)/2, and
[n]cn—lAn—QQk + an>\n—3,2k

[n — 2k —2] — [n] ’
In fact, with these values, we obtain ¢, = Ap2 — Apt1,2, bn = Ap1 — Apg1,1 = 0, and &, 1 =
€nn—1 = Snn+1 = 0, n > 0. Hence, we can rewrite (66) as

Ao =1, Apoki2 = 1<k<n/2

(67) (€% + Tn0) By = B, + 5B,
n+1 n+1
e M) e
where v, 0 = — Cpal — Cp, and p, = ————.
[n+ 3] K(q)cnt1 * K(q)cnt1

Lemma 5.3. The moments of the linear functional u, {(u)n}n>0, satisfy the following relation

(68) 4+ () = K(@)g(hnsa + (1 - [Z’](quf) (Wnsas 30,

where (u)g = 1.

Therefore, taking into account that (u); = (u)s = 0, we can deduce u is a symmetric linear
functional, i.e. (u)ony1 = (u, 2*>"*1) =0, n > 0.
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