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Classical orthogonal polynomials

Given a linear functional u : P[x] — C fulfilling the Pearson type equation

(PE) Z2(p(x)u) = Y(x)u, degp <2,degty=1 — p,(x) =ops(u)

2
"~ n—1

(1RE) ¢ (x)(Zpn)(x) = anPn-M(X)+/§nl317(x)‘|")7nl3n—1(X) vn # 0

(2RE) pn(x) = al‘l(-9/3:7+1)(x)‘|‘f§n(@Pn)(X) +Yn(Zpn—1)(x)  Yn # vn

(SODE)  &(X)ZZ*pn(x)+d(x)Zpn(x)+Aapn(x) =0 A, = —pg/ — 20U ()

d

where 7 := =~ in the cont. case, Z := A in the disc. case, Z := Y in the g-disc. case.

These are the families for which y, = 0.

—1

n+1 )(X) = pn(x). Then

In such a case, If we define /3;1(x) so that @(p

AN

(2RE) pn(x) = 8,7(@/3”+1)(X) + [;)n(@Pn)(X) = l9/71(x) = anpPn(x) +Bnl3n—1(x)

(1RE)  ®(x)pn(x) = bnp11(x) +Copp '(x),  Tn # 0

Nice result by considering all the possible families

Let u be a Laguerre-type classical linear functional, and let p,; be an ops(u). Then:

(TTRR)=(1RE)

This result implies

(x —c)pn(x) = an (an—l—1l3n+1 (x) + Bn+1l3n(X)) + bp (3,7/3,7()() T Bnl3n—1 (X))

After some renormalization we obtain

(2RE) p; ' (x) = pa(x)—pp_1(x)

(RR) (x = c)pn(x) = an (pp+1(x) = pn(x)) = ¥n (Pn(X) = Pr—1(X)).  Yn = an_15
The previous expression can be written as

an Ay —1

(X — C)/:)n(X) :Cl127 _2A17l317(X) — 2 VnIDn(X)
d d-
a
=d YV n—5 Dnpn(x)
d
a2 A Y0
=—UpLn—5 nl3n(X),
ds

where An[f(n;x)] = f(n+1;x) — f(n; x), and Vn[f(n;x)] = An[f(n — 1;x)].

Sturm-Liouville type difference equation

Let u be a Laguerre-type classical linear functional, and let p,; be an ops(u). Then:

YnAnV Pn(X) + (O(n — Vn)An l3n(X) = (X — C)Pn
or

an ApVp Pn(X) + (O'n — Yn) Vn /317(X) = (X — C)Pn

This process can be done as well but it takes longer to realize it.

Some examples and its Duality

From the Laguerre polynomials:
(n + a) ApVayx(n) + (1 — a) Anyx(n) + xyx(n) = 0.
By using duality

(x + o) AV yp(x) + (1 — a)Aynp(x) + nyn(x) = 0.

If there exists a solution, it can not be a classical one.

From the Charlier polynomials:
nAnV nyx(n) + (a — n)Anyx(n) + xyx(n) = 0.

By using duality
x AV ynp(x) + (a — x) Ayn(x) + nynp(x) = 0.

Solution: The Charlier polynomials are self-dual polynomials.

From the little g-Jacobi polynomials: let g € C, 0 < |g| < 1
ChAnV nyx(n) + (An — Cn) Anyx(n) + C/XUX(”) =0

where

(1 — CIC/”+1)(1 _ CI/JC/”+1)
(1 — Clbq2’7+1)(1 _ C,bq2n+2)’

(1—q")(1 —bq")
1 — abg?M)(1 — abg?n+1y
/ /

An=q" Ch =aq”

By using duality

CAV yn(x) + (Ax — G) Ayn(x) + q"yn(x) = 0

A solution for such a case is unknown yet. And for many other of suck a kind.

New Discrete Rodrigues-type formula for such families

For the Laguerre polynomials:

1
L1 k| k=234 ..
d5(o—k) " ( )_

(—x)"L%(x) = dA(a)AK

where c/,27 (A) is the squared norm of Lﬁ(x).

Observe if a — k = —n then L;"(x) = x". In these case a nice expression can be
obtained, which is somehow equivalent of a Rodrigues-type formula.

These Rodrigues-type formulae can be obtained for all the Laguerre-type: Laguerre,
Meixner, Charlier, g-Meixner, g-Charlier, Stieltjes-Wigert, g-Laguerre and little g-
Laguerre.

Some new formulae

Most of the algebraic formulae that can be obtained for the classical orthogonal poly-
nomials. From them new expressions for the original ones can be obtained in a fancy
way.

Example: Since the dual of big g-Jacobi polynomials are Continuous dual g-Hahn:

1
Appn(x;a,b,c;,q) =qg,_1 ath+ +n;Vabg,Vab—lgq, °d e

b vVab

(1 — abg?"t2)(x — 1)
" (1= aq)(i — cqyqn P77 19 aia)

Like this one can be obtained, however its calculation is not easy most of the times.
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