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Given a linear functional u : P[x]→ C fulfilling the Pearson type equation
(PE) D

(
φ(x)u) = ψ(x)u, degψ ≥ 1,

where D := d
dx in the cont. case, D := ∆ in the disc. case, D := Dq in the q-disc. case.

(Class) σu: Given the set P2
u := {(φ,ψ) ∈ P2 : D

(
φ(x)u) = ψ(x)u}, the class of u is

σu = min(φ,ψ)∈P2
u

max{degφ − 2, degψ − 1}.
If pn is weakly quasi-orthogonal of order r, pn(x) =qops(u; r), i,e.,

(WQO-r)
{
〈u, pnpm〉 = 0, if |n − m| > r
∃ Λ ⊂ N0 finite non-empty : if n ∈ Λ ⇒ 〈u, pnpn+r〉 = 0.

If pn=qops(u; r) where u is semiclassical of class σu, then Dpn+1=qops(φu; r + σu).Quasi-orthogonality of (Dpn+1)[3,4]

Given φ(x) ∈ P[x ]. If φ(x) = x − d, then
Kn(x;φ(x)) = Ωn,d Pn+1(x)Pn(d)− Pn+1(d)Pn(x)

x − d ,

and if φ(x) = (x − c)φ̃(x), then
(NK) Kn(x;φ(x)) = Ωn,φ(x) Kn+1(x; φ̃(x))Kn(c; φ̃(x))− Kn+1(c; φ̃(x))Kn(x; φ̃(x))

x − c .

We denote these polynomial families Nested kernels associated to φ(x) [1] .If pn is orthogonal with respect to u (semiclassical), then
(1RE) φ(x)(Dpn+1)(x) = n+degφ∑

ν=n ãn,ν Pν(x) an+degφ,ν 6= 0

(2RE) pn(x) = n+1∑
ν=n−σu

ân,ν (Dpν)(x) ân,n+1 6= 0

(SODE) φ(x)DD∗pn(x) +ψ(x)Dpn(x) = n+σu∑
ν=n−σu

λn,νpν(x)
SODE) φ(x)DKn(x;φ(x)) +ψ(x)Kn(x;φ(x)) = µnK

{−1}
n+1 (x;φ(x)).

Characterization of semiclassical quasi-orthogonal polynomials [1]

which is a natural extension of [2].

Semiclassical orthogonal polynomials

The Laguerre case This family is really important since its recurrence relation character-izes the family, since it is equal to its second structure relation. In fact φ(x) = x , and
−D (Lαn+1(x)) = Lα+1

n (x) = (n+ 1)!(a+ 1)nLαn+1(x)Lαn(0)− Lαn+1(0)Lαn(x)
x = K L

n (x; x).
The Jacobi case In this case φ(x) = x2 − 1, so
K
α,β
n (x;φ(x))=Ωn,α,β K

α,β
n+1(x; x − 1)K α,β

n (−1; x − 1)−K
α,β
n+1(−1; x − 1)K α,β

n (x; x − 1)
x + 1 ,

where
K
α,β
n (x; x − 1) = Ωn,x−1Pα,βn+1(x)Pα,βn (1)− Pα,βn+1(1)Pα,βn (x)

x − 1 = D
(
Pα,β−1
n+1 (x)) .

The derivative of the Jacobi polynomials also can be obtained by using an analogousexpression starting with x − 1 and ending with x + 1.Observe that
D
(
Pα,βn+1(x)) = K

α,β
n (x;φ(x)).

What happens in the classical case?

The little q-Laguerre case

D1/q(φ∗(x)w(x)) = ψ(x)w(x), & Dq(φ(x)w(x)) = ψ(x)w(x).
where φ(x) = x , φ∗(x) = x(x − 1), ψ(x) = x − 1− aq, the operator Dλ is defined as

Dλf (x) = f (λx)− f (x)(λ − 1)x , λ ∈ C, λ 6= 1, x 6= 0.
D1/q (Pn+1(x;a|q))=Ωn,a,qK a

n+1(x; x)K a
n (1; x)−K a

n+1(1; x)K a
n (x; x)

x − 1 = K a
n (x;φ∗(x)),where

K a
n (x; x) = Ωn,xPn+1(x;a|q)Pn(0;a|q)− Pn+1(0;a|q)Pn(x;a|q)

x = Dq (Pn+1(x;a|q)) .
Observe that the last identity holds true because φ(x) = x .These identities can be obtained for all the families belonging to the Hahn tableaux.

And for the q-Classical case?

Let N ≥ 2, we consider the set with 2N parameters
SN := {a(N)1 , a(N)2 , . . . , a(N)2N} , a(N)

i ∈ C, i = 1, 2, . . . , 2N.
We define the N-Askey-Wilson polynomials, (pn(x(z);SN|q)), as the polynomial eigenfunc-tions of the second order hypergeometric-type homogeneous linear difference operator

H (N)[y] def= 1
∇x1(z)

[
φ(N)(−z) ∆[y]∆x(z) − φ(N)(z) ∇[y]

∇x(z)
]
,

on the lattice x(z) = (qz + q−z)/2, where x1(z) = x(z + 1/2),
φ(N)(z) = (q12 − q−12)q−Nz 2N∏

j=1(qz − a(N)
j ),

and ∆f (z) = f (z + 1)− f (z), and ∇f (z) = x(z)− x(z − 1).
The function ρ(N)(z) defined as

ρ(N)(z) def= −iN(h(z, 1)h(z,−1))N2 (h(z, q12)h(z,−q12))N2
π(qz − q−z)N2 ∏2N

j=1 h(z, a(N)
j ) ,

is a solution of the Pearson-type difference equation
∆ (X(z)φ(N)(z)) = ψ(N)(z)X(z)∇x1(z),

where h(z, a) = ∏∞k=0 (1− 2ax(z)qk + a2q2k),
ψ(N)(z) = φ(N)(−z)− φ(N)(z)

∇x1(z) = 2N(a(N)1 a(N)2 · · · a(N)2N − 1)(x(z))N−1 + · · · ,
and
φ̂(N)(z) def= φ(N)(z)+12ψ(N)(z)∇x1(z) = 2N−1(q12−q−12)(a(N)1 a(N)2 · · · a(N)2N+1)(x(z))N+· · · .

The Pearson-type equation

The N-Askey-Wilson polynomials can be written as follows
Pn(x(z);SN|q) = Bn,N ·2N+4φ2N+3 ( a, q−n, a12q,−a12q, α1, . . . , α2N

aqn+1, a12, −a12, aq/α1, . . . , aq/α2N
∣∣∣∣ q; (aq)Nqn∏2N

i=1 αi
)
,

where Bn,N is a non-zero constant, a = q2z−N , and αi = qzai, i = 1, 2, . . . , 2N .

The hypergeometric representation [1]

We obtained orthogonality, another representations, Rodrigues formula, etc..

The N-Askey-Wilson polynomials
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