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Semiclassical orthogonal polynomials And for the g-Classical case?

Given a linear functional u : P[x] — C fulfilling the Pearson type equation The little g-Laguerre case

PE) Z(¢(x)u) = w(x)u, degy > 1 D11g($* W) = P)w(x), & Dg(d(x)wlx)) = P(x)w(x).

d . , , . . where ¢(x) = x, d™(x) = x(x — 1), Y(x) = x — 1 — aq, the operator &, is defined as
where & := = in the cont. case, 7 := A in the disc. case, 7 := % in the g-disc. case.

f(Ax) — f(x)

) = =5 T

AeC, A£#1,x+#0.
Class) gy: Given the set P2 .= {(d, ) € P? : Z(d(x)u) = Y(x)u}, the class of u is 7 7
u

(%/CI

n—|—1(X; x) 25 (15 x) — H (1; x) 25" (x; x)

n+1 — %7CI(X; (/)*(X)),

o, = min max{deqop — 2, deqy — 1}.
u () P2 { g ¢ g Y }

7% /q (Pn_|_1 (x; C’|C/)) = Qn,a,q x — 1

where

It p, is weakly quasi-orthogonal of order r, pp(x) =qops(u; r), i,e.,

H9(x:x) = Q, Pni1(x; alq)Pn(0; alq) — Pr1(0; alq)Pn(x; alq)
n ’ - n,x

F (u,pppm) =0, tt|n—m|>r = Pq (Pny1(x; alq)) .

X

(WQO-r) -

3 A C Ny finite non-empty : tneA = (u pppp+r)=0. , ,
- 0 P U, prpn-tr) Observe that the last identity holds true because ¢(x) = x.

These identities can be obtained for all the families belonging to the Hahn tableaux.

[3,4]

It ph=qops(u; r) where u is semiclassical of class oy, then Yp,1=qops(¢u; r + ay). M /

Given ¢(x) € Pix]. If ¢(x) = x — d, then The N-Askey-Wilson polynomials

Pp1(X)Pn(d) — Ph41(d)Pn(x)
x —d '

Hn(x; P(x)) = Qn,cl

Let N > 2, we consider the set with 2N parameters

SN = {agN), CI(ZN) ..... CI(Z/\/\//)} , CI(-N) cC, i=172..., 2N.

and if d(x) = (x — ¢)p(x), then l

Ki-4+106 G(x)Kn(C; ¢(x) = Kp1(ci $(x)) Knlxi $(x))

X —C

We define the N-Askey-Wilson polynomials, (pn(x(2); Sn|qg)), as the polynomial eigenfunc-
tions of the second order hypergeometric-type homogeneous linear difference operator

%(N)[g] c|:ef VX11 5 [(/)(/\/)(_Z)AAX[?Z]) — (/)(/\/)(Z)VVX[(LJZ])] )

(NK)  Zn(x; p(x)) = Qp ¢(x)

We denote these polynomial families Nested kernels associated to ¢(x) 1.

It p, is orthogonal with respect to u (semiclassical), then

on the lattice x(z) = (g + g~ *)/2, where x1(z) = x(z + 1/2),

n+deg ¢

(1RE) ¢(x)(Zpp11)(x) = Z dnyPy(X)  Gpidegepv F 0

2N

1 B N
= oN(2) = (2 — g7 N [ (a7 — o),
j=1
n—+1 and Af(z) =f(z+ 1) —f(z2), and V{(z) = x(z) — x(z — 1).
(2RE) pnlx) = Z dn,v(Zpy)(x) apne1 F 0
V=n—o0,
The function p\™)(z) defined as
n—+ao, N ] TN
. lef h(z, 1)h(z,—1))2(h(z, g2)h(z, —q?)) 2
(SODE) (/)(X).@@ Pn(X) 4 L/J(X).@pn(x) _ Z )\n,vpv(X) ( ) c:e —iN( 7(2 )7(2 ))N( 7(22/\/C/ )7(Z(N)q )) ’
v=n—a, (g2 — qg—%)2 |_|j:1 h(z, a; )
(1 is a solution of the Pearson-type difference equation
SODE) QX)L Hn(x; d(x)) + Y(x)Hn(x; ¢(x)) = pinH " 17 (X; P(X)).

A (X(@26N@)) = pN(2)X(2) V3 (2),

where h(z, a) = |_|;z°:0 (1 — ZCIX(Z)C/k + azqzk),

Characterization of semiclassical quasi-orthogonal polynomials [i

which is a natural extension of 2.

(N () — (NI
L/J(N)(Z) — (/) ( vzq (Z(f ( ) _ ZN(CIgN)CI(ZN) o CI(Z/\/\//) L 1)(X(Z))N_1 ...

and

What happens in the classical case?

The Laguerre case This family is really important since its recurrence relation character-

izes the family, since it is equal to its second structure relation. In fact ¢(x) = x, and The hypergeometric representation

(n+ 1) LY, (x)L5(0) — L&, The N-Askey-Wilson polynomials can be written as follows

(a+ 1) X

(0) L5 (x)

~ (L% 4(x)) = LI (x) = = HpF(x; X).

n+1

a, g’

' azq, —aiq, o (ag)Ng"
Pn(x(z); SNlG) = Bo N 2aN+4PoN+3 | ne1 1 9" —7N

5 ag’' v, a2, —az,aqlaoy 2 o

The Jacobi case In this case ¢(x) = x“ — 1, so

N

where B, N is a non-zero constant, a = q2Z— ,and o = g%a;, i=1,2,..., 2N.

0B i x — 1).42B (=1,

f/ai/nO('B(X; P(x))= Qn,O(,B n+1

We obtained orthogonality, another representations, Rodrigues formula, etc..
where

PO(’B X
<%/I7Q'B(X}X — 1) — Qn,x—1 n—|—1( )
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The derivative of the Jacobi polynomials also can be obtained by using an analogous
expression starting with x — 1 and ending with x + 1.
Observe that
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