
A general difference calculus approach of COP Slide – 1 / 18

Recent Trends in Constructive Approximation Theory

Classical orthogonal polynomials
A general difference calculus approach

R.S. Costas-Santos

Work supported by DGES grant BFM 2003-06335-C03

Universidad Carlos III de Madrid

August 31, 2006



Menu

• Menu

Ingredients: The
Classical Orthogonal
Polynomials

A foretaste: Connection
with Operator Theory

The Chef’s Special: The
Main Results

The dessert

A general difference calculus approach of COP Slide – 2 / 18

1. Overview of Classical orthogonal polynomials

2. Connection with Operator Theory. The Rodrigues operator

3. More general Hahn Theorem

4. New Theorem of Characterization

5. An example: The Askey-Wilson Polynomials
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1. Standard classical orthogonal polynomials (Hermite, Laguerre,

Jacobi)

> H := σ̃(x)
d2

dx2
+ τ̃(x)

d

dx
, λn = nτ̃ ′ + n(n − 1) σ̃

′′

2
.

> d
dx

[σ̃(x)ρ(x)] = τ̃(x)ρ(x).

2. ∆-classical orthogonal polynomials (Hahn, Meixner, Kravchuk,

Charlier, etc)

> H∆ := σ(s)∆∇ + τ(s)∆, λn = nτ̃ ′ + n(n − 1) σ̃
′′

2
.

> σ(x) := σ̃(x) − 1
2 τ̃(x), τ(s) = τ̃(x),

> ∆[σ(s)ρ(s)] = τ(s)ρ(s)

> ∆f(s) = f(s + 1) − f(s), ∇f(s) = f(s) − f(s − 1),
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3. q-classical orthogonal polynomials (or q-Polynomials)

> Hq = σ(s) ∆
∇x1(s)

∇
∇x(s) + τ(s) ∆

∆x(s) , xk(s) = x(s + k

2
),

> σ(s) := σ̃(x(s)) − 1
2 τ̃(x(s))∇x1(s), τ(s) = τ̃(x(s)),

> ∆[σ(s)ρ(s)] = τ(s)ρ(s)∇x1(s),

> x(s) = c1q
s + c2q

−s + c3.

Polynomial eigenfunctions of Hq

Pn(s)q :=

[
Bn∇ρ1(s)

ρ0(s)∇x1(s)

] [
∇ρ2(s)

ρ1(s)∇x2(s)

]
· · ·

[
∇ρn(s)

ρn−1(s)∇xn−1(s)

]
,

Symmetric form of Hq

Hq =

[
1

ρ(s)

∇

∇x1(s)
ρ1(s)

]
∆

∆x(s)
.
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Definition 1 Given functions σ and ρ, where ρ is supported on Ω,

and a lattice x(s), we define the k-th Rodrigues operator
associated with (σ(s), ρ(s), x(s)) as

R0(σ, ρ, x) := I, R1(σ, ρ, x) :=
∇ρ1(s)

ρ(s)∇x1(s)
◦ I,

Rk(σ, ρ, x) := R1(σ(s), ρ(s), x(s)) ◦ Rk−1(σ(s), ρ1(s), x1(s)),

where ρ1(s) = σ(s + 1)ρ(s + 1) and I is the identity operator.



The Rodrigues Operator

• Menu

Ingredients: The
Classical Orthogonal
Polynomials

A foretaste: Connection
with Operator Theory

• The Rodrigues
Operator

• Some well known
results

The Chef’s Special: The
Main Results

The dessert

A general difference calculus approach of COP Slide – 7 / 18

Definition 1 Given functions σ and ρ, where ρ is supported on Ω,

and a lattice x(s), we define the k-th Rodrigues operator
associated with (σ(s), ρ(s), x(s)) as

R0(σ, ρ, x) := I, R1(σ, ρ, x) :=
∇ρ1(s)

ρ(s)∇x1(s)
◦ I,

Rk(σ, ρ, x) := R1(σ(s), ρ(s), x(s)) ◦ Rk−1(σ(s), ρ1(s), x1(s)),

where ρ1(s) = σ(s + 1)ρ(s + 1) and I is the identity operator.

Standard COP: R1(σ, ρ) :=
1

ρ(x)

dρ1(s)

dx
◦ I , ρ1(x) := ρ(x)σ̃(x).

∆-COP: R1(σ, ρ) :=
∇ρ1(s)

ρ(s)
◦ I, ρ1(s) := ρ(s + 1)σ(s + 1).
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1. R1(σ, ρ, x)[1] = τ(s). q-Pearson equation.

2. The operators ∆(1) and R1(σ, ρ, x) are lowering and raising

operators associated to the q-hamiltonian Hq , respectively. In

fact,

Hq = R1(σ, ρ, x)∆(1) ◦ I.

3. For every integers, n, k, 0 ≤ k ≤ n, there exists a constant,

Cn,k such that

∆(k)Pn(s)q = Cn,kRn−k(σ, ρk, xk)[1].

Where xk(s) := x(s + k

2
), ρk(s) := ρk−1(s + 1)σ(s + 1),

being ρ0 ≡ ρ, and

∆(k) :=





∆

∆xk−1

∆

∆xk−2
· · ·

∆

∆x
, if k ≥ 0,

Rk(σ, ρk, xk), if k ≤ 0.
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Theorem 1 Let {Pn}n≥0 be an OPS with respect to ρ(s) such that

is complete as orthonormal set in ℓ2([a, b], 〈�, �〉ρ). The following

statements are equivalent.

(i) {Pn}n≥0 is q-classical and the following boundary conditions

hold

xk(s)x−1(s)
lσ(s)ρ(s)

∣∣∣
s=b

s=a
= 0, k, l = 0, 1, . . . (∗)

(ii) {∆(1)Pn+1}n≥0 is an OPS with respect to ρ̃(s) and the
following boundary conditions hold

xk(s)x−1(s)
lρ̃(s − 1)

∣∣∣
s=b

s=a
= 0, k, l = 0, 1, . . .
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Definition 2 The sequence {Pn}n≥0 is said to be a q-classical
OPS on the lattice x(s) if satisfies the orthogonality conditions
b−1∑

s=a

Pn(s)Pm(si)ρ(s)∇x1(s) = d2
nδn,m, ∆s = 1, n, m = 0, 1, . . .

where

(i) ρ(s) is a solution of the q-Pearson equation

∆[σ(s)ρ(s)] = τ(s)ρ(s)∇x1(s).

(ii) σ(s) + 1
2τ(s)∇x1(s) is a polynomial on x(s) of degree, at

most, 2.

(iii) τ(s) is a polynomial on x(s) of degree 1.

q-numbers

[s]q :=
q

s

2 − q−
s

2

q
1
2 − q−

1
2

, q ∈ C, |q| 6= 1.
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Theorem 2 Let {Pn}n≥0 be an OPS with respect to ρ(s) on the

lattice x(s) and let σ(s) be such that boundary condition (*) holds.

Then the following statements are equivalent:

1. {Pn}n≥0 is a q-classical OPS.

2. The sequence {∆(1)Pn}n≥0 is an OPS with respect to ρ1(s)
where ρ satisfies the last q-Pearson equation.

3. For every integer k, the sequence {Rn(ρk(s), xk(s))[1]}n≥0 is

an OPS with respect to the weight function ρk(s) where
ρ0(s) = ρ(s), ρk(s) = ρk−1(s + 1)σ(s + 1) and ρ satisfies

last q-Pearson equation.

4. (Second order difference equation):

σ(s)
∆

∇x1(s)

∇Pn(s)

∇x(s)
+ τ(s)

∆Pn(s)

∆x(s)
+ λnPn(s) = 0,
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5. {Pn}n≥0 can be expressed in terms of the Rodrigues operator

Pn(s) = BnRn(ρ(s), x(s))[1] =
Bn

ρ(s)

∇

∇x1(s)
· · ·

∇[ρn(s)]

∇xn(s)
,

6. (First structure relation):

φ(x1(s))
∆Pn(s)

∆x(s)
= anMPn+1(s) + bnMPn(s) + cnMPn−1(s) + jnx1(s)MPn(s).

7. (Second structure relation):

MPn(s) :=
Pn(s + 1) + Pn(s)

2
= en

∆Pn+1(s)

∆x(s)
+ fn

∆Pn(s)

∆x(s)
+ gn

∆Pn−1(s)

∆x(s)
,

where en 6= 0, gn 6= γn for all n ≥ 0, and γn is the

corresponding coefficient of the following three-term recurrence

relation x(s)Pn(s) = αnPn+1(s) + βnPn(s) + γnPn−1(s).
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These polynomials are the polynomial eigenfunctions of the second

order linear difference operator:

Hq =
1

∇x1(s)

(
σAW (−s)

∆

∆x(s)
− σAW (s)

∇

∇x(s)

)
,

where x(s) = 1
2 (qs + q−s),

σAW (s) = −(q
1
2 −q−

1
2 )2q−2s+ 1

2 (qs−a)(qs−b)(qs−c)(qs−d),

with eigenvalues λn = 4q1−n(1 − qn)(1 − abcdqn−1).

Let the function

ρ(s) := q−2s2

(a, b, c, d; q)s(a, b, c, d; q)−s.

where (a; q)0 := 1, (a; q)k = (1 − a)(aq; q)k−1, k > 0,

(1 − aq−1)(a; q)k = (aq−1; q)k+1, k < 0.
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1. φAW (s) = 1
2

(
σAW (s + 1) + σAW (−s)

)
= q2(x1(s)),

2. an = −2q
1
2
−n 1−abcdqn−1

1−abcdq2n

(
2(1−qn+1)(1−abcdqn−1)

1−abcdq2n−1 −1+q)
)

,

3. cn = 4q
1
2

(1−abcdq2n−2)(1−abcdq2n−1)
1−abcdqn−2 (1 − abcdqn−1)(1 −

qn+1)An−1Cn,

4. en =
2[n]q(1−abcdqn−1)2−[2]q[n+1]q(1−abcdqn)2

4[n]q(1−abcdqn−1)(1−abcdq2n−1)(1−abcdq2n)
,

5. fn = 1−q
4 (a−a−1q−1)− 1

2

(
An +Cn−

[2]q
2 (Ãn−1 + C̃n−1)

)
,

where

An = (1−abqn)(1−acqn)(1−adqn)(1−abcdqn−1)
a(1−abcdq2n−1)(1−abcdq2n)

,

Cn = a(1−qn)(1−bcqn−1)(1−bdqn−1)(1−cdqn−1)
(1−abcdq2n−2)(1−abcdq2n−1)

.
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