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1. Standard classical orthogonal polynomials (Hermite, Laguerre,
Jacobi)

>

>

R

45 (z)p(z)] = 7(2)p().

9 :=ao(x)

2. A-classical orthogonal polynomials (Hahn, Meixner, Kravchuk,
Charlier, etc)

>

>
>
>

DA = 0(s)AV + 7(s)A, An =07 +n(n—1)2".

o(x):=aod(x) — %%(w) 7(s) = 7(x),
Alo(s)p(s)] = 7(s)p(s)
Af(s)=f(s+1)—f(s), Vf(s) = f(s) = f(s—1),

V)

An =07 +n(n—1)&.
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® Henu 3. ¢-classical orthogonal polynomials (or g-Polynomials)
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Polynomial eigenfunctions of §),,

e P o Bl Pt e

Symmetric form of $),

Po(s)g = [

p1(s)Va(s)
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associated with  (o(s), p(s), x(s)) as

Vp1(s)

RO(JJ P ZU) = Ia Rl(O', Ps ZU) = 0

(s)Vai(s)

Definition 1 Given functions o and p, where p is supported on €2,
nd a lattice z(s), we define the k-th Rodrigues operator

ol,

Rk(O', Ps :C) = Rl(O'(S), /0(5)7 :U(S)) = Rk—l(a(s)v 1(5)7 331(5))7

where p1(s) = o(s + 1)p(s + 1) and [ is the identity operator.
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RO(JJ P ZU) = Ia Rl(O', Ps ZU) = 0

Rl(av 10) = p(lx) dpéa(f)
Rafop) = S
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Vp1(s)

Definition 1 Given functions o and p, where p is supported on €2,
nd a lattice z(s), we define the k-th Rodrigues operator
associated with  (o(s), p(s), x(s)) as

OI, ,01(

(s)Vi(s)
Rk(O', Ps :C) = Rl(O'(S), /0(5)7 :U(S)) = Rk—l(a(s)v 1(5)7 331(5))7

ol,

where p1(s) = o(s + 1)p(s + 1) and [ is the identity operator.
= p(x)o(x).

ol, pi(s) :=p(s+1)o(s+1).
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Some well known results
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1. Ri(o,p,x)[1] =7(s). g-Pearson equation.
2. The operators AV and R (¢, p, ) are lowering and raising
operators associated to the g-hamiltonian f)q, respectively. In

fact,
9y = Ri(o, p,x) AW o I.
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Ri(o,p,x)[1] = 7(s). g-Pearson equation.
The operators AY) and R, (o, p, ) are lowering and raising
operators associated to the g-hamiltonian f)q, respectively. In

fact,
9y = Ri(o, p,x) AW o I.

For every integers, n, k, 0 < k < n, there exists a constant,
C'p,k such that

A(k)f)n(s)q — n,kRn—k(Ua Pk ij)[l]

Where z(s) := z(s + %), pp(s) := pr—1(s + 1)o(s + 1),
being pg = p, and
(

' A general difference calculus approach of COP ' i

A A A :
coo— it k>0,
A(k) = < A:Ck_l Aa?k_g Ax
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Theorem 1 Let { P, },>0 be an OPS with respect to p(s) such that
is complete as orthonormal set in £([a, b], {+,+),). The following

statements are equivalent.

(i) {Pn}n>0is g-classical and the following boundary conditions

hold

k,l=0,1,...(%)

i) {AWP, 1},50is an OPS with respect to p(s) and the
following boundary conditions hold

z*(s)z—1(s)'p(s — 1)

s=b

0,

k1=0,1,...
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Definition 2 The sequence { P, },>0 is said to be a g-classical
OPS on the lattice x(s) if satisfies the orthogonality conditions

b—1
Z P (5)Pp(s:)p(s)Vx1(s) = d26nm, As=1, n,m=0,1,...

where

(i)

(i1

(iii)

p(s) is a solution of the g-Pearson equation
Ala(s)p(s)] = 7(s)p(s)Vi(s).

o(s) + 57(s)Vz1(s) is a polynomial on z(s) of degree, at

most, 2.

7(s) is a polynomial on z(s) of degree 1.

q€C,lq #1.
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® New Hahn’s Theorem 2
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® New Theorem of
Characterization

® New Theorem of
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Then the following statements are equivalent:

{ Py }n>0 is a g-classical OPS.

The sequence {A(l)Pn}nZO is an OPS with respect to p;
where p satisfies the last g-Pearson equation.

For every integer k, the sequence { R, (pr(s), xx(s))[1]}
an OPS with respect to the weight function py(s) where

last g-Pearson equation.

(Second order difference equation):

A VP,(s)
Vi(s) .CC(S)

i T(S)AAZ—"”‘(S) AP (s

o(s)
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5. {Pn}nZO can be expressed in terms of the Rodrigues operator

Fle) = Bulpte) e = fég) va<5> - Vv[iiiiii] ’

6. (First structure relation):

7. (Second structure relation):

_ Pn(s+1)+ Pn(s) . APp11(s) " APy (s)

1l 2 B Ax(s) Ax(s)

where e,, # 0, g, # vy, foralln > 0, and 7, is th

= %@Pn—l (S)
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(¢° +q%),

DO
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® The coffee: Relevant JAW(S) — _(q2 o q 2 )2q 28+ 2 (qs o a’) (qs o b) (qs o C) (qs o d)7

references
e What day is it?

with eigenvalues \,, = 4¢'™"(1 — ¢")(1 — abcdg™™1).
Let the function

p(s) == g2 (a,b, ¢, d; q)s(a, b, ¢, d; q)—s.

where (a;q)o := 1, (a;¢)r = (1 — a)(aq; q)r_1, k > 0,
(1 —ag)(a;q)k = (ag™ 5 @)pr1. k <O,

S
o3t e®
& shuise
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L ¢(s) =3 (@™ (s +1) + 0 (=) = @2(21(s)).

—1+q)),
D -

o =—m 1l—abedq™™ 2(1—qn+1)(1—abcdqn_l)
2. o _2q " 1—abcdg?™ ( 1—abcdg?m—1
1 (1—abcdq?™—2)(1—abcdg?™ 1 —
3. ¢, = 4q3 U= T abi&qnaf ! )( — abedq™
qn+1)An—1Cna
4 e — 2[n]q(1—abedq™1)2—[2]4[n+1]q(1—abedg™)?
TR 4[n]q(1—abedg™—1)(1—abedq?™—1)(1—abedg?™)
_ _ o 2 o Py
5. fo=17%a—aq )~ 5 (An+ Cu— B4, +-Cu)),
where
A — (1—abq™)(1—acq™)(1—adq™)(1—abedg™ 1)
A a(l—abedg?m—1)(1—abedg?™) )
C — all=g")(A=beg"~)(1—bdg"~1)(1—cdg" 1)
n — :

(1—abedq?™—2)(1—abedg?™—1)

CA general difference calculus approach of COP

Slide—16/18



e Menu

Ingredients: The
Classical Orthogonal
Polynomials

The coffee: Relevant references

A foretaste: Connection
with Operator Theory

The Chef’s Special: The
Main Results

The dessert

@ The Askey-Wilson
polynomials

® The Askey-Wilson
polynomials (cont.)

e The coffee: Relevant
references

e What day is it?

[1] W. Al-Salam and T. S. Chihara. Another characterization of the
classical orthogonal polynomials. SIAM J. Math. Anal. 3 (1972)

65-70

[2] M. Alfaro and R. Alvarez-Nodarse. A characterization of the
classical orthogonal discrete and g-polynomials. J. Comput.
Appl. Math. (2006). In press

[3] R. Alvarez-Nodarse. On characterization of classical
polynomials. J. Comput. Appl. Math. 196 (2006) 320-337

[4] R. Koekoek and R. F. Swarttouw. The Askey-scheme of
hypergeometric orthogonal polynomials and its g-analogue,
volume 98-17. Reports of the Faculty of Technical Mathematics
and Informatics. Delft, The Netherlands, 1998.

[5] A. F. Nikiforov, S. K. Suslov, and V. B. Uvarov. Classical
Orthogonal Polynomials of a Discrete Variable. Springer Series

in Computational Bk

LA general difference calculus approach of COP

S

ics. Springer-Verlag, Berlin, 1991

Slide —17 /18



|

Finally ....
® Menu
Ingredients: The ’
Classical Orthogonal
Polynomials .
A foretaste: Connection THANKS FOR YOUR ATTENTION !!
with Operator Theory

The Chef’s Special: The
Main Results

The dessert .
® The Askey-Wilson

polynomials ‘

® The Askey-Wilson
polynomials (cont.)

® The coffee: Relevant ‘
references ’

e What day is it?

|
"A general difference calculus approach of COP @

Slide—18/18




	Menu
	blackIngredients: The Classical Orthogonal Polynomials
	Standard and 
	q-Polynomials

	blackA foretaste: Connection with Operator Theory
	The Rodrigues Operator
	Some well known results

	blackThe Chef's Special: The Main Results
	New Hahn's Theorem
	q-classical OPS
	New Theorem of Characterization
	New Theorem of Characterization (cont.)

	blackThe dessert
	The Askey-Wilson polynomials 
	The Askey-Wilson polynomials (cont.)
	The coffee: Relevant references
	What day is it?


