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Motivation and Basics The beginning. The continuous case
The A-Classical orthogonal polynomials

The continuous case

o K. H. Kwon and L. L. Littlejohn, (Lg,_k)) orthogonal w.r.t.

(&) = (F(0), F(0), .. ., F*D(0)AE(0), &' (0), ... ,e* V(o)) + /0°° £8 (x)g) (x)e*dx.
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@ These examples suggest that COP with non-classical
parameters can be provided with a orthogonality of
Sobolev-type.
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The continuous case

o K. H. Kwon and L. L. Littlejohn, (Lg,_k)) orthogonal w.r.t.

(&) = (F(0), F(0), .. ., F*D(0)AE(0), &' (0), ... ,e* V(o)) + /;mf(k)(x)g(“(x)e”dx.

@ The Jacobi polynomials (P,(,_l’_l)) orthogonal w.r.t.

1
(7, ) = () + daf(~Dg(-1) + [ /(g (x)ox
-1
@ These examples suggest that COP with non-classical
parameters can be provided with a orthogonality of
Sobolev-type.

@ Furthermore F. Marcellan and J.J. Moreno-Balcazar pointed
out that a Sobolev-Askey tableau should be established.
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Basic properties

@ Let (P,) be a polynomial sequence and u be a linear
functional.
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Basic properties

@ Let (P,) be a polynomial sequence and u be a linear
functional.

@ Property of orthogonality

(U, PoPpm) = d26n m-
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Motivation and Basics The beginning. The continuous case
The A-Classical orthogonal polynomials

Basic properties

@ Let (P,) be a polynomial sequence and u be a linear
functional.

@ Property of orthogonality
(u, PpPm) = d26n m.
@ Distributional equation:

A(pu) = u, degy > 1, degop < 2.
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Motivation and Basics The beginning. The continuous case
The A-Classical orthogonal polynomials

Basic properties

@ Let (P,) be a polynomial sequence and u be a linear
functional.

@ Property of orthogonality
(u, PpPm) = d26n m.
@ Distributional equation:

A(pu) = u, degy > 1, degop < 2.

@ Three-term recurrence relation:

xPn(x) = anPni1(x) 4 BnPn(x) + YnPny1(x).
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Motivation and Basics The beginning. The continuous case
The A-Classical orthogonal polynomials

Basic properties

@ Let (P,) be a polynomial sequence and u be a linear
functional.

@ Property of orthogonality
(u, PpPm) = d26n m.
@ Distributional equation:
A(¢pu) = tpu, degy) > 1, degg < 2.
@ Three-term recurrence relation:
xPn(x) = anPni1(x) 4 BnPn(x) + YnPny1(x).

@ A-COP: Hahn, Racah, Meixner, Krawtchouk, Charlier, etc



The Hahn polynomials

The other A-families
The A-case Limit relations between hypergeometric orthogonal polynomials
Appendix: New orthogonality for Meixner polynomials

Basic properties

@ Hypergeometric series: (n=1,2,...,N)

—N,a+1) —na+pB+n+1—x
peB ()= et Do g ’ ’ 1).
06N = o aT1), Nya+1
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The Hahn polynomials

The other A-families
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Appendix: New orthogonality for Meixner polynomials

Basic properties

@ Hypergeometric series: (n=1,2,...,N)

—N,a+1) —na+pB+n+1—x
ha,ﬁ N — ( ) n F 9 )
n (i N) (a+B+n+1),> 2 ~N,a+1

@ Property of orthogonality.

(" h2P by = d25, .

1).
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The Hahn polynomials

The other A-families
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Basic properties

@ Hypergeometric series: (n=1,2,...,N)

—N,a+1) —na+pB+n+1—x
ha,ﬁ N — ( ) n F 9 )
n (i N) (a+B+n+1),> 2 ~N,a+1

@ Property of orthogonality.
(' REPREY = d25, .

@ Distributional equation:

1> |
Ax(B4+N+1—x)u") = ((a+1)N - (a+ 3+ 2)x)u”.
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The Hahn polynomials
The other A-families

The A-case Limit relations between hypergeometric orthogonal polynomials
Appendix: New orthogonality for Meixner polynomials

Basic properties

@ Hypergeometric series: (n=1,2,...,N)

—N,a+1) —na+pB+n+1—x
ha,ﬁ N — ( ) n F 9 )
n (i N) (a+B+n+1),> 2 ~N,a+1

@ Property of orthogonality.
(" h2P by = d25, .
@ Distributional equation:
A(B+N+1—x)u)=((a+1)N - (a+ 3+ 2)x)u.

@ Integral representation with some boundary condition:

1).

N FB+N+1—x)(a+1+x)
<“H’P>:X§P(X) rA+x)(N+1—x)
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The other A-families
The A-case Limit relations between hypergeometric orthogonal polynomials
Appendix: New orthogonality for Meixner polynomials

Basic properties

hf’lﬁ(x; N) =0, hg"ﬁ(x; N) =1,
xhiy P (x; N) = K2 0 N)+Bahiy (6 N)+72h%7 (x; N), n=10,1,2,...

where

g — (o + 1)N(e + 8) + n(2N — a + B)(a + B+ n+ 1)
" (a+ B+ 2n)(a+ B+ 2n+2) ’

_ n(N+1—n)(a+p + n)(a+ n)(B+ n)(a+ B+ N+n+1)
B (a+B+2n—1)(a+B+2n)2(a+B+2n+1)

n
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The other A-families
The A-case Limit relations between hypergeometric orthogonal polynomials
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Continuous Hahn polynomials

@ Hypergeometric series:

_ _ —nn+a+b+c+d—1a+ix
pn(Xva’b’C’d)—Dn3F2< atcatd 1>'
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Continuous Hahn polynomials

@ Hypergeometric series:

_ _ —nn+a+b+c+d—1a+ix
pn(Xva’b’C’d)—Dn3F2< atcatd

@ Property of orthogonality: (U, popm) = d25, m.

1).
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The other A-families
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Continuous Hahn polynomials

@ Hypergeometric series:
—nn+a+b+c+d—1a+ix
pn(X;a’b’C’d):Dn3F2< atca+d
@ Property of orthogonality: (U, popm) = d25, m.
o Distributional equation: df(x) = f(x +i/2) — f(x — i/2)

1).

%((c — ix)(d — ix))u) = pi(x; a, b, ¢, d)u.
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Continuous Hahn polynomials

@ Hypergeometric series:

—nn+a+b+c+d—1a+ix
at+c,at+d

1).

pn(X; a, b’ G, d) =D, 3F2 (

@ Property of orthogonality: (U, popm) = d25, m.
o Distributional equation: df(x) = f(x +i/2) — f(x — i/2)

%((c — ix)(d — ix))u) = pi(x; a, b, ¢, d)u.

@ Integral representation with some boundary condition:
(. Py = / P(z)[(a+ iz)[(b+ iz)[ (c — iz)[(d — iz) dz,
c

where C is a contour on C from —oo to oo which separates
the increasing poles from the decreasing ones.

10th OPSFA Extensions of A-COP beyond the orthogonality



The Hahn polynomials

The other A-families
The A-case Limit relations between hypergeometric orthogonal polynomials
Appendix: New orthogonality for Meixner polynomials

The limit relation H-cH

@ The hypergeometric serie, re-written:

n
—na+B+n+1—x)k(=N+ k)«
ha,ﬂ ;N _ ( n,« 5
n (X ) rn; (O[—i—].’].)k 9
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The limit relation H-cH

@ The hypergeometric serie, re-written:

n
—na+B+n+1—x)k(=N+ k)«
ha,ﬂ ;N _ ( n,« 5
n (X ) rn; (O[—i—].’].)k 9

@ The limit relation:

heB(x; N) = lim (—1)" pa(ix; 0,8+ N+e+1,—N—e,a+1).
E—
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About the zeros of the extended Hahn polynomials

e e o o
.

o o o0

Figure: Zeros of hiz'(x;5) (left) and hyz°(x;5) (right)
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The Hahn polynomials

The other A-families
The A-case Limit relations between hypergeometric orthogonal polynomials
Appendix: New orthogonality for Meixner polynomials

The factorization

@ For any integer k, 0 < k < n,

DRBEP (6 N) = (n = k + 1) h TP (N — k),
ii.2) VAP (x; N) = (n — k + 1) hT7 K (x — k; N = k).
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The factorization

@ For any integer k, 0 < k < n,

DRBEP (6 N) = (n = k + 1) h TP (N — k),
ii.2) VAP (x; N) = (n — k + 1) hT7 K (x — k; N = k).
@ The factorization:

heP(x N) = (x = N)naa (=) "N pp_n_a(ix; N+ 1,8+ N+ 1,1,

a+1)=(x= Ny ()" ponoa (x—§) i1+ 5,8+ 1+
+¥ 1+ % a+148).
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The A-case

A characterization Theorem for the Hahn polynomials

Theorem: Let N be a non-negative integer and «, 5 € C such that:
—o,—3¢{1,2,....,N,N+2,...},and —a— G &€ {1,2

2N 4+ 1,2N + 3,...}. Then the family of Hahn polynomials i’s a

OPS with respect to the A-Sobolev inner product:

(F.8)s = Zf )6 W)+ [ (AVI(R))(AM ()" (2 W) dz,
c

where

@8 (x: N) B+ N+1—x)Ma+x+1)
PV E T N LT (x £ 1)
w¥B(z;N) =T(=2)[(B+N+1—-2)[(1+2)(a+N+2+z),

and C is a complex contour from —ooi to coi which separates the

poles of the functions I'(—z)['(+ N+ 1 — z) and
Ml+2z2)Ma+N+2+2z).
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Wilson — Racah

@ Factorization: If a +1 = —N we get
R,,()\(X); «, 5777 6) = RN+1(A(X); _N - 17 67 v 5)(_1),7_/\,_1

2
; +6+1 . 1643 —y—d+1 —y46+1 y—b41
><V|/n7N71 <’(X+WT>> 1N+PY2 ) 72 75"’_ ’72 "y2
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Wilson — Racah

@ Factorization: If a +1 = —N we get
R,,()\(X); «, 5777 6) = RN+1(A(X); _N - 17 67 v 5)(_1),7_/\,_1

2
: +5+1 : 4043 —y—5+1 —y+O+1 y—6+41
XWan((’(X"_WT)) 1N+PY2 ) 72 B+ PY2 ’PY2 >

@ The A-Sobolev orthogonality:

(P, @)s = (p,a)a + ((A/ANM p, (A/AN q) |

Cc

with
<pa q>d :ZP(X)Q(X)(

(P, q)c = /C p(22)q(22)w(zi + i+ i(y + 6 + N)/2)v(—(zi + i+ i(y + 6 + N)/2))dz.

(a+1,8+0+1,v+1,v+0+1,(yv+ 5+ 3)/2)
—a+y+6+1,-B+y+1,(y+5+1)/2,6+1,1),’
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The others

We get analogous results in the following cases:

@ Continuous Dual Hahn polynomials — Dual Hahn
polynomials.
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The others

We get analogous results in the following cases:

@ Continuous Dual Hahn polynomials — Dual Hahn
polynomials.

@ Meixner — Krawtchouk.
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The limits relations between the families

@ Racah — Hahn.

Jim Ry(A(x)i =N = 1,847+ N+1,7,0) = h1B(x; N).
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The limits relations between the families

@ Racah — Hahn.
Jim Ry(A(x)i =N = 1,847+ N+1,7,0) = h1B(x; N).
—00

@ Racah — Dual Hahn.

ﬁlim Ra(A(x); =N —1,8,7,9) = Ra(A(x); 7,0, N).
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The limits relations between the families

@ Racah — Hahn.
Jim Ry(A(x)i =N = 1,6+ v+ N +1,7,8) = hy7(x; N).
@ Racah — Dual Hahn.
Fim_ Ra(A(x); =N — 1, 8,7,0) = Ra(A(x); 7,6, N).
@ Hahn — Krawtchouk.

lim hSPEPE (x; N) = Ka(x; p, N).

t—o0

10th OPSFA Extensions of A-COP beyond the orthogonality



The Hahn polynomials
The other A-families

The A-case Limit relations between hypergeometric orthogonal polynomials
Appendix: New orthogonality for Meixner polynomials

The limits relations between the families

@ Racah — Hahn.
Jim Ry(A(x)i =N = 1,6+ v+ N +1,7,8) = hy7(x; N).
@ Racah — Dual Hahn.
Fim_ Ra(A(x); =N — 1, 8,7,0) = Ra(A(x); 7,6, N).
@ Hahn — Krawtchouk.

lim hSPEPE (x; N) = Ka(x; p, N).

t—o0

@ Dual Hahn — Krawtchouk.

fILngo Ra(A(x); pt, (1 — p)t, N) = Kn(x; p, N).
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Orthogonality relations for Meixner polynomials with
general parameter

The Meixner polynomials and continuous Hahan polynomials are
related through the following limit relation:

‘ I‘im (=) "pn(ix; 0,—t/c, t,B) = My(x; 3, c), n=20,1,2,....
t|—o0

Proposition: For any 8,c € C, ¢ ¢ [0,00) and —(3 ¢ N, the
following property of orthogonality for the Meixner polynomials
fulfills:

/I\/I,,(z; ¢, )2 () (B+2)(—c)Fdz =0, 0< m<n, n=0,1,2,...,
C

where C is a complex contour from —ocoi to coi separating the
increasing poles {0,1,2,...} from the decreasing poles
{_/Bu_ﬂ_lu_ﬁ_2u}
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Finally...

Thank for your attention!!
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