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Basic properties

Let (Pn) be a polynomial sequence and u be a linear
functional.
Property of orthogonality

〈u,PnPm〉 = d2
nδn,m.

Distributional equation:

D(φu) = ψu, degψ ≥ 1,

where

D =
d

dx
, or D = ∇, or D =

∇

∇x(s + 1/2)
.

Three-term recurrence relation:

xPn(x) = αnPn+1(x) + βnPn(x) + γnPn+1(x).
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∆-Classical OP: Hahn, Racah, Meixner, Krawtchouk, Charlier,
etc.

q-Classical OP: Askey Wilson, q-Racah, q-Hahn, Continuous
q-Hahn, Big q-Jacobi, q-Hermite, q-Laguerre,
Al-Salam-Chihara, Stieltjes-Wigert, etc.
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Basic properties

Hypergeometric series: (n = 1, 2, . . . ,N)

hα,β
n (x ;N)=

(−N, α + 1)n
(α+β+n+1)n

3F2

(

−n, α+ β + n + 1,−x

−N, α+ 1

∣

∣

∣

∣

1

)

.

Property of orthogonality.

〈uH , hα,β
n hα,β

m 〉 = d2
nδn,m.

Distributional equation:

∆(x(β + N + 1 − x)uH) = ((α+ 1)N − (α+ β + 2)x)uH .

Integral representation with some boundary condition:

〈uH ,P〉 =
N
∑

x=0

P(x)
Γ(β + N + 1 − x)Γ(α + 1 + x)

Γ(1 + x)Γ(N + 1 − x)
.
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Continuous Hahn polynomials

Hypergeometric series:

pn(x ; a, b, c , d) = Dn 3F2

(

−n, n + a + b + c + d − 1, a + ix

a + c , a + d

∣

∣

∣

∣

1

)

.

Property of orthogonality: 〈ucH , pnpm〉 = d2
nδn,m.

Distributional equation: δf (x) = f (x + i/2) − f (x − i/2)

δ

δx
((c − ix)(d − ix))ucH) = p1(x ; a, b, c , d)ucH .

Integral representation with some boundary condition:

〈ucH ,P〉 =

∫

C

P(z)Γ(a + iz)Γ(b + iz)Γ(c − iz)Γ(d − iz) dz ,

where C is a contour on C from −∞ to ∞ which separates
the increasing poles from the decreasing ones.
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The limit relation H-cH

The hypergeometric serie, re-written:

hα,β
n (x ;N)= rn

n
∑

k=0

(−n, α+ β + n + 1,−x)k(−N + k)n−k

(α+ 1, 1)k
,

The limit relation:

hα,β
n (x ;N) = lim

ε→0
(−i)n pn(ix ; 0, β + N + ε+ 1,−N − ε, α+ 1).
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About the zeros of the extended Hahn polynomials

1 2 3 4 5

-5

5

1 2 3 4 5

-5

5

Figure: Zeros of h
1,1
15 (x ; 5) (left) and h

1,15
15 (x ; 5) (right)
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The factorization

For any integer k, 0 ≤ k ≤ n,

∆kh
α,β
n (x ;N) = (n − k + 1)kh

α+k,β+k
n−k (x ;N − k),

ii .2) ∇kh
α,β
n (x ;N) = (n − k + 1)kh

α+k,β+k
n−k (x − k;N − k).

The factorization:

hα,β
n (x ; N) = (x − N)N+1(−i)n−N−1pn−N−1(ix ; N + 1, β + N + 1, 1,

α+ 1) = (x − N)N+1(−i)n−N−1pn−N−1

((

x − N
2

)

i ; 1 + N
2 , β + 1+

+N
2 , 1 + N

2 , α+ 1 + N
2

)

.
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A characterization Theorem for the Hahn polynomials

Theorem: Let N be a non-negative integer and α, β ∈ C such that:
−α,−β 6∈ {1, 2, . . . ,N,N + 2, . . . }, and −α− β 6∈ {1, 2, . . . ,
2N + 1, 2N + 3, . . . }. Then the family of Hahn polynomials is a
OPS with respect to the ∆-Sobolev inner product:

(f , g)S =

N
∑

x=0

f (x)g(x)ρα,β(x ; N)+

∫

C

(∆N+1f (z))(∆N+1g(z))ωα,β(z; N)dz,

where

ρα,β(x ;N) =
Γ(β + N + 1 − x)Γ(α + x + 1)

Γ(N + 1 − x)Γ(x + 1)
,

ωα,β(z ;N) = Γ(−z)Γ(β + N + 1 − z)Γ(1 + z)Γ(α + N + 2 + z),

and C is a complex contour from −∞i to ∞i which separates the
poles of the functions Γ(−z)Γ(β + N + 1 − z) and
Γ(1 + z)Γ(α + N + 2 + z).

Roberto Costas Extensions of ∆-COP beyond the orthogonality



Motivation
The discrete case

The q case

The Hahn polynomials
The other ∆-families
Limit relations between hypergeometric orthogonal polynomials
Little appendix

Wilson → Racah

Factorization: If α+ 1 = −N we get

Rn(λ(x);α, β, γ, δ) = RN+1(λ(x);−N − 1, β, γ, δ)(−1)n−N−1

×Wn−N−1

(

(

i

(

x + γ+δ+1
2

))2

; N + γ+δ+3
2 , −γ−δ+1

2 , β + −γ+δ+1
2 , γ−δ+1

2

)

.

The ∆-Sobolev orthogonality:

〈p, q〉S = 〈p, q〉d +
〈

(∆/∆λ)N+1
p, (∆/∆λ)N+1

q
〉

c
,

with

〈p, q〉d =
N
∑

x=0

p(x)q(x)
(α+ 1, β + δ + 1, γ + 1, γ + δ + 1, (γ + δ + 3)/2)x

(−α+ γ + δ + 1,−β + γ + 1, (γ + δ + 1)/2, δ + 1, 1)x
,

〈p, q〉c =

∫

C

p(z2)q(z2)ν(zi + i + i(γ + δ + N)/2)ν(−(zi + i + i(γ + δ + N)/2))dz.
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The others

We get analogous results in the following cases:

Continuous Dual Hahn polynomials → Dual Hahn
polynomials.

Meixner → Krawtchouk.

Roberto Costas Extensions of ∆-COP beyond the orthogonality



Motivation
The discrete case

The q case

The Hahn polynomials
The other ∆-families
Limit relations between hypergeometric orthogonal polynomials
Little appendix

The others

We get analogous results in the following cases:

Continuous Dual Hahn polynomials → Dual Hahn
polynomials.

Meixner → Krawtchouk.

Roberto Costas Extensions of ∆-COP beyond the orthogonality



Motivation
The discrete case

The q case

The Hahn polynomials
The other ∆-families
Limit relations between hypergeometric orthogonal polynomials
Little appendix

The limits relations between the families

Racah → Hahn.

lim
δ→∞

Rn(λ(x);−N − 1, β + γ + N + 1, γ, δ) = hγ,β
n (x ;N).

Racah → Dual Hahn.

lim
β→∞

Rn(λ(x);−N − 1, β, γ, δ) = Rn(λ(x); γ, δ,N).

Hahn → Krawtchouk.

lim
t→∞

h
(1−p)t,pt
n (x ;N) = Kn(x ; p,N).

Dual Hahn → Krawtchouk.

lim
t→∞

Rn(λ(x); pt, (1 − p)t,N) = Kn(x ; p,N).
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Orthogonality relations for Meixner polynomials with

general parameter

The Meixner polynomials and continuous Hahan polynomials are
related through the following limit relation:

lim
|t|→∞

(−i)npn(ix ; 0,−t/c , t, β) = Mn(x ;β, c), n = 0, 1, 2, . . . .

Proposition: For any β, c ∈ C, c /∈ [0,∞) and −β 6∈ N, the
following property of orthogonality for the Meixner polynomials
fulfills:

∫

C

Mn(z ; c , β)zmΓ(−z)Γ(β+z)(−c)zdz = 0, 0 ≤ m < n, n = 0, 1, 2, . . . ,

where C is a complex contour from −∞i to ∞i separating the
increasing poles {0, 1, 2, . . . } from the decreasing poles
{−β,−β − 1,−β − 2, . . . }.
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The examples considered (under construction)

q-Hahn,
q-Racah,
dual q-Hahn,
quantum q-Krawtchouk,
q-Krawtchouk,
affine q-Krawtchouk, and
dual q-Krawtchouk polynomials.
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Basic properties

Basic hypergeometric function: (n = 1, 2, . . . ,N)

hα,β
n (x ;N; q) =

(q−N , qα+1; q)n
(qα+β+n+1; q)n

3φ2

(

q−n, qα+β+n+1, x
q−N , qα+1

∣

∣

∣

∣

q; q

)

.

Property of orthogonality.

〈uqH , hα,β
n hα,β

m 〉 = d2
nδn,m.

Distributional equation:

Dq(q
α(qβ+1+x − q−N)uqH) = h

α,β
1 (x ;N; q)uqH .

Integral representation with some boundary condition:

〈uqH ,P〉 =
N
∑

x=0

P(x)
(qα+1, q−N ; q)x
(q, q−β−N ; q)x

q−(α+β)x .
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The big q-Jacobi

Basic Hypergeometric series:

Pn(x ; a, b, c ; q) =
(qa+1, qc+1; q)n
(qa+b+n+1; q)n

3φ2

(

q−n, qa+b+n+1, x
qa+1, qc+1

∣

∣

∣

∣

q; q

)

.

Property of orthogonality: 〈uBqJ ,PnPm〉 = d2
nδn,m.

Distributional equation:

∆

∆x
((x − aq)(x − cq)uBqJ ) = P1(x ; a, b, c ; q)uBqJ .

Integral representation with some boundary condition:

〈uBqJ ,P〉 =

∫ aq

cq

P(x)
(q−ax , q−cx ; q)∞
(x , qb−cx ; q)∞

dqx .
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The limit relation BqJ-qH

The Basic hypergeometric series, re-written:

hα,β
n (x ; N ; q) =

(qα+1; q)n
(qα+β+n+1; q)n

n
∑

k=0

(q−n, qα+β+n+1, q−x ; q)k(q
−N+k ; q)n−k

(qα+1, q; q)k
qk .

The key...the following algebraic relation:

(qj+1; q)n−N−1−j(q
−n; q)N+1+j

(q; q)N+1+j

=
(q; q)n−N−1(q

−n; q)N+1(q
−n+N+1; q)j

(q; q)N+1(qN+2, q; q)j
.

The limit relation:

hα,β
n (x ;N; q) = lim

ε→0
Pn(x ;α, β,−N − 1 + ε; q).
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About the zeros of the extended q-Hahn polynomials

-4 -2 2 4 6

-2

-1

1

2

-4 -2 2 4 6

5

10

15

Figure: Log of the zeros of h
1,1
15 (x ; 5; 0.5) (left) and h

1,1
15 (x ; 5; exp(0.23I ))

(right)
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The factorization

For any integer k, 0 ≤ k ≤ n,

Dk
q−1h

α,β
n (x ;N; q) = (n − k + 1|q−1)kh

α+k,β+k
n−k (x ;N − k; q),

Dk
qh

α,β
n (x ;N; q) = (n − k + 1|q−1)kh

α+k,β+k
n−k (x − k,N − k; q),

The factorization:

hα,β
n (q−x ; N ; q) =

h
α,β
N+1(q

−x ; N ; q)

q(N+1)(n−N−1)
Pn−N−1(−x+N+1;α+N+1, β+N+1,N+1; q).
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A characterization Theorem for the q-Hahn polynomials

Theorem: Let N be a non-negative integer and α, β ∈ C such that:
−α,−β 6∈ {1, 2, . . . ,N,N + 2, . . . }, and −α− β 6∈ {1, 2, . . . ,
2N + 1, 2N + 3, . . . }. Then the family of Hahn polynomials is a
OPS with respect to the Dq−1-Sobolev inner product:

(f , g)S =

N
∑

x=0

f (x)g(x)ρα,β(x ; N ; q)+

∫

C

(DN+1
q−1 f (z))(DN+1

q−1 g(z))ωα,β(z; N ; q)dz,

where

ρα,β(x ;N; q) =
Γq(α+1+x)Γq(x−N)

Γq(1+x)Γq(−β−N+x) q−(α+β)x ,

and C is a complex contour from −∞i to ∞i which separates the
certain poles∗.
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q-Extensions of discrete classical orthogonal polynomials

beyond the orthogonality. Available in my web soon.
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Finally...

Thank for your attention!!
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