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Motivation The Classical orthogonal polynomials

The Schemes

Basic properties

@ Let (P,) be a polynomial sequence and u be a linear
functional.
@ Property of orthogonality

(u, PyPm) = d26n m-
@ Distributional equation:
D(¢u) =tpu, degy) > 1,
where

d \Y
D=2 orD= D=— v
dx Vs or Vx(s+1/2)
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Motivation The Classical orthogonal polynomials

The Schemes

Basic properties

@ Let (P,) be a polynomial sequence and u be a linear
functional.
@ Property of orthogonality

(U, PoPp) = d28n.m-
@ Distributional equation:
D(¢u) = pu, degtp > 1,

where

\%

d
p=2 D= D=— v
dx Vs or Vx(s+1/2)

@ Three-term recurrence relation:

xPn(x) = anPni1(x) 4 BnPn(x) + YnPns1(x).
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Motivation . )
© The Classical orthogonal polynomials

The Schemes

The families

@ Continuous Classical OP: Jacobi, Hermite, Laguerre and
Bessel.

@ A-Classical OP: Hahn, Racah, Meixner, Krawtchouk, Charlier,
etc.

@ g-Classical OP: Askey Wilson, g-Racah, g-Hahn, Continuous
g-Hahn, Big g-Jacobi, g-Hermite, g-Laguerre,
Al-Salam-Chihara, Stieltjes-Wigert, etc.
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The Hahn polynomials

. The other A-families
The discrete case

Limit relations between hypergeometric orthogonal polynomials
Little appendix

Basic properties

@ Hypergeometric series: (n=1,2,...,N)

“N,a+1), _ _
hg’ﬁ(x;N):( ,a+1) na+pB+n+1 —x

1
(a+B+n+1),> 2 “N,o+1
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The Hahn polynomials

. The other A-families
The discrete case

Limit relations between hypergeometric orthogonal polynomials
Little appendix

Basic properties

@ Hypergeometric series: (n=1,2,...,N)

—N,a+1), -na+B+n+1,—x
ha7ﬁ -N :(’— ’ )
n (6 N) (a+B+n+1),° 2< —N,a+1

@ Property of orthogonality.
(uf heP 2Py = d26, m.

1).
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The Hahn polynomials

. The other A-families
The discrete case

Limit relations between hypergeometric orthogonal polynomials
Little appendix

Basic properties

@ Hypergeometric series: (n=1,2,...,N)

—N,a+1) —na+pB+n+1 —x
ha,ﬁ N = ( ) n ’ ’
n (Xv ) (Oé+ﬁ+n+1)n3 2 *N,Oé+1
@ Property of orthogonality.
(uf heP 2Py = d26, m.

o Distributional equation:

1).
Ax(B+ N+1—x)u)=(a+1)N - (a+ 5+ 2)x)u”.
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

Basic properties

@ Hypergeometric series: (n=1,2,...,N)

(—N,a+1), —na+pB+n+1 —x
(a+B+n+1),> 2 “N,o+1
@ Property of orthogonality.

(", By Phel) = d36nm

hoB(x; N) =

1).

o Distributional equation:
Ax(B+ N+1—x)u)=((a+1)N - (a+ 8+ 2)x)u”

@ Integral representation with some boundary condition:

ﬁ—i—N—i—l—x)F(a—i—l—i—x)
ZP M+x)r((N+1-x)
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The Hahn polynomials

. The other A-families
The discrete case

Limit relations between hypergeometric orthogonal polynomials
Little appendix

Continuous Hahn polynomials

@ Hypergeometric series:

pa(x;ab,c,d) = Dy3Fy (M TAT b edd -l atix

a+c,a+d 1
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The Hahn polynomials

. The other A-families
The discrete case

Limit relations between hypergeometric orthogonal polynomials
Little appendix

Continuous Hahn polynomials

@ Hypergeometric series:

_ _ —nn+a+b+c+d—-1a+ix
pn(Xvaab,C,d)—Dn3F2< atcatd

1).

@ Property of orthogonality: (u", p,p,,) = d,%é,,,m.
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The Hahn polynomials

. The other A-families
The discrete case

Limit relations between hypergeometric orthogonal polynomials
Little appendix

Continuous Hahn polynomials

@ Hypergeometric series:

_ _ —nn+a+b+c+d—-1a+ix
pn(Xvaab,C,d)—Dn3F2< atcatd

1) |
@ Property of orthogonality: (u", p,p,,) = d,%é,,,m.

@ Distributional equation: 0f(x) = f(x +i/2) — f(x — i/2)

%((c — x)(d — x))uH) = p1(x: 3, b, ¢, d)ut.
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

Continuous Hahn polynomials

@ Hypergeometric series:

—nn+a+b+c+d—1a+ix

pn(X;aab,C,d):Dn3F2< atcatd

1) |
@ Property of orthogonality: (u", p,p,,) = d,%é,,,m.
@ Distributional equation: 0f(x) = f(x +i/2) — f(x — i/2)
5
5—X((c — ix)(d — ix))u) = p1(x; a, b, ¢, d)u".

@ Integral representation with some boundary condition:
(et py = / P(z)[(a+ iz)[(b+ iz)[(c — iz)[(d — iz) dz,
C

where C is a contour on C from —oo to oo which separates
the increasing poles from the decreasing ones.
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The Hahn polynomials

. The other A-families
The discrete case

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The limit relation H-cH

@ The hypergeometric serie, re-written:

afro = (=ma+ B+ n+ 1, —x)k(=N+ K)ok
hn (X,N)_rn;) (a+1’1)k 9
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The Hahn polynomials

. The other A-families
The discrete case

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The limit relation H-cH

@ The hypergeometric serie, re-written:

afro = (=ma+ B+ n+ 1, —x)k(=N+ K)ok
hn (X,N)_rn;) (a+1’1)k 9

@ The limit relation:

heP (x; N) = lim (=i)" pa(ix; 0,8+ N+e+1,—N —&,a+1).
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

About the zeros of the extended Hahn polynomials

Figure: Zeros of hig—,l(x;S) (left) and h}g—,ls(x; 5) (right)
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The Hahn polynomials

. The other A-families
The discrete case

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The factorization

@ For any integer k, 0 < k < n,

ARBEP (6 N) = (n — k + 1) h2 TP (i N — k),
ii.2) VERYP (6 NY = (n — k 4+ 1) (x — k; N — k).
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The Hahn polynomials

. The other A-families
The discrete case

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The factorization

@ For any integer k, 0 < k < n,

ARBEP (6 N) = (n — k + 1) h2 TP (i N — k),
ii.2) VERYP (6 NY = (n — k 4+ 1) (x — k; N — k).
@ The factorization:

heB(x; N) = (x — N)nsa(=)""N1p,_n_1(ix; N+ 1,8+ N+1,1,
0+ 1) = (x = Nwsa (=)™ Spniy ((x— B) i1+ 2,8+ 1+

+¥ 1+ ¥ a+1+Y).
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The Hahn polynomials
The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

A characterization Theorem for the Hahn polynomials

Theorem: Let N be a non-negative integer and «, 3 € C such that:
—o,—3¢{1,2,....,N;,N+2,...},and —a— & {1,2,...,

2N +1,2N + 3,...}. Then the family of Hahn polynomials is a
OPS with respect to the A-Sobolev inner product:

(F,g)s = Z FO0E(P™ 0 )+ [ (AVHF(2))(A" g (2)hw (2 M)z
c
where
r N+1-—x)r 1
iy — BN+t xr1)
TN+1-x)M(x+1)
w¥B(z;N) =T(=2)[(B+N+1—-2)I(1+2)N(a+N+2+z),
and C is a complex contour from —oo/ to coi which separates the

poles of the functions I'(—z)['(6+ N+ 1 — z) and
FMl+z)Mia+N+2+2z).
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

Wilson — Racah

o Factorization: If o +1 = —N we get
RH(A(X); Q, 6777 6) = RN+1(/\(X); -N — 1757776)(71)’77,\,71

2
: +o+1 . 4643 —y—0+1 —y+0+1l y—541
X Wh—n-1 (l<X+VT)) 'N+72 ) 72 B+ 72 ,'yz
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

Wilson — Racah

o Factorization: If o +1 = —N we get

RH(A(X);O‘ﬂﬂ,’Ya(S) = RN+1(/\(X); -N — 1757776)(71)’77,\,71

2
; +o+1 _ 4043 —y—6+1 4541 y—b+1
X Wh_n—-1 (1<X+‘YT)) ,N+‘y2 ) 72 aﬁ"i‘ 72 ,72 >

@ The A-Sobolev orthogonality:
(p.a)s = (p, @)a + ((B/AN" p,(8/60)" q) |

C

with

N
B (a+1,84+64+1,7v+1,v+6+1,(y+5+3)/2)x
<p’q>"_Xzz()p(x)q(x)(fa+v+5+1,—6+fy+1,(fy+5+1)/2,5+ 1,1),’

(P, q)c :/Cp(zz)q(z2)1/(zi +i+i(y+o+N)/2w(—(zi+i+i(y+d+ N)/2))dz.
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

The others

We get analogous results in the following cases:

@ Continuous Dual Hahn polynomials — Dual Hahn
polynomials.
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

The others

We get analogous results in the following cases:

@ Continuous Dual Hahn polynomials — Dual Hahn
polynomials.

@ Meixner — Krawtchouk.
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

The limits relations between the families

@ Racah — Hahn.

Jim Ra(A(x)i =N = 1,8+ 7+ N +1,7,0) = hB(x; N).
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

The limits relations between the families

@ Racah — Hahn.
Jim Ry(A(x)i =N = 1,8+ + N +1,7,8) = hy?(x; N).
@ Racah — Dual Hahn.
ﬁleOO Ro(A(x); =N —1,8,7,9) = Ra(A(x); 7, 6, N).
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

The limits relations between the families

@ Racah — Hahn.
Jim Ry(A(x)i =N = 1,8+ + N +1,7,8) = hy?(x; N).
@ Racah — Dual Hahn.
Jim_ Ra(A(x); =N = 1,8,7,6) = Ra(A(x); 7,6, N).
@ Hahn — Krawtchouk.

lim A PEPE (i N) = K (x; p, N).

t—00
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

The limits relations between the families

@ Racah — Hahn.
Jim Ry(A(x)i =N = 1,8+ + N +1,7,8) = hy?(x; N).
@ Racah — Dual Hahn.
ﬁleOO Ro(A(x); =N —1,8,7,9) = Ra(A(x); 7, 6, N).
@ Hahn — Krawtchouk.
Jim hEPIEPE (x; N = Ko (x: p, N).

@ Dual Hahn — Krawtchouk.

tILrgo Ra(A(x); pt, (1 — p)t, N) = Kn(x; p, N).
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The Hahn polynomials

The other A-families

Limit relations between hypergeometric orthogonal polynomials
Little appendix

The discrete case

Orthogonality relations for Meixner polynomials with
general parameter

The Meixner polynomials and continuous Hahan polynomials are

related through the following limit relation:

‘ I‘im (—=1)"pn(ix; 0,—t/c, t, ) = My(x; 3, ¢), n=20,1,2,....
t|—00

Proposition: For any 8,c € C, ¢ ¢ [0,00) and —(3 € N, the

following property of orthogonality for the Meixner polynomials

fulfills:

/I\/I,,(z; ¢, )z (—z)[(B+z)(—c)*dz=0,0<m<n, n=0,1,2,...,
C

where C is a complex contour from —ooi to oo/ separating the
increasing poles {0,1,2,... } from the decreasing poles
{_ﬁa_ﬂ_la_ﬂ_za}



The g-families

The q case The g-Hahn polynomials

The examples considered (under construction)

g-Hahn,

g-Racah,

dual g-Hahn,

quantum g-Krawtchouk,
g-Krawtchouk,

affine g-Krawtchouk, and

dual g-Krawtchouk polynomials.
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The g-families

The q case The g-Hahn polynomials

Basic properties

@ Basic hypergeometric function: (n=1,2,...,N)

(q—N’ qoe-i—l; q)n ¢ qfn’ qa+ﬁ+n+17x
(qa+ﬁ+n+1; q)

heP(x; N; q) =

n
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The g-families

The q case The g-Hahn polynomials

Basic properties

@ Basic hypergeometric function: (n=1,2,...,N)

—-N La+l1. n o+B+n+1
aB(o. . . (q ,q ' q)n q -, , X .
hn (Xy N! q) - (qa+ﬁ+n+1;q)n 3¢2 q_N,qOH_]_ q,q .

@ Property of orthogonality.
W, B ) = 20 m,
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The g-families

The q case The g-Hahn polynomials

Basic properties

@ Basic hypergeometric function: (n=1,2,...,N)

—-N La+l1. n o+B+n+1
aB(o. . . (q ,q ' q)n q -, , X .
hn (Xy N! q) - (qa+ﬁ+n+1;q)n 3¢2 q_N,qOH_]_ q,q .

@ Property of orthogonality.
W, B ) = 20 m,

@ Distributional equation:

Dq(q”(q" 1 — g~ M) = 87 (x; N; qJu™.
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The g-families

The q case The g-Hahn polynomials

Basic properties

@ Basic hypergeometric function: (n=1,2,...,N)
(q—N’ qoe-i—l, q) qfn’ qa+ﬁ+n+17x

@ Property of orthogonality.
(I, B PhP) = dionm
@ Distributional equation:
Dq(qa(qﬁ+1+x . qu)uqH) _ hf’ﬁ(x; N: q)uqH‘

@ Integral representation with some boundary condition:

qH P a+1a q_N; q)X —(a+B)x
{u Z —B—N. q :
(a,977"N; )«
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The g-families

The q case The g-Hahn polynomials

The big g-Jacobi

@ Basic Hypergeometric series:

. . 3 (qa+1’ qc+1; q)n q—n’ qa+b+n+1’X .
Pn(X' a, b7 o q) - (qa+b+n+1; q)n 3¢2 anrl7 qC+1 a.q]-
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The g-families

The q case The g-Hahn polynomials

The big g-Jacobi

@ Basic Hypergeometric series:

. . 3 (qa+1’ qc+1; q)n q—n’ qa+b+n+1’X .
Pn(X' a, b7 o q) - (qa+b+n+1; q)n 3¢2 anrl7 qC+1 a.q]-

@ Property of orthogonality: (u8% P,P.) = d26, .
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The g-families

The q case The g-Hahn polynomials

The big g-Jacobi

@ Basic Hypergeometric series:

. . 3 (qa+1’ qc+1; q)n q—n’ qa+b+n+1’X .
Pn(X' a, b7 o q) - (qa+b+n+1; q)n 3¢2 anrl7 qC+1 a.q]-

@ Property of orthogonality: (u8% P,P.) = d26, .
@ Distributional equation:

A
. ((x = ag)(x = cqu®) = P1(x; 3, b, c; q)u®*.
X
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The g-families

The q case The g-Hahn polynomials

The big g-Jacobi

)

Basic Hypergeometric series:

. . 3 (qa+1’ qc+1; q)n q—n’ qa+b+n+1’X .
Pn(X' a, b7 o q) - (qa+b+n+1; q)n 3¢2 anrl7 qC+1 a.q]-

(]

Property of orthogonality: (u8% P,P,) = d256, m.
Distributional equation:

(]

A
. ((x = ag)(x = cqu®) = P1(x; 3, b, c; q)u®*.
X

Integral representation with some boundary condition:

aq —a —Cy.
BqJ (977X%,97°X; @)oo
u~%. p —/ P(x dgx.
( > cq ) (%, 4> % q)0s  *

(7]
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The g-families

The q case The g-Hahn polynomials

The limit relation BqJ-qH

@ The Basic hypergeometric series, re-written:

a+1. n —n qa+B+n+l ,—x. —N+k.
hﬁ’ﬁ(x; N: q) _ (q ) q)n ) Z (q » q »q T q)k(q ) q)nfk qk.

(qath+ntl. q), (9>, q; q)k

k=0
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The g-families

The q case The g-Hahn polynomials

The limit relation BqJ-qH

@ The Basic hypergeometric series, re-written:

a+1. n —n qa+B+n+l ,—x. —N+k.
hﬁ’ﬁ(x; N: q) _ (q ) q)n ) Z (q » q »q T q)k(q ) q)nfk qk.

(qath+ntl. q), (9>, q; q)k

k=0

@ The key...the following algebraic relation:

(@ Dn-n-1-(0" " Dns1ej (G Dn-n-1(9"" Qv (g~ "V g);

(9: @Q)n+1+) (9: 9)n+1(gV+2, q; q);
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The g-families

The q case The g-Hahn polynomials

The limit relation BqJ-qH

@ The Basic hypergeometric series, re-written:

a+1. n —n qa+B+n+l ,—x. —N+k.
hﬁ’ﬁ(x; N: q) _ (q ) q)n ) Z (q » q »q T q)k(q ) q)nfk qk.

(qath+ntl. q), (9>, q; q)k

k=0

@ The key...the following algebraic relation:

(@ Dn-n-1-(0" " Dns1ej (G Dn-n-1(9"" Qv (g~ "V g);

(9: @Q)n+1+) (9: 9)n+1(gV+2, q; q);

@ The limit relation:

hﬁ’ﬁ(x; N;q) = ell—n?o Po(x;a, 8, —N —1+¢€; q).
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The g-families

The q case The g-Hahn polynomials

About the zeros of the extended g-Hahn polynomials

-a -2 r 2 a [

Figure: Log of the zeros of hjy'(x;5;0.5) (left) and hi;'(x; 5; exp(0.231))
(right)
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The g-families

The q case The g-Hahn polynomials

The factorization

@ For any integer k, 0 < k < n,

”Dg_lhg"ﬁ(x; N;q) = (n—k+ 1]q’1)khg‘f:’ﬁ+k(x; N — k; q),
Dghg’ﬁ(x; N;q)=(n—k+ 1|q_1)khsj:’ﬁ+k(x — k,N —k; q),
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The g-families

The q case The g-Hahn polynomials

The factorization

@ For any integer k, 0 < k < n,
Dg_lhg"ﬁ(x; N;q) = (n—k+ 1]q’1)khg‘f:’ﬁ+k(x; N — k; q),
Dghg’ﬁ(x; N;q)=(n—k+ 1|q_1)kh?j:’ﬁ+k(x —k,N —k;q),
o The factorization:

he® (a7 N; q)

B =X N\ _
A (@ N q) = = D)

Po_n—1(—x+N+1; a+N+1, B+N+1, N+1; q).
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The g-families

The q case The g-Hahn polynomials

A characterization Theorem for the g-Hahn polynomials

Theorem: Let N be a non-negative integer and «, 8 € C such that:
—o,—0¢{1,2,....,N;,N+2,...},and —a— & {1,2,...,

2N +1,2N + 3,...}. Then the family of Hahn polynomials is a
OPS with respect to the D,-1-Sobolev inner product:

N

(F g)s = > F(x)g(x)p™ (x; N; q)+ /C (DN (2))(DY 4 g(2))w™ (: N; q)dz

x=0
where

aB(v- M- A Talat1+x)Tq(x=N) g—(@
p™P(xi N; q) = (LT o (—A—N1) 9 (etA)x,

and C is a complex contour from —oo/ to coi which separates the
certain poles®.
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The g-families

The q case The g-Hahn polynomials

Some references

@ R S Costas-Santos, and J F Sanchez-Lara 2008 (In press)
Extensions of discrete classical orthogonal polynomials beyond
the orthogonality. JCAM 2008.
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The g-families

The q case The g-Hahn polynomials

Some references

@ R S Costas-Santos, and J F Sanchez-Lara 2008 (In press)
Extensions of discrete classical orthogonal polynomials beyond
the orthogonality. JCAM 2008.

@ R S Costas-Santos, and J F Sanchez-Lara 2008 (In prep.)
g-Extensions of discrete classical orthogonal polynomials
beyond the orthogonality. Available in my web soon.
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The g-families

The q case The g-Hahn polynomials

Finally...

Thank for your attention!!
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