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COP

THE COP SCHEME
Q-COP
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et u be a linear functional.
* If u fulfills the distributional equation

D(¢u) =yu, degy <1, deg¢p <2

*Property of orthogonality: (u. 2,7,,) = d?¢
Three-term recurrence relation:

xPp(x) = Ppy1(x) + BnPn(x) + v Pr-1()

*Integral representation with a weight function

(u, P) = /FP(Z) du(z), I'c C.

n,m



THE CHARACTERIZATION THEOREM OF COP

Characterization Theorems. The continuous version

Let (P,) be an OPS with respect to w. The following statements
are equivalent:

Q P, is classical, i.e. (¢(x)w(x)) = ¥(x)w(x).
A (P,.1)is a OPS.

© (P,(,Ijr)k) is a OPS for any integer k.
O (First structure relation)

B(X)P)(x) = BnPr11(x) + BaPa(x) + FnPa-1(x).
@ (Second structure relation)
Pn(x) = an'D;r-|-1(X) + BnP;;(X) + 'f?,,P,',_l(x).

@ (Eigenfunctions of SODE)

P(x)P"(x) + P(x)P'(x) + AP(x) = 0.



CLASSICAL OP

The Classical Hypergeometric Orthogonal Polynomials
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Representation of the Classical OP

The continuous and discrete COP can be written in terms of

r,__s< a1 e z) :Z (a1)k(a2)k - - - (3 )k Z¥

b, by, ..., bs (b1)k(b2)k - - - (bs)x k!

k>0

The g-discrete COP can be written in terms of

rSOs( Zi: :Z; z) — ) (ZlCI)kEZ;Z;;; ((—l)kq(g))HS_r

(a)k =ala+1)---(a+ k—1)

(a:q)k =(1—a)(1—aq)---(1—ag“?)




Laguerre and Jacobi Polynomials

(—1)"I'(n+ a+ 1) 1F1( —n w)

I'a+1) a+1

2

2"(a+ 1), F, —n,n+a+6+1(1—=z
)n |

(n+a+pB+1 a+ 1

1
ﬂQ—OAQ
Cn+a+B)(2n+2+a+ P)

4n(n + a)(n + B)(n + a + B)
2n+a+B-1)2n+a+06)2(2n+a+B+1)
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DEGENERATE FAVARD'S RESULT

The Favard's theorem

Let (pn)nen, generated by the TTRR

xpn(x) = pnt1(x) + Bnpn(x) + Ynpa—1(x).

Favard's theorem
If v» # 0 Vn € N then there exists a moments functional
2% : P[x] — C so that

gO(Pnpm) = rn5n,m

with r, a non-vanishing normalization factor.
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If v» # 0 Vn € N then there exists a moments functional
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with r, a non-vanishing normalization factor.

Degenerate version of Favard's theorem

If there exists N so that vy = 0, then (p,) is a MOPS with respect

to
(f,8) = Z(fe) + ) A(TWM(r)TN(e)).
jedt
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The Favard's theorem

Journal of Computational and Applied Mathematics 225 (2009) 440-451

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam
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xpn(x) = pnt1(x) + Bnpn(x) + Ynpa—1(x).

Favard's theorem Extensions of discrete classical orthogonal polynomials beyond
If vo # 0 Vn € N then there exists a moments functional the orthogonality
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If there exists N so that vy = 0, then (p,) is a MOPS with respect

to
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*The function w(sfulfills a Pearson-type difference eq.:

d(s + Dw(s+1) — ¢p(s)w(s) = (x(s +1/2) — z(s — 1/2))1(s)
The g-polynomials satisty, in general, a property of
orthogonality

b
(u, P) :/ P(z)w(z)dyz

The g-integral is defined by
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A GOOD REFER

NCE ABOUT Q-COP

Roelof Koekoek - Peter A. Lesky -
René F. Swarttouw

Hypergeometric
Orthogonal Polynomials
and Their g-Analogues

With a Foreword by Tom H. Koornwinder

@ Springer

AND SOME PICTURES



DEGENERATE VERSION OF FAVARD'S
RESULT IN THE "Q-WORLD"

The Askey-Wilson polynomials case

(1 —abg" " 1)(1 —acg™ 1)(1 — adg™ ')(1 — beq™ " 1)(1 — bdq™ 1 )(1 — cdg™ 1)

4(1 — abecdq?m™—3)(1 — abcdq?m™—2)2(1 — abcdg2m—1)




THE JACOBI MATRIX

Taking into account the TTRR
xPp(x) = Ppy1(2) + BnPo(x) + v Pr-1()

one constructs the Jacobi matrix

Bo 1 0 0 O

v B 1 0 0
J=1 0 7% B 1 0

The spectrum of the N-by-N truncated Jacobi matrix
are the zeros of Pn(x) for all N.
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14.24 Al-Salam-Carlitz I

Basic Hypergeometric Representation

n x—l

D (x:9) = (~a)"q@ 29y (q_ 0 ¢ q—x) :

a

Orthogonality Relation

1
/ (g%,a7 x:q)Un” (1 @) US® (x:9) dx

= (—a)"(1 - 9)(§:9)n(2,2,0 ' 4:9)eq®) 8pm, @ <O.

Recurrence Relation

U (5:9) = U, (6:9) + (a+ D) g"US (:9) —ag"™ (1~ ¢") U, (x:9).
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