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Introduction
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• DEF: A matrix is called totally positive (TP) if every minor of it is positive. 
• We will be interested in submatrices of a given matrix that are TP, or 
permutation similar to TP. 

• Thus, we will be interested in permuted submatrices, identified by ordered 
index lists. 

• Suppose that T is a labelled tree on n vertices and A is an n-by-n matrix.
• DEF: If P is an induced path of T , by  A[P] we mean A[α] in which α 
consists of the indices of the vertices of P in the order in which they appear 
along P . 

• Since everything we discuss is independent of reversal of order, there in no 
ambiguity. 

• DEF: For a given labelled tree T on n vertices, we say that A is T-TP if, for 
every path P in T, A[P] is TP.



Introduction
• For a T-TP matrix, properly less is required than for a TP 

matrix.  

• Also, like TP matrices, T-TP matrices are entry-wise 
positive. This follows because there exists a path 
connecting vertices i and j in tree T, so that every entry in 
the corresponding T-TP matrix is in a submatrix that is, by 
definition, TP.  

• Since all the entries in a TP matrix are positive, then A 
has positive coefficients. 
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TP matrices properties
• Among them is the fact that the eigenvalues are real, positive and 

distinct.  

• The largest one is the Perron root and its eigenvector may be taken to 
be positive.  

• The fact that this property of a TP matrix holds for T-TP matrices is clear 
from the fact that the entries are positive. 

• The eigenvectors of the remaining eigenvalues alternate in sign subject 
to well-defined requirements, and, in particular, the eigenvector, asso- 
ciated with the smallest eigenvalue, alternates in sign as: (+,−,+,−,..., ). 
This is because the inverse, or adjoint, has a checkerboard sign pattern 
and the Perron root of the alternating sign signature similarity of the 
inverse is the inverse of the smallest eigenvalue of the original TP matrix.
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T-TP matrices (sign pattern)
• If T is a Path, the sign pattern of the eigenvector concerning the smallest 

eigenvalue may be viewed as alternation associated with each edge of T, i.e. if {i, j} 
is an edge of T , then vivj < 0 for the eigenvector v associated with the smallest 
eigenvalue.  

• The vector v is signed according to the labelled tree T on n vertices if, whenever {i, 
j} is an edge of T , then vivj < 0.  
This means that v is totally nonzero and that the sign pattern of v is uniquely 
determined, up to a factor of −1.  

• We know that the eigenvector associated with the smallest eigenvalue of a TP 
matrix is signed according to the standardly labelled path T (relative to which the 
TP matrix is T-TP). 

• Neumaier originally conjectured that all eigenvectors should be signed as those of 
a TP matrix, and J. Garloff relayed to us that for any tree T , the eigenvector 
associated with the smallest eigenvalue of a T-TP matrix should be signed 
according to the labelled tree T.  We have proved that the conjecture is false.
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PART I   

(With Boris Tadchiev) 

THE STARS and the POTCHFORK
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The stars on 4 vertices
• Theorem. For any labelled tree T on fewer than 5 

vertices, any T-TP matrix has smallest eigenvalue 
that is real and a totally nonzero eigenvector that is 
signed according to T. 

Sketch of the proof
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The stars on n vertices
• Theorem. Let T be a star on n vertices. Suppose that A is T-TP and 

that all the submatrices of A associated with the deletion of pendant 
vertices are P-matrices. Then, the smallest eigenvalue of A is real, 
has multiplicity one and has an eigenvector signed according to T.  

Sketch of the proof
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Bad example: The Pitchfork
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PART II   

Pendant vertices  
and  

positive determinant
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New definitions
• DEF:  For a given labelled tree T on n vertices, we 

say that A is pendent-P relative to T if all principal 
submatrices, associated with the deletion of 
pendent vertices, one at a time, are P-matrices.  

• DEF: For a given labelled tree T on n vertices, we 
say that A is T-positive if it is T-TP and pendent-P 
relative to T.  
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THE GENERAL RESULT
• Let Sσ = diag(σ1, σ2, . . . , σn) with σ signed according to 
T . 

• Theorem. Let T be a labelled tree on n vertices and A be 
T-positive with det A > 0. Then  
 
sign(detA(i;j)) = (−1)i+jσiσj  

 
 

in which σ is signed according to T.  

• Corollary If T is a tree on n vertices and A is T-positive 
with detA > 0.  Then  SσA-1Sσ  is entry-wise positive. 
Therefore, A satisfies the Neumaier conclusion.  
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Scketch of the proof

15



16



17

Where can I find the results?



Open problems



Thank you and Merry Christmas


