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Outline

Present the problem in a wider context (g-
polynomials, or g-classical polynomials)

Define the families involved: Al-Salam-Carlitz |, II.
Explain the basic technique
Describe the new orthogonality relations

Present the generating function for such family.



The Classical Basic Hypergeometric

Orthogonal Polynomials
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Info: clovant, squared:

g—linear lattice. almost squared: quadratic lattice, oval:

lincar lattice. Red line: particular case, black line: limiting case, orange line: if the

first is on g, the second is on ¢~ 1, blue lines: we discovered (new!), F: blunt orthogonality.




The Al-Salam-Carlitz polynomials U™ (z;q) were introduced by W. A. Al-Salam and L.
Carlitz in [1] as follows:

U (. q) = "Uz(q QW L)k

(Q, (].,‘: *

k.k

T

In lact, these polynomials have a Rodngueb-type [ormula, [4, (3.24.10)]
( )(1 _ q)n

""H'(T a;q)
where the ¢-Pochhammer symbol is delined as

U™ (z; q) = (D1 )" wlz;ai9)],  w(z;ie;q) = (g2;9)o0(92/; 9)oos

n—1
(H@o =1 (20)n:=]]01—2d,
LE=0

0O
(Eig)e = H(l —2q"); |2l <1,
k=0
and the g-derivalive operator is delined by

[ [(g2) — [(2) .
@)= (@-Dz TLFIAFED
\ f'(z) ifg=1Vz=0.

11 W. A. Al-Salam and L. Carlitz. Some orthogonal g-polynomials. Mathematische Nachrichten, 30:47-61, 1965.




Orthogonality Relation

1 '
/ (g%, "gx:9) U (2:q)UN" (%3 9) dgx

= (—a)"(1 - @)(@:9)n(@:4,0 '4:9)q"?) 8, @ <0,

Recurrence Relation

WU (1:q) = U, (x:9) + (a+ 1)g"Us" (x:q) —ag" (1 —g")U, (x:9).

[4] R. Koekoek, P. A. Lesky, and R. F. Swarttouw. [Typergeometric orthogonal polynomials and their q-analogucs.
Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2010. With a foreword by Tom H. Koornwinder.

Z&J(qk, a, Q) Ur(r?) (Qk Q) Ur(r.a) (qka Q)qk a < 07 0 < q <1
k=0 -
— Y wlag";a;q)US (ad®; q)UL (ag®; g)ag"” = d6um.
k=0
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the g-Jackson integral |4, (1.15.7)] is defined as

/f qfc—/f qw—/f )dyz,

where

/0 f@dz = a(l—) Y flag™)a™

n=0
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FIGURE 1. Zeros of U( 4l (; 5 exp(m/6))
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Fig. 2. The lattice {¢* : k € No} L

{(14+14)g* : k € No} with g = 4/5 exp(7i/6).
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) " w(g®; a5 ) USY (65 Q) UR (¢%; q)g* a € C\{0,1}, [gl <1
k=0

oC
— " wlad®;a;q)US (ag"; YU (ag®; 9)aq® = dibum.
k=0

¢ g(ad™) — flg™")g(g™")
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k k =
Y F(@*) %y 19(d%)d" = e

k=0
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From the m=n case one obtains the following identity:

Coarollary 1. Leta,q € C\ {0}, |q| < 1. Then

o0 k
> (6" /050)00 — a(ag"; q)o0) (q?q)k = (1;0) 0o {0/ 2;0) -
=0 ’
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Orthogonality Relation
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k=0 (q; Q)k(aq; q)k

(9:9)na” Oy, O<ag<1.
(ag;q)=q"

Vil (7% @)V (¢7%;9)

Theorem 2. Leta.q € C, a # 0,1, |q| > 1. Then, the Al-Salam-Carlitz
polynomials are unique (up to a multiplicative constant) satisfying the prop-
erty of orthogonaelity given by

1 B o e
fUr‘;.“"(:v;q“)Uf‘,?’(x;q”l)(qﬁlw;qﬁl)oo(rflw/a;q”l)xdq—'w

= (=a)"1 =3 )@ 5 V@10 Doo(@ a0 Dee(@ /338 Voo @ b s
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The remaining cases

Remark 4. The a = 1 case is special because it is not considered in the
literature. In fact, the linear form associated with the Al-Salam-Carlitz
polynomials u is quasi-definite and fulfills the Pearson-type distributional
equations

Tz — 2

Z,[(x —1)%u] = —

w4
u and %,-1[q” u] = 1.

U (z;q) = UL (2 9) + (a+ DU (2; 9) — ag" (1 — ¢")UY, (23 )

The |g|=1 case
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A generalized generating function for
Al-Salam-Carlitz polynomials

lgI>1, p=1/q
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Theorem 3. Let a,b,p € C\ {0}, |p| <1, a,b# 1. Then

Ur(z,a)(w;p) — (—1)n(p3p)",p_ (2) zn: (_1)kan_k(b/a; P)u—kp(é)

u®) 2 D).

Generating Functions

(Xt3)e i (—1)"q2)

(t,at;q) _nz (2:9)n

X o _n(n—1) .
(at;Q)W'I‘pl (a > g5 t) — q( . Vn( )(x;q)tn°

Theorem 4. Let a,b,pc C\ {0}, |p| <1, a,06#1,t€C, |at| < 1. Then

2 — pktk—1) b/u ; :
(at; P)so 161 (at;p, t) = — 141 ( (/J , D, atpk) U (z;p)t%, (8)
k=0 “~
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Theorem 5. Let a,b,pe C\{0}.t€C, |at| < 1, |p| <1, m € Ny. Then

1 —
f 101 (qat g, t) U (a7 p) (g7 254 oo (@7 /0547 oodg ™

b/a

= (= 5)™¢*(7) (b; D)oo (P/B; D)o 161 ( 0

s atqm) :
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Thank you for your attention!



