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Introduction

Purpose: Demonstrate the utility of integral representations
for problems in basic hypergeometric functions and
orthogonal polynomials.

Applications: Integral representations, generating functions,
transformation formulas, and solutions to outstanding
problems.
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Background

Integral representations simplify complex summations.

Strong connections to the q-Askey scheme.

Historical development by Bailey, Slater, Askey, Roy, Gasper,
Rahman, etc.
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Preliminaries

We start with really basic details
±a := {a,−a}.

We also adopt an analogous notation
e±iθ := {eiθ, e−iθ}.

A q-analog of the raising factorial (q-Pochhmmer symbol):
(a;q)n := (1− a)(1− aq) · · · (1− aqn−1).

Let b a complex number:

(a;q)b :=
(a;q)∞

(aqb;q)∞
,

and
(a1, ...,ak;q)b := (a1;q)b · · · (ak;q)b,

The theta function of nome q
ϑ(x;q) := (x,q/x;q)∞,
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Preliminaries

Basic hypergeometric series rφs is defined as

r+1φs

(
a1, ...,ar+1
b1, ...,bs

;q, z
)

:=
∞∑
k=0

(a1, ...,ar+1;q)k
(q,b1, ...,bs;q)k

(
(−1)kq(k2)

)s−r
zk.

For s > r, r+1φs is an entire function of z, for s = r then r+1φs
is convergent for |z| < 1, and for s < r the series is divergent.
Special notation by Bult & Rains.

r+1φ
−p
s

(
a1, . . . ,ar+1
b1, . . . ,bs

;q, z
)

:= r+p+1φs

a1,a2, . . . ,ar+1,

p︷ ︸︸ ︷
0, . . . ,0

b1,b2, . . . ,bs
; z

 ,

Define the Jackson q-integral as∫ b

a
f (u;q)dqu = (1−q)b

∞∑
n=0

qnf (qnb;q)−(1−q)a
∞∑
n=0

qnf (qna;q).
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The Askey-Wilson polynomials

The Askey–Wilson polynomials can be defined in terms of the
terminating basic hypergeometric series

pn(x;a,b, c,d|q) := a−n(ab,ac,ad;q)n 4φ3

(
q−n;qn−1abcd,ae±iθ

ab,ac,ad ;q,q
)
,

where x = cos θ.
The Askey–Wilson polynomials are orthogonal on (−1, 1) with
respect to the weight function

wq(cos θ; a) :=
(e±2iθ;q)∞

(ae±iθ;q)∞
=

(±e±iθ,±q 1
2 e±iθ;q)∞

(ae±iθ;q)∞
,

where a := {a,b, c,d}.
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The Askey-Wilson polynomials

∫ π

0
pm(x; a|q)pn(x; a|q)wq(x; a) dθ = hn(a;q)δm,n,

where

hn(a;q) :=
2π(qn−1a1234;q)n(q2na1234;q)∞

(qn+1,qna12,qna13,qna14,qna23,qna24,qna34;q)∞
,

and aij := aiaj, aijk := aiajak, ...
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Examples



Generalized q-beta integrals. The Askey–Wilson
and the Nassrallah–Rahman integrals

The Askey–Wilson integral.
Let a := {a1,a2,a3,a4}. Then∫ π

0

(e±2iθ;q)∞

(ae±iθ;q)∞
dθ =

2π(a1234;q)∞
(q,a12,a13,a14,a23,a24,a34;q)∞

.

The Nassrallah–Rahman integral.
Let a := {a1,a2,a3,a4,a5}. Then∫ π

0

(e±2iθ, λe±iθ;q)∞

(ae±iθ;q)∞
dθ =

2π(λa, λ−1a12345;q)∞
(q,a12, . . . ,a45, λ2;q)∞

8W7

(
λ2

q ;
λ

a
;q, a12345

λ

)
,

where

r+1Wr(b;a4, . . . ,ar+1;q, z) := r+1φr

(
±q
√
b,b,a4, . . . ,ar+1

±
√
b, qba4

, . . . , qb
ar+1

;q, z
)
.
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The Rahman ntegral

The Rahman integral generalizes the Nassrallah–Rahman
integral.
Let a := {a1,a2,a3,a4,a5,a6}. Then∫ π

0

(e±2iθ, λe±iθ, µe±iθ;q)∞

(ae±iθ;q)∞
dθ =

2π
(q,a12, . . . ,a56;q)∞

×

(
(λa, µa ;q)∞

(λ2, µ/λ;q)∞
10W9

(
λ2

q ;
λµ

q ,
λ

a
;q,q

)

+
(µa, λa ;q)∞

(µ2, λ/µ;q)∞
10W9

(
µ2

q ;
λµ

q ,
µ

a
;q,q

))
,
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Main result

Let q ∈ C, m ∈ Z, t ∈ C∗, σ ∈ (0,∞), a := {a1, . . . ,aA},
b := {b1, . . . ,bB}, c := {c1, . . . , cC}, d := {d1, . . . ,dD} be sets of
complex numbers with cardinality A,B, C,D ∈ N0 (not all zero)
respectively with |ck| < σ/|t|, |dl| < 1/σ, for any ai,bj, ck,dl ∈ C
elements of a,b, c,d, and z = eiψ. Define

Gm,t :=
(q;q)∞

2π

(√
t
σ

)m ∫ π

−π

(bσz , ta
z
σ ;q)∞

(dσz , tc
z
σ ;q)∞

eimψdψ,

such that the integral exists. Then

Gm,t(a,b, c,d;σ,q) = G−m,t(b, a,d, c;σ,q),

if |ck|, |dl| < min{1/σ, σ/|t|}. Furthermore, let tdlck 6∈ Ωq. If D ≥ B,
dl/dl′ 6∈ Ωq, l 6= l′, then

Gm,t= t
m
2

D∑
k=1

(tdka,b/dk; q)∞dmk
(tdkc,d[k]/dk; q)∞ B+Cφ

C−A
A+D−1

(
tdkc, qdk/b
tdka, qdk/d[k]

; q, qm(qdk)D−B
b1 · · · bB
d1 · · · dD

)
.
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A consequence

Let a, c, d, q, s, f , σ, z = eiψ as in the former result. Then

∫ π

−π

((fd1,
q
f d2)σz , (

f
d2
, q
fd1
, a) zσ ;q)∞

((d1,d2)σz , c
z
σ ;q)∞

dψ =
2π
√

d2
d1
ϑ(f , f d1

d2
;q)

(1− q)s(q,q;q)∞ϑ(d2
d1

;q)

×
∫ s

√
d1
d2

s
√

d2
d1

((q
√
d1/d2,q

√
d2/d1, a

√
d1d2)us ;q)∞

(c
√
d1d2

u
s ;q)∞

dqu.
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Integral representations

2φ1

(
a,b
c ;q,z

)
= − 1

2i
(a,b;q)∞
(q, c;q)∞

∫ i∞

−i∞

((q, c)qs;q)∞
((a,b)qs;q)∞

(−z)s
sin(πs)ds,

where ±i∞ := ± limx↑∞ ix, where x ∈ (0,∞).

Result: Let a,b, c, z,q ∈ C∗, with |z| < 1, τ ∈ (0, 1), w = eiη. Then

2φ1

(
a, b
c

; q, z
)

=
(q, a, cb ,

abz
c ; q)∞

2πϑ(f , f c
bz ; q)

∫ π

−π

((f
√

c
bz ,

q
f

√
bz
c )

τ
w , (f

√
c
bz ,

q
f

√
bz
c ,
√
bcz)w

τ
; q)∞

((
√

c
bz ,
√

bz
c )

τ
w , (
√

bz
c a,

√
cz
b )

w
τ
; q)∞

dη

2φ1

(
a, b
c

; q, z
)

=
(q, a, b, ca ,

c
b ,

abz
c ; q)∞

2πϑ(f , f abc ; q)(c; q)∞

∫ π

−π

((f
√

ab
c ,

q
f

√
c
ab )

τ
w , (f

√
ab
c ,

q
f

√
c
ab )

w
τ
; q)∞

((
√

ab
c ,
√

c
ab )

τ
w , (
√

ac
b ,
√

bc
a ,
√

ab
c z)

w
τ
; q)∞

dη.
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Identities

The expression

D∑
k=1

(tdk a,d−1
k b;q)∞

(tdkc,d−1
k d[k];q)∞

B+Cφ
A−C
A+D−1

(
tdk c,qdk b−1

tdk a,qdkd−1
[k]

;q, b1 · · ·bB
d1 · · ·dD

)

is equal to

C∑
k=1

(tbk c,b−1
k a;q)∞

(tckd, c−1
k c[k];q)∞

A+Dφ
B−D
B+C−1

(
tck d,qck a−1

tck b,qckc−1
[k]

;q, a1 · · ·aA
c1 · · · cC

)
.
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Non terminating representations

The Askey–Wilson polynomials can be written as follows:

4φ3

(
q−n,qn−1abcd,ae±iθ

ab,ac,ad ;q,q
)

=
(a2cd, cd;q)n(qab ,

q
ab ,acd e

±iθ;q)∞

(acd e±iθ;q)n(qbe±iθ,a2cd, cd;q)∞

× 8W7

(
qn−1a2cd;qnac,qnad,qn−1abcd,ae±iθ;q, q

1−n

ab

)
,

where x = cos θ, |q1−n| < |ab|.
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Generating function. Askey-Wilson polynomials

Let k,p ∈ {1, 2, 3, 4}, a := {a1,a2,a3,a4}, t,q,ak ∈ C∗,
x = cos θ ∈ [−1, 1], |apt| < 1. Then

∞∑
n=0

tn (q−1a1234; q)n pn(x; a|q)
(q, {apas}s 6=p; q)n

=
(ta1234(qap)−1; q)∞

(ta−1
p ; q)∞

6φ5

(
±(q−1a1234)

1
2 ,±(a1234)

1
2 , ape±iθ

{apas}s6=p, ta1234(qap)−1, qapt−1 ; q, q
)

+
({tas}s 6=p, q−1a1234, ape±iθ; q)∞
({apas}s6=p, apt−1, te±iθ; q)∞

6φ5

(
±ta−1

p (q−1a1234)
1
2 ,±ta−1

p (a1234)
1
2 , te±iθ

{tas}s 6=p, q−1a1234(ta−1
p )2, qta−1

p
; q, q

)
.
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Thank you

Thank you!

Slides: www.rscosan.com/talk/seminar29

Source: Cohl, H. S., Costas-Santos, R. S. Utility of integral
representations for basic hypergeometric functions and
orthogonal polynomials. The Ramanujan Journal. Special Issue in
Memory of Richard Askey. Volume 61 (2022), 649-674
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