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INTRODUCTION

Purpose: Demonstrate the utility of integral representations
for problems in basic hypergeometric functions and
orthogonal polynomials.

Applications: Integral representations, generating functions,
transformation formulas, and solutions to outstanding
problems.




BACKGROUND

m Integral representations simplify complex summations.
m Strong connections to the g-Askey scheme.

m Historical development by Bailey, Slater, Askey, Roy, Gasper,
Rahman, etc.




PRELIMINARIES




PRELIMINARIES

m We start with really basic details
+a :={a, —a}.
We also adopt an analogous notation
etit .— (olf =10},
m A g-analog of the raising factorial (g-Pochhmmer symbol):
(a;q)n == (1—a)(1 — aq) -~ (1 — ag"").
m Let b a complex number:
(@q)

(@;q)p = (g q)=

)

and
(@1, ..., 0r; Q)b == (G1; q)b - - (Ak; Q)b
m The theta function of nome g

JI(X; q) := (X,9/X ) o,




PRELIMINARIES

m Basic hypergeometric series ,¢s is defined as

Qr, oery Arg X (@1, -, Arin; Q)i k()
,q,Z ) = —1 2 Z".
e a2) > (arbr —bargy (V)

Fors >r, r11¢s is an entire function of z, for s = r then ,1¢s
is convergent for |z| < 1, and for s < r the series is divergent.

m Special notation by Bult & Rains.

p

a a a,, a a O (0}

—p 1900y Ur4q . 1, U2y - Ur+1, Yy 000y U

) 10,2 ) = rip+1®Ps iz
r+rs b1,...,b5 ’ p b1,b27...,b5 '

m Define the Jackson g-integral as

b 00 0o
| fu@yiqu = -a)b 3 a"f(a"b: )~(-a)a 3 a"f(@"a; )
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THE ASKEY-WILSON POLYNOMIALS

The Askey-Wilson polynomials can be defined in terms of the
terminating basic hypergeometric series

ab, ac,ad

~n.gq"'abcd, ae*?
pn(X;a>b7C7d|q) = ain(abvaca ad; Q)n 4¢3<q q q7q>

where x = cos#f.
The Askey-Wilson polynomials are orthogonal on (—1,1) with
respect to the weight function

(eﬁzzie; )0 (:tej:ie’ iq%eﬁ:iﬁ; Q)oc

Wq(COS 0; a) = (aeiie; Q)oo - (aeiie; Q)oo 7

where a := {a, b, c,d}.
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THE ASKEY-WILSON POLYNOMIALS

/ Pm(X; 2/q)Pn(x: a]q)Wq(x; @) A0 = hn(a; Q)dm .
(o]
where

271(q" Q1234 §)n(G*" Q12347 G) o
(@"*1,q"a12,q"A13,q" A1y, " 023, G" A2, Q" A345 Q) oo

hn(a;q) :=

and a,-]- = G,'Gj, a,-]-k, = G,'Gjak,







GENERALIZED G-BETA INTEGRALS. THE ASKEY-WILSON

AND THE NASSRALLAH—RAHMAN INTEGRALS

The Askey-Wilson integral.
Leta:={a4,ay,0a5,0a,}. Then

/7r (eizig; Q)oo 49 — 27r(a1234; Q)oo
(o}

(aeiie; q) (g, 12, Q13, Quyy, Ao3, Aoy, O34 G )oo

The Nassrallah-Rahman integral.
Leta:= {a4,ay,03,0a,,05}. Then

/7r (ejzzi07 AeLi )0 ) 21(Aa, A Qrasss; G)oo W7<)‘2- A Qs
[e]

g'a’ A,

(ae:l:ie;q)oo (q7a127...7045’)\2;q)00

where

+qvb.,b,a,,...,a
raaWe(bsay, ... ar4;9,2) = r+1¢r< 1\5 lbh qbr+1;q’z> .

Y@, Grg

- s8]



THE RAHMAN NTEGRAL

The Rahman integral generalizes the Nassrallah—-Rahman
integral.

Leta :={a.,a,,03,q,,0s5,06}. Then

/-7r (4210 \e*0 110+, q)°°d9 - o
o) (aeiw; Q)oo (q7 a127 o 7056; Q)oo

(Ma, 4:9)x ()\ A A >
) | AcSa e w228 2,
((Az,u/A:Q)m10 \q g a®1

(1,31 q)o (u Mg )
—"_— W ) M
2 )\ q g a9

)
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MAIN RESULT

letge C,meZ,te C* o€ (0,00),a:={a,...,0a},
b:={b,,...,bg},c:={c,...,cc},d:={dq,...,dp} be sets of
complex numbers with cardinality A, B, C,D € N, (not all zero)
respectively with [cx| < o/t], |d| < 1/c, for any a;, bj, ¢g, d; € C
elements of a, b, c,d, and z = /. Define

(@) (VI [T (b, taZi)x oimv
Gm.e =2 <a> /_W (dg, tc Q)0 dy,

such that the integral exists. Then
Gmt(a,b,c,d;0,q) = G_my(b,a,d,c;0,q),

if |cgl, |di| < min{1/0,0/|t|}. Furthermore, let tdc, & Qq. If D > B,
di/dy & Qq, [ # ', then

(tdka b/dk q)oc tdkC qdk/b D— Bb" bB
Gm=t2 § :— ’ ;
e (i, Gy /i @)oo B+ €701 <tdkav ad/dyy * 99 (99) do)



A CONSEQUENCE

Leta, ¢, d, q,s,f,0,2= e’ as in the former result. Then

[ i gz, E0 8

(@)t (- Q)50 0ni(%:0)
V& (gy/dh/d5,qy/da/dy, av/did:) Y 9o
X/s % (Va2 q) datt




APPLICATIONS




INTEGRAL REPRESENTATIONS

ab N 1(@bigh [ (406 (-2)°
2¢*( c "“) =20 (0,60)x /_,-oo ((0.5)q%; q)ow sin(r5) "

where +ioco 1= + limyo iX, Where x € (0, 00).

Result: Let a, b, c,z, g € C*, with |z| < 1, 7 € (0,1), w = €. Then

o(%0i0z) - @b 0 OV 2 VD0 1V VB Y )
A 219(f,f 55:0) \/;7\/?W7\/§\/§ D)

(i) 0L - VG50 T D0
201 a4,z) = zﬂﬁ(ffﬂcb q)(C q)oo ”(\/;7\/5 \/Ey\/g,\/iZ)W




IDENTITIES

The expression

ZD: (tdea, d—1 b;g)w A tdpc,qdp b’ u
k:1 tdkc d d[k’] q) B+C A-‘rD 1 tdk, qdkd[k] 1 q, d1"'dD

is equal to

tckd ck c[k] q) A+D B+C 1 tckb quC[k] 'q, s b

AMﬁ




NON TERMINATING REPRESENTATIONS

The Askey-Wilson polynomials can be written as follows:

q~",q""abcd, ae* _(a%cd, cd; q)n(%, &, acd e*?; q)
43 ab, ac,ad ) (acd etif; q)p(Teti?, a2cd, cd; q) o

) 1-n
x g, (q””a%d; q"ac,q"ad,q""abcd, ae*?; q, qab ),

where x = cos ¥, [q""| < |ab]|.




GENERATING FUNCTION. ASKEY-WILSON POLYNOMIALS

Let ka p € {17 2a 31 4}! a:= {01, as, 03, ah}r ta Qa ap € (C*r
X =cosf € [-1,1], |apt| < 1. Then
i t" (7 "@1234; @)n pn(x;a]q)  (t0123,(9ap) ~"; G) oo (" Guz34) 2, £(a1234) 2, apet? 14,4
"\ {@pas}sip, tarsu(qap) 1, qapt=1" "

— (9,{apas}szp; q)n (ta,"; 9) oo

({tas}szp: 9~ "ana34, ape*?; g)oo j:ta;‘(q*1a1234)% ; itﬂf(ausa)g , teF0 0.4
6 _ _ v q, B
{tas}ssp, g~ "anz4(ta, )2, gtay,

({apas}ssp, apt—, tex?; q) oo




THANK YOU

Thank you!

Slides: www.rscosan.com/talk/seminar29

Source: Cohl, H. S., Costas-Santos, R. S. Utility of integral
representations for basic hypergeometric functions and
orthogonal polynomials. The Ramanujan Journal. Special Issue in
Memory of Richard Askey. Volume 61 (2022), 649-674
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