Roberto S. Costas Santos

Department of Physics and Mathematics
Universidad de Alcala

This is a joint work with
Howard Cohl (Applied and Computational Mathematics Division, NIST, MD)
Wenging Xu (Montgomery Blair High School)

This work is supported in part by a grant from Ministerio de Economia y Competitividad (MTM2012-36732- C03-01),
Spain.

This is a supported in part by National Institute of Standards and Technology, MD, USA

Gaithersburg, June 5, 2015



1. Define the Meixner and Krawtchouk Polynomials
2. Orthogonality of Meixner Polynomials in C

3. Connection relations and connection-type relations for
Meixner and Krawtchouk polynomials

4. Generalizations of generating functions for Meixner and
Krawtchouk polynomials

5. Explanation how one may obtain orthogonality relations
for these polynomials in C using Ramanujan's master
theorem



Generalized hypergeometric orthogonal polynomials
Hans Volkmer, University of Wisconsin-Milwaukee
Michael A. Baeder, student Harvey Mudd College
!3asic hypergeometric orthogonal polynomials |

Philbert Hwang, student at Poolesville High School (MD)

William (Wenqing) Xu, student at Montgomery Blair High School



Hypergeometric Orthogonal Polynomials
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Euler’s gamma function and factorial for non-negative integers

['(2) ::/ t*~le=tdt, Rez >0
0

Pochhammer symbol: the rising factorial in the complex plane
(@)n == (a)la+1)...(a+n—-1), (a)g:=1, a€C
I'(a +n)
(@)n =
I'(a)
I'n+1)=nl=(1),
Generalized hypergeometric series

ai, ..., G, (a)n ... (ar)n 2
’I“FS ; =
( b]_, c e ey bS Z) Z (bl)n o o o (bs)n TL!

n=0




1. The Meixner and Krawtchouk polynomials

The Meixner polynomials

M, (238, ¢) = (C:(ﬁl);n ya) ( T 1)

The Krawtchouk polynomials

o —n,—x 1
Kn(z;p, N) = (—=N)np 2F1< Y ;—>

These two families of polynomials are related. Indeed,




2. The orthogonality for Meixner Polynomials
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Proposition 9. Forany 8,c € C,c ¢ [0, oo) and —B &€ N, the following property of orthogonality for the Meixner polynomials
fulfills:

/Mn(z; c, 2" (—=2) I (B +2)(—c)*dz=0, 0<m<nn=0,1,2,... (A.3)
C

where C is a complex contour from —oci to ooi separating the increasing poles {0, 1, 2, .. .} from the decreasing poles {—f8, — 8 —

1, —B—2,...).




What are the c,k? This is a problem in orthogonal polynomials. In general, one can
compute connection relations by using orthogonality

b
Péa) (x)PlEfX) (x)w(z; a)dx = dy(a)dk k-

Therefore "

b
P ()P (z)w(w; B)da.



fla,pia) = cala)p" P (x)
n=0

Examples:
e Hermite polynomials ~ 4
exp(2p — p?) = Y —p" Hu(x)
n=0

e Gegenbauer polynomials

nCV
(1+ p? —2,035 Zp

e Jacobi polynomials

2R 1= p+R)™*(L+p+ R =) p"pPl*P(a),
n=0

where R = /1 + p? — 2px.
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n # !
(1-p) lexp —2 = pL(2)
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1) 7 r(1—=p) 7 "exp 1 T (1—-p) nzop Ly ()
" "
r ' r d I « ' o — B | g
L=p)" = %xlk«vk — a-pte= ! g )i
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P | %
' (=Bt k()
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n=0 @ ko (R o
Connection relation (1 free parameter)
! n
L@ = caple:B) LY (),
k=0
where
_(@=B)u &




3a. Connection relations for Meixner polynomials

Theorem 1. Let! )" € @, c,d € @0,1. Then

et 0 =52 (1) i3 (567) =0 (70T TR e

AN

Corollary 2. Leta! C, ¢, d! @0,1. Then

M, (2: 0, ) = (Céicz))n;n:o (Z) <d(cl##dc)>kMk(a:;a,d).

Corollary 3. Let o, 3! C, c! @0 1. Then
1 ~—/n
Mp(z;0,¢) = (a# B)n—k(B)eMy(z; B, c)
(@)n o \*
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3b. Connection-type relations for Meixner polynomials

Theorem 4. Let o € @, c,d e @0,1. Then

= 5 ()17 )

Proof. A generating function for Meixner polynomials is given as
t\ " =

1——-) (1—1¢)"
(1) ooy

The above connection-type relation (15) can be derived by starting with (16), and multiplying

AN AN
the left-hand side by (1 — 8) / (1 — E) , |t| < |d] < 1. One then has

(-2 (=) ) v () (-2) 8

After using the binomial theorem (6), the left-hand side becomes

SO Er@ s

(x5, €)™, lt| < || < 1.

m(x; o, d)t"™

m=0

m (x5 a, d)t™

s=0 m=0

By collecting the terms associated with ", (15) follows using analytic contination in ¢, d, and
(2), (3) and (5). H
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Theorem 5. Let o, 3 € (C, c,de Co,l. Then

The function F; is an Appell series, which are hypergeometric series in two variables and are
defined as [4, (16.13.1)]

& ! 1e%) /
S

(18)

m,n=0



3a. Connection relations for Krawtchouk polynomials

Theorem 6. Let M\N € Ng, n < N < M, p,q e C\{0}. Then

I 111 I 111
m LTk L _
q“(—M )k n+kk—M q
Kn(x:p, N) = F = Kylx:qg, M).

Corollary 7. Letp,q € C\{ 0}, N € Ng, n < N. Then

! " n g !n"! "
K :I:,p,N - T - Ky xaQaN
o(wpN) = P L K

Corollary 8. Let p,ge C\ {0}, M,N € Ng, n <N <M. Then

n

Kn(x,p’N): (_Ii-l) Z(E)(M _N)n—k(_M )kKk(X,p’M)
" k=0
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4a. Generalizations of generating functions for Meixner polynomials

Theorem 9. Let o, 5 € @, c,d € @0,1, t € C. Then
! " ! " | "
—z t(l—c) * (B dl-¢) " B+n —td(1—c)

t , _ n
¢ 1h1 a’ a)pn! (1 —d) a+n’ c¢(l—d) Mn(@; 5, d)E

¢ n:O(

Proof. Using the generating function for Meixner polynomials [6, (9.10.12)]
|

T x t(1-c #° n
e'1F1 ; ( o ) - ka(X;ﬁ,d)

n=0

and (12), we obtain

Cxtlog _ e (g di-9 F _ n+kp+k dloo

c B Kk (0, c1—d ! a+k cd-—d

nl Mk(X,B,d)
n=0 = k=0

et1|:1

Let 7 € N,
k,neNg, z€C, Ru >0, w>—1, v > 0. Then

[(w);| = (Ru)(5 — 1)},
(V)n

n!

< (1+n)%

(n+k)!

n!

(n 4+ w)r < max{1,2"}

Y

!
(2 + k)t < %(1 +n)l#.
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4a. Generalizations of generating functions for Meixner polynomials

Theorem 10. Let o, € @, c e @0,1, t € C. Then

(2 (i

n=

Theorem 11. Let o € (Aj, c,d € @0,1, t € C. Then

00
y —x t(l—c)\ 1 . tt _ n
61171( o’ c — § n'q)Q x’a—l_n’E’C_l Mn(ZB,Oé,d)t

n=0

The function ®5 is a Humbert hypergeometric series of two variables defined as

5, (6,6';%:1:,@ _ i (B)m (B )n =™ y"

0 (V)m+n m! n!

m.n=—

Theorem 12. Let #,! € 6, c,d € 60,1, t € C. Then

T t(l—C) (! n . RN n
et F(# ) Z(#)nn'l ) ( e LR R )Mn(x ).

The function ! (23) Is a confBuent form of the Lauricella series debned as [7, p. 34]

oo

Z (b1)m1 (b2)m, (b3)m3 95r1n1 xrznz x;ns

(C)m1+m2+m3 ml! m2| mg'

(3) - —
157 (b1,b2,b3; c; 21, 22, 23) =
miy,m2,m3=0
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Theorem 13. Let |t| < 1, |t(1 —¢)| < |e(1 —=t)], @, € C, y € C, c € Co1. Then

(1— )R, (7;”; t1 = C)) - i D)alBn. g (7 Tma B;t) M, (z; 8, )™

Te(l—1t) (@)nn! a+n

n=0

Theorem 14. Let |t| < min{1,|c(1 — d)|/|1 +d —2¢|}, &, 8 € C, vy € C, c € Co1. Then

_ ’y,—x_t(l—c) . — (V)n(B)n Y+n,B+n —dt(1 —c)
-0 (7, ’c(l—t>)‘z_% e (S )

« (C( d(l—c) )nMn(x;ﬁ,d)t”.

There are much more ... soon in Arxiv!
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5. The orthogonality & the RamanujanOs Master Theorem

Let A, P, ¢ be real constants so that A < mand 0 < 6 < 1. Let H(9) = {\ € C:
Re A > —¢}. The Hardy class H(A,P,d) consists of all functions a : H(5) — C that are
holomorphic on H(¢§) and satisfy the growth condition

la(A)] < Ce—P(Re!)+A[Im!|

for all A € H(§). Hardy’s version of Ramanujan’s Master theorem is the following, see |16,

Theorem 0.1 (Ramanujan’s Master Theorem). Suppose a" H(A,P,d). Then:

(a) The power series
-
f(x)=  (#1)Fak)xk (0.3)

converges for 0 < x < e ¥ and defines a real analytic function on this domain.
(b) Let 0< o< §. For0<x<eP® we have

AR
- 27T| RN Sln(ﬂ-)\)

a(\)x' d. (0.4)

f(x)

The integral on the right hand side of (0.4) converges uniformly on compact subsets
of 10, +% | and is independent of the choice of 0.

(¢) Formula (0.1) holds for the extension of T to |0,+%/[ and for all X" C with 0 <
Re )\ < ).

<11
1
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We choose ! = 1/2, X = —c, and since

I'1—-2)I'(z) = : = ['(142)'(-2z) =

then choosing

we get

z . m — I
/C [(=z)L(# + z)(—¢)*Mn(z;c,#)z dz =) Tk

k=0
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