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THE BASICS

» Let u € P’ be a linear functional and (P,) = ops(u).
» Property of orthogonality

(U, PyPm) = d28n.m-
» Distributional equation:

D(pu) = pu, degy <1, deg < 2.

» Three-term recurrence relation:

XP,,(X) = anPnJrl(X) +BnPn(X) +'7nPn71(X)-

» The weight function

(u,P>:/FP(z)d,u(z), Icc,.



Hypergeometric representations

The continuous and discrete COP can be written in terms of

ai, a, ...,ar B (a1)k(a2)k - - - (ar)k ¥
fFS< b, bo, ..., bs Z) ;)(bl) (b2)k- - (bs)k k!~

where (a)o =1, and (a)xy = a(a+1)---(a+ k —1) for all k € N.



The hypergeometric scheme

Krawtchouk




The Jacobi functions

The Jacobi functions are eigenfunctions of the SODE
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L9 (@ -2%y) = -2 1 (b-a-z(arbr2)) 2,
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where w(z) = (1 — z)*(1 + z)°.



The Jacobi functions

The Jacobi functions are eigenfunctions of the SODE

2

o (=D Ly) = - Ly b-a-e(a+5:D)

w(z) dz

where w(z) = (1 — z)*(1 + z)°.

The Jacobi functions admit the hypergeometric representation:

P(a’ﬁ) (Z)

_(a+Dn o < —yatf+y+1 .1—Z>
5 =—— 2N |

nl a+1 ' 2

where o, 5,7 € C.



The associated Legendre
functions and Ferrer

functions of the first
and second kinds



Associated Legendre functions of the first and second kind

These functions are a particular case of the Jacobi functions.

P,Y(Z) _ P§O,O)(Z) —5F < -7,y +1 . 1—Z>’

1 2
This sequence fulfills the recurrence relation:

(27 + 1)2Py(2) = (7 + DPyia(2) +1Py1(2), aolz) = 1.
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Associated Legendre functions of the first and second kind

These functions are a particular case of the Jacobi functions.

—v,y+1 1—z
PV(Z):P§O’O)(Z)=2F1< Vrly — >,

This sequence fulfills the recurrence relation:

(27 + 1)2Py(2) = (7 + DPyia(2) +1Py1(2), aolz) = 1.

The associated Legendre functions fulfill the recurrence
relation:

(2y+1)zP(z) = (v + 1 = w)PLy1(2) + (v + )P4 (2).

The associated Legendre function of the first kind
Py : C\ (—o0,1] — C is defined as

N

1 z+1\2 —v,7y+1 1—=z
Pt(z) = F; ; .
7(2) F(l—u)<z—1> 21( 1—p ° 2 )




Associated Legendre functions of the first and second kind

The associated Legendre function of the second kind
QU : C\ (—00,1] — C can be defined as

V(2 ~ 1) F(*;*; 1)
1 )

v+3 22

Qy(2) =

= 2y+1p(y+ %)Zu—l—u—f—l

for |z] > 1 and, by analytic continuation of the Gauss
hypergeometric function, elsewhere on z € C\ (—o0, 1].



Ferrers Function of the First and Second Kind

The Ferrers functions of the first kind (associated Legendre
functions of the first kind on-the-cut) P4 : (—1,1) — C is defined

N
1+x)\2 1 —-v,v+1 1—x
p# = F ’ :
v) (1—X> F(l—u)21< l—p " 2 )

and the Ferrers functions of the second kind (associated Legendre
functions of the second kind on-the-cut) Q) : (—1,1) = C is
defined as

I'(v+p+1)

Q) = =

(e’%"””fo(x +i0) + €2 TRQH(x — /0)) .



Behavior at singularities

For the associated Legendre functions of first kind:

P~ T (X;)Z’

as x — 17.
For the Ferrer functions of first kind:

1)~ i (25)

as x — 17.
For the Ferrer functions of second kind:

i Ir(iw)lv—-—p+1) 2
R TN Oy <1—x

as x — 17.

o
> 2
)



The Multi-integral
representations



The Ferrers functions of the second kind

Result 1. Let x € (—1,1), v, € C, such that u ¢ —N
v—u & —Np. Then,

/(1 w2)5Q, (w)dw = (1-x2)'F

w 21T (p+ 1) (v — p)
Q700 - I'v+p+2)




The Ferrers functions of the second kind

Result 2. Let n € Ny, x € (—1,1), v,u € C. Then,

[ [ = whtap i = (1) 0,
T(p+nT(v—p—n+1) <= (v—p—n+1)(—v—p—n)
_F(V+M+1)V+M+1nz 1—p—ntkl(—p — n+ 1), (1—x)*

k=0

= — Z cot(mp)(1 —x°) P, (x)

+2“_1F(M)F(u—u—|—1)(1—x)” £ v—p+1l,—v—pl 1—x
(v +p+1) 32 n+ll-p 2 )



Sketch of the proof

nt 2RI (p+ 1) (v — p)

/1(1 W) B  wyaw = (1 — ) QP ()
Jx v v I'(v+p+2)

We first need to obtain the following identity:
n

dx”

(1= x)2Q"(x) = (~1)"(1 = x*) "7 Q" (x).

then, we need to use the behavior of the Ferrers function of the

second kind as x approaches at x — 17, Ry > 0:

4 1P() (v — 1)
I'(v+p+1)

I3
2

(1-x%)2Q; (x) ~

Finally, we needed the result.



Sketch of the proof

Result 3. Let n € Ny, a,x,p € C, and let f# be a function, such

that d
Z(2) = M 2),

where A\, € C, A # 0. Then, the following identity holds:

[ [T = ! S A gy P @ - 9F
2 2 AuFL AuFn ko Kt



The Ferrers functions of the second kind

Result 4. Let x € (—1,1), v, € C, such that u & —N,
v—u & —Np. Then,
(1—x*)"7 QU (x)
(n=v)(v+p+1)
2l (pn+1)
T p DI (- DI+ 3

/xl(l — w2 QY (w)dw =

n

(Z(n(l =) EQU(x) = (~1)"(v = s+ Dal—v = w)a(1 = x*) T QL™"(x).




The Ferrers functions of the second kind

Result 5. Let x € (—1,1), v,u € C. Then,

x rw) 1 Q- HH (%) w%r("*““)
/0(1 Wz)% RO TP (1- “T*l_2ur(”+§“)F(*‘*”*l)r("*““) ‘

x2)

d" Q. "(x)
dX"( xz)‘?

Q" "(x)
(1 . X2) [

= (=1)" v+ p+1)a(p = v)n



The Ferrers functions of the second kind

Result 6. Let n € Ng, x € (—=1,1), v,u € C. Then,

2 (=0 hn—k
=(-)"Y I (v +p+Dk—nlp — )k—nQ, (0)
- W2) 5 k=n :
w%x"F yoptl viptl p—v
— 2 3,_—2< 7 7 oL 2)
- +1 vt pt2 w—v v—p+2 ntl n+2
ni2nt r( 4 )r( - )I‘(f) ol

3
5  n+1 v—pu42
w2 (Lep2 .

i (n+1)12~T (”*;‘“) r (“*;“) r (”*;“) 3F2( o2, "+3

vipt2 p—v+4l u+1 1 )
’ . 2
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That's all Falks ;)

Thank you for your attention



