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The classical orthogonal

polynomials



THE BASICS

I Let u ∈ P′ be a linear functional and (Pn) = ops(u).

I Property of orthogonality

〈u,PnPm〉 = d2
nδn,m.

I Distributional equation:

D(φu) = ψu, degψ ≤ 1, deg φ ≤ 2.

I Three-term recurrence relation:

xPn(x) = αnPn+1(x) + βnPn(x) + γnPn−1(x).

I The weight function dµ(z) = ω(z) dz

〈u,P〉 =

∫
Γ
P(z) dµ(z), Γ ⊂ C, .
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Hypergeometric representations

The continuous and discrete COP can be written in terms of

rFs

(
a1, a2, . . . , ar
b1, b2, . . . , bs

∣∣∣∣ z) =
∑
k≥0

(a1)k(a2)k . . . (ar )k
(b1)k(b2)k . . . (bs)k

zk

k!
.

where (a)0 = 1, and (a)k = a(a + 1) · · · (a + k − 1) for all k ∈ N.



The hypergeometric scheme
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The Jacobi functions

The Jacobi functions are eigenfunctions of the SODE

1

ω(z)

d

dz

(
ω(z)(1− z2)

d

dz
y

)
= (1−z2)

d2

dz2
+(b−a−z(a+b+2))

d

dz
,

where w(z) = (1− z)α(1 + z)β.

The Jacobi functions admit the hypergeometric representation:

P(α,β)
γ (z) =

(α + 1)n
n!

2F1

(
−γ, α + β + γ + 1

α + 1
;

1− z

2

)
,

where α, β, γ ∈ C.
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The associated Legendre

functions and Ferrer

functions of the first
and second kinds



Associated Legendre functions of the first and second kind
These functions are a particular case of the Jacobi functions.

Pγ(z) = P(0,0)
γ (z) = 2F1

(
−γ, γ + 1

1
;

1− z

2

)
,

This sequence fulfills the recurrence relation:

(2γ + 1)zPγ(z) = (γ + 1)Pγ+1(z) + γPγ−1(z), q0(z) = 1.

The associated Legendre functions fulfill the recurrence
relation:

(2γ + 1)zPµγ (z) = (γ + 1− µ)Pµγ+1(z) + (γ + µ)Pµγ−1(z).

The associated Legendre function of the first kind
Pµγ : C \ (−∞, 1]→ C is defined as

Pµγ (z) =
1

Γ (1− µ)

(
z + 1

z − 1

)µ
2

2F1

(
−γ, γ + 1

1− µ
;

1− z

2

)
.
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Associated Legendre functions of the first and second kind

The associated Legendre function of the second kind
Qµ
ν : C \ (−∞, 1]→ C can be defined as

Qµ
ν (z) :=

√
π(z2 − 1)

µ
2

2ν+1Γ (ν + 3
2 )zν+µ+1 2F1

(
ν+µ+1

2 , ν+µ+2
2

ν + 3
2

;
1

z2

)
,

for |z | > 1 and, by analytic continuation of the Gauss
hypergeometric function, elsewhere on z ∈ C \ (−∞, 1].



Ferrers Function of the First and Second Kind

The Ferrers functions of the first kind (associated Legendre
functions of the first kind on-the-cut) Pµν : (−1, 1)→ C is defined

Pµν (x) =

(
1 + x

1− x

)µ
2 1

Γ (1− µ)
2F1

(
−ν, ν + 1

1− µ
;

1− x

2

)
,

and the Ferrers functions of the second kind (associated Legendre
functions of the second kind on-the-cut) Qµ

ν : (−1, 1)→ C is
defined as

Qµ
ν (x) =

Γ (ν + µ+ 1)

2

(
e−

1
2
iπµQµ

ν (x + i0) + e
1
2
iπµQµ

ν (x − i0)
)
.



Behavior at singularities

For the associated Legendre functions of first kind:

P−µν (x) ∼ 1

Γ (1 + µ)

(
x − 1

2

)µ
2

,

as x → 1+.
For the Ferrer functions of first kind:

Pµν (x) ∼ 1

Γ (1− µ)

(
2

1− x

)µ
2

,

as x → 1−.
For the Ferrer functions of second kind:

Q−µν (x) ∼ Γ (µ)Γ (ν − µ+ 1)

2Γ (ν + µ+ 1)

(
2

1− x

)µ
2

,

as x → 1−.



The Multi-integral

representations



The Ferrers functions of the second kind

Result 1. Let x ∈ (−1, 1), ν, µ ∈ C, such that µ 6∈ −N,
ν − µ 6∈ −N0. Then,∫ 1

x

(1−w2)
µ
2 Q−µ

ν (w)dw = (1−x2)
µ+1

2 Q−µ−1
ν (x)− 2µΓ (µ+ 1)Γ (ν − µ)

Γ (ν + µ+ 2)
.



The Ferrers functions of the second kind

Result 2. Let n ∈ N0, x ∈ (−1, 1), ν, µ ∈ C. Then,∫ 1

x

· · ·
∫ 1

x

(1− w2)
µ
2 Q−µ

ν (w)(dw)n = (1− x2)
µ+n

2 Q−µ−n
ν (x)

− Γ (µ+ n)Γ (ν − µ− n + 1)

Γ (ν + µ+ 1)(ν + µ+ 1)n

n−1∑
k=0

(ν − µ− n + 1)k(−ν − µ− n)k
21−µ−n+kk!(−µ− n + 1)k

(1− x)k

=− π

2
cot(πµ)(1− x2)

µ+n
2 P−µ−n

ν (x)

+
2µ−1Γ (µ)Γ (ν − µ+ 1)(1− x)n

n!Γ (ν + µ+ 1)
3F2

(
ν − µ+ 1,−ν − µ, 1

n + 1, 1− µ
;

1− x

2

)
.



Sketch of the proof

∫ 1

x
(1 − w2)

µ
2 Q−µ

ν (w)dw = (1 − x2)
µ+1

2 Q−µ−1
ν (x) −

2µΓ (µ + 1)Γ (ν − µ)

Γ (ν + µ + 2)
.

We first need to obtain the following identity:

dn

dxn
(1− x2)

µ
2 Q−µν (x) = (−1)n(1− x2)

µ−n
2 Q−µ+n

ν (x).

then, we need to use the behavior of the Ferrers function of the
second kind as x approaches at x → 1−, <µ > 0:

(1− x2)
µ
2 Q−µν (x) ∼ 2µ−1Γ (µ)Γ (ν − µ+ 1)

Γ (ν + µ+ 1)
.

Finally, we needed the result.



Sketch of the proof

Result 3. Let n ∈ N0, a, x , µ ∈ C, and let f µ be a function, such
that

d

dz
f µ(z) = λµf

µ±1(z),

where λµ ∈ C, λ 6= 0. Then, the following identity holds:

∫ x

a
· · ·
∫ x

a
f µ(w)(dw)n =

1

λµ∓1 · · ·λµ∓n

∞∑
k=n

λµ∓n · · ·λµ∓n±(k−1)f
µ∓n±k (a)(x − a)k

k!
.



The Ferrers functions of the second kind

Result 4. Let x ∈ (−1, 1), ν, µ ∈ C , such that µ 6∈ −N,
ν − µ 6∈ −N0. Then,∫ 1

x

(1− w2)
µ
2 Qµ

ν (w)dw =
(1− x2)

µ+1
2 Qµ+1

ν (x)

(µ− ν)(ν + µ+ 1)

+
2µπΓ (µ+ 1)

(µ− ν)(ν + µ+ 1)Γ (−µ− 3
2 )Γ (µ+ 5

2 )
.

dn

dxn
(1− x2)

µ
2 Qµ

ν (x) = (−1)n(ν − µ+ 1)n(−ν − µ)n(1− x2)
µ−n

2 Qµ−n
ν (x).



The Ferrers functions of the second kind

Result 5. Let x ∈ (−1, 1), ν, µ ∈ C. Then,

∫ x

0

Q−µ
ν (w)

(1 − w2)
µ
2

dw =
1

(ν + µ)(ν − µ + 1)

 Q−µ+1
ν (x)

(1 − x2)
µ−1

2

−
π

3
2 Γ

(
ν−µ+2

2

)
2µΓ

(
ν+µ+1

2

)
Γ
(

µ−ν−1
2

)
Γ
(

ν−µ+3
2

)
 .

dn

dxn
Q−µ

ν (x)

(1− x2)
µ
2

= (−1)n(ν + µ+ 1)n(µ− ν)n
Q−µ−n

ν (x)

(1− x2)
µ+n

2



The Ferrers functions of the second kind

Result 6. Let n ∈ N0, x ∈ (−1, 1), ν, µ ∈ C. Then,

∫ x

0
· · ·
∫ x

0

Q−µ
ν (w)

(1 − w2)
µ
2

(dw)n = (−1)n
∞∑
k=n

(−x)k

k!
(ν + µ + 1)k−n(µ− ν)k−nQ−µ+n−k

ν (0)

=
π

3
2 xnΓ

(
ν−µ+1

2

)
n!2µ+1Γ

(
ν+µ+2

2

)
Γ
(

µ−ν
2

)
Γ
(

ν−µ+2
2

) 3F2

( ν+µ+1
2

, µ−ν
2
, 1

n+1
2
, n+2

2

; x2

)

+
π

3
2 xn+1Γ

(
ν−µ+2

2

)
(n + 1)!2µΓ

(
ν+µ+1

2

)
Γ
(

µ−ν+1
2

)
Γ
(

ν−µ+1
2

) 3F2

( ν+µ+2
2

, µ−ν+1
2

, 1

n+2
2
, n+3

2

; x2

)
.
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That’s all Falks ;)

Thank you for your attention


