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The Krawthuck polynomials



The basics
» Let u e P’ : P — C be a linear functional (form).
(u,x"y =u,, n=0,1,..
(Au, f) = —(u,VF), feP,
(Vu,f) = —(u, Af), feP.

» Such funtional u is classical if it fulfills the Pearson-type
difference equation

Afp(x)u] = p(x)u,
where deg ¢ < 2, and degy) = 1.
» Such functional u is regular if the Hankel matrix

n—1
H,= (u,-+j> has determinant different from zero.
ij=0

» If u is regular then, there exists a polynomial sequence (p,,)
such that

(u, p,(x)p,,(x)) =h,0, ., n,m=0,1,....



» If u is regular then, then we will denote p,=ops(u).

» Recurrence relation:
Xpn(X) = anpn—i—l(X) + Bnpn(X) + ’Y,,Pn_l(X), n= 17 27

where py(x) =1 and p;(x) = (x — By)/ .

» If uis classical then
¢(X)Apn(x) = &nanrl(X) + Bnpn(x) + &npnfl(xh

0" (X)VPn(x) = GpPps1 (x) + Bopn(x) + AnPp1(x),

B(X)AVpy(x) + B(x)APy(x) = Agpp(x), Ay 7 0.

where Af(x) = f(x + 1) — f(x), and Vf(x) = Af(x — 1).



Properties and identities of these polynomials

The lineal functional

The Recurrence coefficients

Representation:

" (=n) (—=x), pK
K. (x; p, N) = ( (zk/E/) )k”k', n=0,1,...,N.
k=0 k ‘

where (a), = a(a+1)---(a+ k—1).



An extra property. The factorization identity g

For n > N + 1 we obtain

(=N)aKy(xi p, N) = (_X)N‘Fl“QnMn—N—l (X —-N-1,N+2 IL-) )
where
_(B)y = (—n)(—x) (c — 1)K B
My(x) = (c—1)r (g)k * Wk 0 = 0,1,...

k=0



The Krawtchuck-Sobolev

orthogonal polynomials



The basics 4

» We consider the bilinear form
(f,8) = (u,fg) + AA'f(c)A'g(c), f,geP,
where A >0, ce R, j €N, and

A'f(c) = A'f(x)]

X=C

> We know that (K,(x; p, N)),—o,.. n form a basis of Py [x].

» Then, by using such bases (Fourier expansion) we have

n—1
P.(x; X\, ¢) = K, (x; p, N) + Z a, o Ko(x; p, N),
£=0



The calculations
Then

(u,P,(x; A, C)Kj(X; p; N))

n—1

:<u? (Kn(X; p; N) + Z an,éKE(X; P; N)> Kj(X; p, N)>
=0

:an,j<u’ }<j(X; Pp; N)}S(Xv p, N)>

=a, jh;
and
(u,P,(x; A, ©)K;(x; p, N))
:('Dn(X; >\a C)v Kj(X; P, N)) - AAiPn(C; >‘7 C)AI}S(C; P, N)

Therefore ]
A'Kj(c; p, N)

h;

a,; = —A'P_(c; ), ©)



The Kernel

" Ki(x;p, N)K:(y; p, N
Koy) =3 G(x:p Z'J(yp )

j=0 J

and
A (x,y) = ALAS K, (x, ¥)-

With these functions we obtain for n=0,1,...., N
P.(xi A, €) = K,(x; p, N) = MATP,(c; A, €)% (x, ¢),
so

A'K,(c; p, N)

P.(x; A, ¢c) = K,(x;p, N) — A —
1+ )\%("')(c, c)

A OD(x, c).




Other connection formulas

> A simple exercise shows that
Ai(c _X)J"x:c =0, i<j — Y(x):=(c—x).
> A direct consequence:
(¢i+1f7g) = <U7¢i+1fg> = (f7¢i+1g)v
remember that for any integer k we have
AP ()F) = F(x + 1) A (x) + ¥, (x) AF
» Another connection formula is the following:

i+1
(A, ©) Zgnkwk PG, n>it,

where for any k =0,1,.....n
(W2 (x)u, PP (x)x™ =0, m<n.



Sketch of the proof

i+1

P, (x; A €) = chkwk )PEH ().

» One considers the generic polynomial with the unknowns
(Crdk=0,.....i+1
i+1

ch W ()P (),

> For0§j§i+1§k§n—1weprobe
[7]

(1P, vkt o

» The unknowns we want to obtain fulfill the orthogonality
conditions:

(ra(x),¥x(x)) =0, 0<k<i



Another connection formula

» The connection formula follows:
i+1

(XA, €) ankAk (x;p,N), n>i+1.

» Another we need to establish:
n+(i+1)
¢i+1(X)Pn(X; Ac)= Z nn,kPk(X; Ac), n>i+1,
k=n—(i+1)
and
n+(i+1)
(PN ) = D pKi(xip,N), n>i+ 1
k=n—(i+1)
> Sketch of the proof: we obtain the unknowns (€, \)x—o i1

i+1
(Zgn kAk X P, )7 ) = 0 j: 0,].,...,i.



Second order difference equation

Let us go back to the first connection formula

AK, (c;p, N)

P.(x; A, c) = K,(x;p, N) — A —
1+ 25(c, ¢)

0D (x, c).

n

then
P,(xi X\, c) = A, (x)K,(xi p, N) + B,(x)K,_1(x; p, ),
where
An() =1 2T, 4(x), B,(x) = 12T, (x),
and
it i ’ AeKn(C; P, N)
T,(x) = A AP (c; A,C)ZT(C—Z)E.

¢i+1(x)

v=0



At the same time the Krwatchuck polynomials satisfy the structure
relations:

xVK,(x; p, N) = a,(x)K,(x; p, N) + b,(x)K,_1(x; p, N),
(N = x)AK,(x; p, N) = c,(x)K,(x; p, N) + d,,(x) K1 (x; p, N),
Then
XVP (x: A c) = o, (x)K (x; p, N) + B_(x)K,_(x; p, N)
and
Po(xi A, ) = A (x)K,(x; p, N) + B,(x)K,_1(x: p, N),

From all these expressions the second order difference relation is
obtained:

P(x)AVy(x) + ¥(x)Ay(x) + Ay(x) = 0,
or

S()y(x+ 1) + p(x)y(x) + (B(x) + T(x))y(x — 1) = 0.



The factorisation of the Krawtchuk-Sobolev polynomials

Since
P,(xi s ¢) = A, (x)K,(xi p, N) + B,(x)K,_1(x; p, N),

Then for n > N + 2 we have

P00 €) (i (AR My 2= N =142, 2)

+ B, (x)02, M, _n_o(x—N—-1;N+2, 1)>

=(=x)ws1 (An(x) 4,9V M, (xi 1, p/(p — 1))

+ B, ()4, VM, (xi 1,p/(p— 1))



Therefore

» [t is possible to extend the orthogonality for the
Krawtchuk-Sobolev polynomials.

(f,g)/ = (f,g) + (fvg)l‘

» Most of the results can be extended for n > N + 2.
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