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The Krawthuck polynomials



The basics
I Let u ∈ P′ : P→ C be a linear functional (form).

〈u, xn〉 = un, n = 0, 1, ...

〈∆u, f 〉 = −〈u,∇f 〉, f ∈ P,
〈∇u, f 〉 = −〈u, ∆f 〉, f ∈ P.

I Such funtional u is classical if it fulfills the Pearson-type
difference equation

∆ [φ(x)u] = ψ(x)u,

where deg φ ≤ 2, and degψ = 1.

I Such functional u is regular if the Hankel matrix

Hn =
(
ui+j

)n−1
i ,j=0

has determinant different from zero.

I If u is regular then, there exists a polynomial sequence (pn)
such that

〈u, pn(x)pm(x)〉 = hnδn,m, n,m = 0, 1, ....



I If u is regular then, then we will denote pn=ops(u).

I Recurrence relation:

xpn(x) = αnpn+1(x) + βnpn(x) + γnpn−1(x), n = 1, 2, ....

where p0(x) = 1 and p1(x) = (x − β0)/α0.

I If u is classical then

φ(x)∆pn(x) = α̃npn+1(x) + β̃npn(x) + γ̃npn−1(x),

φ∗(x)∇pn(x) = α̂npn+1(x) + β̂npn(x) + γ̂npn−1(x),

φ(x)∆∇pn(x) + ψ(x)∆pn(x) = λnpn(x), λn 6= 0.

where ∆f (x) = f (x + 1)− f (x), and ∇f (x) = ∆f (x − 1).



Properties and identities of these polynomials

The lineal functional

∆
[
x(p − 1)uK

]
= (x − pN)uK.

The Recurrence coefficients

αn = p(N − n), γn = n(1− p) and βn = −αn − βn.

Representation:

Kn(x ; p,N) =
n∑

k=0

(−n)k(−x)k
(−N)k

p−k

k!
, n = 0, 1, . . . ,N.

where (a)k = a(a + 1) · · · (a + k − 1).



An extra property. The factorization identity [2]

For n ≥ N + 1 we obtain

(−N)nKn(x ; p,N) = (−x)N+1ΩnMn−N−1

(
x − N − 1;N + 2,

p

p − 1

)
,

where

Mn(x) =
cn(β)n

(c − 1)n

n∑
k=0

(−n)k(−x)k
(β)k

(c − 1)k

k!ck
, n = 0, 1, ...



The Krawtchuck-Sobolev
orthogonal polynomials



The basics [3, 4]

I We consider the bilinear form

(f , g) = 〈u, fg〉+ λ∆i f (c)∆ig(c), f , g ∈ P,

where λ ≥ 0, c ∈ R, i ∈ N, and

∆i f (c) = ∆i f (x)
∣∣
x=c

.

I We know that (Kn(x ; p,N))n=0,...,N form a basis of PN [x ].

I Then, by using such bases (Fourier expansion) we have

Pn(x ;λ, c) = Kn(x ; p,N) +
n−1∑
`=0

an,`K`(x ; p,N),



The calculations [1]

Then

〈u,Pn(x ;λ, c)Kj(x ; p,N)〉

=〈u,

(
Kn(x ; p,N) +

n−1∑
`=0

an,`K`(x ; p,N)

)
Kj(x ; p,N)〉

=an,j〈u,Kj(x ; p,N)Kj(x ; p,N)〉
=an,jhj

and

〈u,Pn(x ;λ, c)Kj(x ; p,N)〉
=(Pn(x ;λ, c),Kj(x ; p,N))− λ∆iPn(c ;λ, c)∆iKj(c ; p,N)

Therefore

an,j = −∆iPn(c ;λ, c)
∆iKj(c ; p,N)

hj
.



The Kernel

Kn(x , y) =
n∑

j=0

Kj(x ; p,N)Kj(y ; p,N)

hj

and
K (r ,s)

n
(x , y) = ∆r

x
∆s

y
Kn(x , y).

With these functions we obtain for n = 0, 1, ....,N

Pn(x ;λ, c) = Kn(x ; p,N)− λ∆iPn(c ;λ, c)K (0,i)
n

(x , c),

so

Pn(x ;λ, c) = Kn(x ; p,N)− λ ∆iKn(c; p,N)

1 + λK
(i ,i)
n (c, c)

K (0,i)
n

(x , c).



Other connection formulas
I A simple exercise shows that

∆i (c − x)j
∣∣
x=c

= 0, i < j −→ ψk(x) := (c − x)k .

I A direct consequence:

(ψi+1f , g) = 〈u, ψi+1fg〉 = (f , ψi+1g),

remember that for any integer k we have

∆ (ψk(x)f ) = f (x + 1)∆ψk(x) + ψk(x)∆f .

I Another connection formula is the following:

Pn(x ;λ, c) =
i+1∑
k=0

ζn,kψk(x)P
[ψ2

k ]

n−k(x), n ≥ i + 1,

where for any k = 0, 1, ...., n

〈ψ2
k

(x)u,P [ψ2
k ]

n
(x)xm〉 = 0, m < n.



Sketch of the proof

Pn(x ;λ, c) =
i+1∑
k=0

ζn,kψk(x)P
[ψ2

k ]

n−k(x).

I One considers the generic polynomial with the unknowns
(ζn,k)k=0,....,i+1

rn(x) =
i+1∑
k=0

ζn,kψk(x)P
[ψ2

k ]

n−k(x),

I For 0 ≤ j ≤ i + 1 ≤ k ≤ n − 1 we probe(
ψj(x)P

[ψ2
j ]

n−j (x), ψi+1(x)xk−(i+1)

)
= 0.

I The unknowns we want to obtain fulfill the orthogonality
conditions:

(rn(x), ψk(x)) = 0, 0 ≤ k ≤ i .



Another connection formula
I The connection formula follows:

Pn(x ;λ, c) =
i+1∑
k=0

ξn,k∆
kKn(x ; p,N), n ≥ i + 1.

I Another algebraic relations we need to establish:

ψi+1(x)Pn(x ;λ, c) =

n+(i+1)∑
k=n−(i+1)

ηn,kPk(x ;λ, c), n ≥ i + 1,

and

ψi+1(x)Pn(x ;λ, c) =

n+(i+1)∑
k=n−(i+1)

µn,kKk(x ; p,N), n ≥ i + 1.

I Sketch of the proof: we obtain the unknowns (ξn,k)k=0,...,i+1(
i+1∑
k=0

ξn,k∆
kKn(x ; p,N), x j

)
= 0, j = 0, 1, ..., i .



Second order difference equation

Let us go back to the first connection formula

Pn(x ;λ, c) = Kn(x ; p,N)− λ ∆Kn(c ; p,N)

1 + λK
(i ,i)
n (c, c)

K (0,i)
n

(x , c).

then

Pn(x ;λ, c) = An(x)Kn(x ; p,N) + Bn(x)Kn−1(x ; p,N),

where

An(x) = 1− γn
hn

Tn−1(x), Bn(x) =
γn
hn

Tn(x),

and

T`(x) = λ
i !

ψi+1(x)
∆iPn(c;λ, c)

∑̀
ν=0

∆`Kn(c ; p,N)

`!
(c − z)`.



At the same time the Krwatchuck polynomials satisfy the structure
relations:

x∇Kn(x ; p,N) = an(x)Kn(x ; p,N) + bn(x)Kn−1(x ; p,N),

(N − x)∆Kn(x ; p,N) = cn(x)Kn(x ; p,N) + dn(x)Kn−1(x ; p,N),

Then

x∇Pn(x ;λ, c) = An(x)Kn(x ; p,N) + Bn(x)Kn−1(x ; p,N)

and

Pn(x ;λ, c) = An(x)Kn(x ; p,N) + Bn(x)Kn−1(x ; p,N),

From all these expressions the second order difference relation is
obtained:

Φ(x)∆∇y(x) + Ψ(x)∆y(x) + λy(x) = 0,

or

Φ(x)y(x + 1) + ρ(x)y(x) + (Φ(x) + Ψ(x))y(x − 1) = 0.



The factorisation of the Krawtchuk-Sobolev polynomials

Since

Pn(x ;λ, c) = An(x)Kn(x ; p,N) + Bn(x)Kn−1(x ; p,N),

Then for n ≥ N + 2 we have

Pn(x ;λ, c) =(−x)N+1

(
An(x)ΩnMn−N−1(x − N − 1;N + 2,

p

p − 1
)

+ Bn(x)Ωn−1Mn−N−2(x − N − 1;N + 2,
p

p − 1
)

)
=(−x)N+1

(
An(x)Λn∇

N+1Mn(x ; 1, p/(p − 1))

+ Bn(x)Λn−1∇
N+1Mn−1(x ; 1, p/(p − 1))

)
.



Therefore

I It is possible to extend the orthogonality for the
Krawtchuk-Sobolev polynomials.

(f , g)′ = (f , g) + (f , g)1.

I Most of the results can be extended for n ≥ N + 2.
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