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0. Motivation

1| The study of discrete system has attracted the
attention of many authors in the last years. Of
special interest are the discrete analogs of the
guantum harmonic oscillators.
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attention of many authors in the last years. Of
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guantum harmonic oscillators.

This classical FM is based on the existence of
the so-called raising/lowering operators, whict
allow to obtain the explicit solutions.

at(s)®,(s) = u, Ppiq(s), al(s)®,(s) = d,P,_1(5).
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The study of discrete system has attracted the
attention of many authors in the last years. Of
special interest are the discrete analogs of the
guantum harmonic oscillators.

This classical FM is based on the existence of
the so-called raising/lowering operators, whict
allow to obtain the explicit solutions.

at(s)®,(s) = u, Ppiq(s), al(s)®,(s) = d,P,_1(5).

Our main purpose is use the FM with differenc
equations on the uniform latticgs) = s in an

unified form. This paper provides a backgroun
to analyze the-linear case (since limif T 1).
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1. Preliminaries
1| We start with a@DE of hypergeometric-type

o(s)AVy(s) + 7(s)Ay(s) + Ay(s) = 0.
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1. Preliminaries
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3

A

hi(s) =

We start with aDE of hypergeometric-type
o(s)AVy(s) + 7(s)Ay(s) + Ay(s) = 0.

Let’'s { P, },.cn, De the SPO with respepts), i.e

(Prs Pr) ZP §) = 20 m.

Orthonormal funct.®,,(s) = d_, \/ $) P, (

Thehamiltonian associated to this functions

—v(s—1)e % —v(s)e®” + [20(s)

Factorization of the hypergeometric-type difference

7(s)a,
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1.

5

Preliminaries
ho(s) = C3b1(s) + E, Cq, E const,
where
v(s) = a(s+1)[o(s) + 7(s)
Af(s) = f(s+1) = f(s), i.e. A=¢e%— 1y,
VF(s)=f(s)— f(s—1), i.e. V=1;—e%,
e f(s) = f(s+ a), I; = identity.
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1. Preliminaries

5| ha(s) = Cani(s) + B, G, E const,
where

= Vo(s+1)o(s) +7(s)]

Af(s) (s+1) — f(s), i.e. A=¢e%—1

f
VF(s)=f(s)— f(s—1), i.e. V=1;—e%,
e f(s) = f(s+ a), I; = identity.

6| Let's consider the following set

A:={D : (Df,g9) =(f,Dg) V[ g}
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1. Preliminaries

5| ha(s) = Cani(s) + B, G, E const,
where

= Vo(s+1)o(s) +7(s)]

Af(s) (s+1) — f(s), i.e. A=¢e%—1

f
VF(s)=f(s)— f(s—1), i.e. V=1;—e%,
e f(s) = f(s+ a), I; = identity.

6| Let's consider the following set
A:={D : (Df,g9) =(f,Dg) V[ g}
o hi(s), Iqg € A, henceyy(s) € A.
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3. The Problem

Find two operators(s), b(s) such that

b(s)a(s) =by(s) and [b(s),a(s)] = 1.
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Find two operators(s), b(s) such that

b(s)a(s) =by(s) and [b(s),a(s)] = 1.

Def: For everya € R, let’s define the operators
ot (s)i= e (e%/a(s) = V/o(s) +7(s) Lu)
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3. The Problem

Find two operators(s), b(s) such that

b(s)a(s) =by(s) and [b(s),a(s)] = 1.

Def: For everya € R, let’s define the operators
ot (s)i= e (e%/a(s) = V/o(s) +7(s) Lu)
al (5):= (\/0'(8)6_88 —/o(s) +7(s) ]d) %

al (s)al (s) = py(s), VaeR.
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4. A characterization theorem

Theorem:(Costas-Santoset al.)
The operatoré(s) = o/ (s) anda(s) = a' (s),
factorize the Hamiltoniap, (s) and satisfy the

commutation relationu(s), b(s)| = A for a certain

complex numben, if and only if the following two
conditions holds:

1.
o(s—a)lo(s—a)+71(s —a)] —1
og(s)|lo(s—1)+7(s—1)] |

2. o(s—a+1)+o(s—a)+7(s—a)—20(s) —7(s) = A.
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4. A characterization theorem

Theorem:(Costas-Santoset al.)
The operatoré(s) = o/ (s) anda(s) = a' (s),
factorize the Hamiltoniap, (s) and satisfy the

commutation relationu(s), b(s)| = A for a certain
complex numben, if and only if the following two
conditions holds:

1.
o(s—a)lo(s—a)+71(s—a) .
o(s)o(s —1)+7(s—1)]
2. o(s—a+1)+o(s—a)+7(s—a)—20(s) —7(s) = A.
olf a =0 = o(s)+ 7(s) = const. Case Charlier

olf a=1 = o(s) = const.
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5. TheCase Charlier (o = 0)

TheHamiltonian

01 (s) = —v/sie " = /(s + Dpe™ + (s + p)la.

Orthonormal functionse® (s) = \/ L CH(s), p> 0.
TheOperators(A = 1)

a(s) =Vs+1e% — /uly, b(s) = /se % — /uly,
a(s)®y; (s) = Vn®r_1(s),  b(s)Py(s) = vn+ 17, (s).

o= gl o ({5

Thisexample constitutes a discrete analog of the quantum
h ar m Onl C OSCI I I at Or . Factorization of the hypergeometric-type difference ¢ignaon the uniform lattice — p. 7




6. Other special cases

Now, we know that Charlier functions have a close
simple oscillator algebra. But ...

What to do in the other classical cases?.
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What to do in the other classical cases?.

> Let’s consider the following operators

1

a(s) = /o(s F D) e2® — \Jols 1)+ 7(s = D) e 2%,

al(s) = 6—%83 Vo(s+1) — 6%83 Vo(s—1)+7(s—1).

Factorization of the hypergeometric-type difference ¢igneon the uniform lattice — p. €



6. Other special cases

Now, we know that Charlier functions have a close
simple oscillator algebra. But ...

What to do in the other classical cases?.

> Let’s consider the following operators

1

a(s) = /o(s F D) e2® — \Jols 1)+ 7(s = D) e 2%,

al(s) = 6—%83 Vo(s+1) — 6%83 Vo(s—1)+7(s—1).

> b(s) = a(s)at(s) + (7' — "1,
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6. Other special cases

Now, we know that Charlier functions have a close
simple oscillator algebra. But ...

What to do in the other classical cases?.

> Let’s consider the following operators

1

= /o(s+1) —vo(s=1)+71(s—1)e” 20

al(s) = 8\/a (s+1 —eéas\/a(s—l)JrT(s—l).

> bhi(s) = a(s)cﬁ(s) + (7" = ") 1.
> c( ) C.,Cha(s e~ 30 *Vo(s+1)
Vas+ o2 aT( )CbCa.
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/. Observations

Theorem: (Costas-Santoset al.)
The operatorsg(s) andc'(s) are mutually adjoint.
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/. Observations

Theorem: (Costas-Santoset al.)
The operatorsg(s) andc'(s) are mutually adjoint.

> If ¢’ = 0thespectrum islinear, i.e. \,, = —n7'.

> Moreover, ifo” = 0 thenp,(s), c(s), ¢'(s) andly
form a closed algebra, I.e.

P
(s
(

—c(s) + Chha(s) + Coly,

'(s) — Ciha(s)
Cgf)g(S) + CYly.

Factorization of the hypergeometric-type difference
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/. Observations

Theorem: (Costas-Santoset al.)
The operatorsg(s) andc'(s) are mutually adjoint.

> If ¢’ = 0thespectrum islinear, i.e. \,, = —n7'.

> Moreover, ifo” = 0 thenp,(s), c(s), ¢'(s) andly
form a closed algebra, I.e.

[62(8), (S) — —C(S) - 0162(8) -+ Cgld,
h5(5), ¢ (s)] = ¢(s) — Cihy(s) — Coly,
[C(S), CT(S) — Cgf)g(S) —+ C4]d.

» The casedaxner, Kravchuk andCharlier
satisfyo” = 0.
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8. Construction of the Algebra

Let’s consider the following operators

Ko(s) = by(s)(—=7'C3)~"
K_(s) =—17C?c(s) — C,C,0'(0) (ho(s) — 7'C* — E)

K. (s) =—7'C?ct(s) — CyCua'(0) (hy(s) —7'C? — E).
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8. Construction of the Algebra

Let’s consider the following operators
Ko(s) = by(s)(—=7'C3)~"
K_(s) =—71'C3c(s) — CyCoa’'(0) (hy(s) — 7'CF — E),
Ki(s) =-7C;ct(s) — CpCa0'(0) (hy(s) — 7'C3 — E).
Then
Ko(s), Ki(s)] = £K5(s) y [K_(s), Ki(s)] = AoKo(s) + Au,
whereC?*7’ = —1,

Ay =20'(0)CEC%(a’(0) + 7')
A = —FEAy+ C;C2[0’(0)7(0) — o(0)7].
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0. Case 4) > 0
We choos&™},, F' In such a way thatl; = 2, A; = 1.

) —7' ~ CGo’'(0)7(0) — o(0)7']
Gy = o' (0)[7" + o’ (0)]’ b= 27 ’

obtaining
[Ko(s), Ki(s)] = £K+(s) and [K_(s), K (s)] = 2/Ko(s),

which corresponds with thieie algebra Sp(2, fR).
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0. Case 4) > 0
We choos&™},, F' In such a way thatl; = 2, A; = 1.

) —7' ~ CGo’'(0)7(0) — o(0)7']
Gy = o' (0)[7" + o’ (0)]’ b= 27 ’

obtaining
[Ko(s), Ki(s)] = £K+(s) and [K_(s), K (s)] = 2/Ko(s),

which corresponds with thieie algebra Sp(2, fR).
¢ TheCasimir operator

K*(s) = Ki(5)—Ko(s)— K (s)K_(s) = E(E—1)1,.
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0. Case 4) > 0
We choos&™},, F' In such a way thatl; = 2, A; = 1.

) —7' ~ CGo’'(0)7(0) — o(0)7']
Gy = o' (0)[7" + o’ (0)]’ b= 27 ’

obtaining
[Ko(s), Ki(s)] = £K+(s) and [K_(s), K (s)] = 2/Ko(s),

which corresponds with thieie algebra Sp(2, fR).
¢ TheCasimir operator

K*(s) = Ki(5)—Ko(s)— K (s)K_(s) = E(E—1)1,.
¢ Example: Case Meixner.
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10. Case M exner
TheMeaxner functions

M _ ,(s—n)/2/1 v/24n (/y)s v,
(I)n (S) = M (1 :u) \/S'n'(v)n M (8)7 n > Oa

andthe hamiltonian

B (s) = —v/usGs + 7 = Ve — /(s + 1)(s - 7)e + (s + (s +7)) L,

Then the operatorg’, (s) and K _(s) satisfy

Ky ()8 (s) = /(n + D)(n + 1)@ 1 (s), K—(5)0M () = v/n(n+ v — D@L (s).

v | (d=p) | T +s)
' (5) = \/n!F(fy +n) (H+(s)) \/ [(s+1) |

ii /{, Isa2nd order difference operator !!
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11. Case Kravchuk (A, < 0)

o We can choosé’, and F such that
[Ko(s), K+(s)] = £K1(s) and [K1(s), K_(s)] = 2Ko(s),

which corresponds withie algebra so(3).
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11. Case Kravchuk (A, < 0)

o We can choosé’, and F such that
[Ko(s), K+(s)] = £K1(s) and [K1(s), K_(s)] = 2Ko(s),

which corresponds withie algebra so(3).

The hamiltonian

K s(N—s-+1) _ Np -+ s — 2ps s+ 1)(N — s
h! (8):_\/19( ) —0. 4 NP ps; _ v p(s + 1)( )6387
I—p I—p I—p

= (E T o (1) (23]

wherek, Is, again, a 2nd order difference operato
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Conclusions and remarks

o This method allow us to understand different
cases, which were studied one to one, In a sin
way.
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Conclusions and remarks

o This method allow us to understand different
cases, which were studied one to one, In a sin

way.

¢ If the spectrum is linear we can get the dynam
algebra.

¢ Theg-classical case. We have probed an
analogous characterization theorem for the
g-linear case, considering a spegjatommutatot

a(s), b(s)]c = a(s)b(s) — <b(s)a(s),

and an analogousgLie algebra.
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Conclusions and remarks

o This method allow us to understand different
cases, which were studied one to one, In a sin
way.

¢ If the spectrum is linear we can get the dynam
algebra.

¢ Theg-classical case. We have probed an
analogous characterization theorem for the
g-linear case, considering a spegjatommutatot

a(s),b(s)]c = a(s)b(s) — <b(s)a(s),
and an analogousgLie algebra.

» Continuous bigy-Hermite functions.
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Open problems

1| what is the dynamical in the non linear (resp.
g-linear) case”?.
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