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0. Motivation
1 The study of discrete system has attracted the

attention of many authors in the last years. Of
special interest are the discrete analogs of the
quantum harmonic oscillators.
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attention of many authors in the last years. Of
special interest are the discrete analogs of the
quantum harmonic oscillators.

2 This classical FM is based on the existence of
the so-called raising/lowering operators, which
allow to obtain the explicit solutions.
a↓(s)Φn(s) = unΦn+1(s), a↑(s)Φn(s) = dnΦn−1(s).

Factorization of the hypergeometric-type difference equation on the uniform lattice – p. 2/15



0. Motivation
1 The study of discrete system has attracted the

attention of many authors in the last years. Of
special interest are the discrete analogs of the
quantum harmonic oscillators.

2 This classical FM is based on the existence of
the so-called raising/lowering operators, which
allow to obtain the explicit solutions.
a↓(s)Φn(s) = unΦn+1(s), a↑(s)Φn(s) = dnΦn−1(s).

3 Our main purpose is use the FM with difference
equations on the uniform latticex(s) = s in an
unified form. This paper provides a background
to analyze theq-linear case (since limitq ↑ 1).
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1. Preliminaries
1 We start with aDE of hypergeometric-type

σ(s)∆∇y(s) + τ(s)∆y(s) + λy(s) = 0.
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1. Preliminaries
1 We start with aDE of hypergeometric-type

σ(s)∆∇y(s) + τ(s)∆y(s) + λy(s) = 0.

2 Let’s {Pn}n∈N0
be the SPO with respectρ(s), i.e.

〈Pn, Pm〉 =

b
∑

s=a

Pn(s)P ∗
m(s)ρ(s) = d2

nδn,m.
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b
∑

s=a

Pn(s)P ∗
m(s)ρ(s) = d2

nδn,m.

3 Orthonormal funct.:Φn(s) = d−1
n

√

ρ(s)Pn(s).
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1. Preliminaries
1 We start with aDE of hypergeometric-type

σ(s)∆∇y(s) + τ(s)∆y(s) + λy(s) = 0.

2 Let’s {Pn}n∈N0
be the SPO with respectρ(s), i.e.

〈Pn, Pm〉 =

b
∑

s=a

Pn(s)P ∗
m(s)ρ(s) = d2

nδn,m.

3 Orthonormal funct.:Φn(s) = d−1
n

√

ρ(s)Pn(s).

4 Thehamiltonian associated to this functions

h1(s) = −ν(s − 1) e−∂s − ν(s) e∂s + [2σ(s) + τ(s)]Id,
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1. Preliminaries
5 h2(s) = C2

ah1(s) + E, Ca, E const,

where

ν(s) =
√

σ(s + 1)[σ(s) + τ(s)]

∆f(s) = f(s + 1) − f(s), i.e. ∆ = e∂s − Id,

∇f(s) = f(s) − f(s − 1), i.e. ∇ = Id − e−∂s,

eα∂sf(s) = f(s + α), Id = identity.
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1. Preliminaries
5 h2(s) = C2

ah1(s) + E, Ca, E const,

where

ν(s) =
√

σ(s + 1)[σ(s) + τ(s)]

∆f(s) = f(s + 1) − f(s), i.e. ∆ = e∂s − Id,

∇f(s) = f(s) − f(s − 1), i.e. ∇ = Id − e−∂s,

eα∂sf(s) = f(s + α), Id = identity.

6 Let’s consider the following set
A := {D : 〈Df, g〉 = 〈f,Dg〉 ∀ f, g}.

⋄ h1(s), Id ∈ A, henceh2(s) ∈ A.
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3. The Problem
� Find two operatorsa(s), b(s) such that

b(s)a(s) = h2(s) and [b(s), a(s)] = Id.
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3. The Problem
� Find two operatorsa(s), b(s) such that

b(s)a(s) = h2(s) and [b(s), a(s)] = Id.

Def: For everyα ∈ R, let’s define the operators

a
↓
α(s) := e−α∂s

(

e∂s

√

σ(s) −
√

σ(s) + τ(s) Id

)

,

a
↑
α(s) :=

(

√

σ(s)e−∂s −
√

σ(s) + τ(s) Id

)

eα∂s,
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3. The Problem
� Find two operatorsa(s), b(s) such that

b(s)a(s) = h2(s) and [b(s), a(s)] = Id.

Def: For everyα ∈ R, let’s define the operators

a
↓
α(s) := e−α∂s

(

e∂s

√

σ(s) −
√

σ(s) + τ(s) Id

)

,

a
↑
α(s) :=

(

√

σ(s)e−∂s −
√

σ(s) + τ(s) Id

)

eα∂s,

Lemma:

a
↑
α(s)a↓α(s) = h1(s), ∀α ∈ R.
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4. A characterization theorem
Theorem:(Costas-Santos et al.)
The operatorsb(s) = a↑α(s) anda(s) = a↓α(s),
factorize the Hamiltonianh1(s) and satisfy the
commutation relation[a(s), b(s)] = Λ for a certain
complex numberΛ, if and only if the following two
conditions holds:

1.
σ(s − α)[σ(s − α) + τ(s − α)]

σ(s)[σ(s − 1) + τ(s − 1)]
= 1,

2. σ(s − α + 1) + σ(s − α) + τ(s − α) − 2σ(s) − τ(s) = Λ.
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factorize the Hamiltonianh1(s) and satisfy the
commutation relation[a(s), b(s)] = Λ for a certain
complex numberΛ, if and only if the following two
conditions holds:

1.
σ(s − α)[σ(s − α) + τ(s − α)]

σ(s)[σ(s − 1) + τ(s − 1)]
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2. σ(s − α + 1) + σ(s − α) + τ(s − α) − 2σ(s) − τ(s) = Λ.

⋄ If α = 0 ⇒ σ(s) + τ(s) = const. Case Charlier

⋄ If α = 1 ⇒ σ(s) = const.
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5. The Case Charlier (α = 0)
TheHamiltonian

h
C
1 (s) = −√

sµ e−∂s −
√

(s + 1)µ e∂s + (s + µ)Id.

Orthonormal functions:ΦC
n (s) =

√

e−µµs−n

s! n!
Cµ

n(s), µ > 0.

The Operators (Λ = 1)

a(s) =
√

s + 1 e∂s −√
µ Id, b(s) =

√
se−∂s −√

µ Id,

a(s)ΦC
n (s) =

√
nΦC

n−1(s), b(s)ΦC
n (s) =

√
n + 1ΦC

n+1(s),

ΦC
n (s) =

1√
n!

[√
s e∂s −√

µ I
]n

(

√

e−µµs

s!

)

.

This example constitutes a discrete analog of the quantum
harmonic oscillator. Factorization of the hypergeometric-type difference equation on the uniform lattice – p. 7/15



6. Other special cases
Now, we know that Charlier functions have a closed
simple oscillator algebra. But ...

What to do in the other classical cases?.
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6. Other special cases
Now, we know that Charlier functions have a closed
simple oscillator algebra. But ...

What to do in the other classical cases?.

⊲ Let’s consider the following operators

a(s) =
√

σ(s + 1) e
1
2

∂s −
√

σ(s − 1) + τ(s − 1) e−
1
2

∂s ,

a†(s) = e−
1
2

∂s
√

σ(s + 1) − e
1
2

∂s
√

σ(s − 1) + τ(s − 1).
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6. Other special cases
Now, we know that Charlier functions have a closed
simple oscillator algebra. But ...

What to do in the other classical cases?.

⊲ Let’s consider the following operators

a(s) =
√

σ(s + 1) e
1
2

∂s −
√

σ(s − 1) + τ(s − 1) e−
1
2

∂s ,

a†(s) = e−
1
2

∂s
√

σ(s + 1) − e
1
2

∂s
√

σ(s − 1) + τ(s − 1).

⊲ h1(s) = a(s)a+(s) + (τ ′ − σ′′)Id.
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6. Other special cases
Now, we know that Charlier functions have a closed
simple oscillator algebra. But ...

What to do in the other classical cases?.

⊲ Let’s consider the following operators

a(s) =
√

σ(s + 1) e
1
2

∂s −
√

σ(s − 1) + τ(s − 1) e−
1
2

∂s ,

a†(s) = e−
1
2

∂s
√

σ(s + 1) − e
1
2

∂s
√

σ(s − 1) + τ(s − 1).

⊲ h1(s) = a(s)a+(s) + (τ ′ − σ′′)Id.

◮ c(s) = CaCba(s)e−
1
2

∂s
√

σ(s + 1),

c†(s) =
√

σ(s + 1)e
1
2

∂sa†(s)CbCa.
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7. Observations
Theorem: (Costas-Santos et al.)
The operatorsc(s) andc†(s) are mutually adjoint.
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7. Observations
Theorem: (Costas-Santos et al.)
The operatorsc(s) andc†(s) are mutually adjoint.

⊲ If σ′′ = 0 thespectrum is linear, i.e. λn = −nτ ′.

⊲ Moreover, ifσ′′ = 0 thenh2(s), c(s), c†(s) andId

form a closed algebra, i.e.

[h2(s), c(s)] = −c(s) + C1h2(s) + C2Id,

[h2(s), c†(s)] = c†(s) − C1h2(s) − C2Id,

[c(s), c†(s)] = C3h2(s) + C4Id.
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7. Observations
Theorem: (Costas-Santos et al.)
The operatorsc(s) andc†(s) are mutually adjoint.

⊲ If σ′′ = 0 thespectrum is linear, i.e. λn = −nτ ′.

⊲ Moreover, ifσ′′ = 0 thenh2(s), c(s), c†(s) andId

form a closed algebra, i.e.

[h2(s), c(s)] = −c(s) + C1h2(s) + C2Id,

[h2(s), c†(s)] = c†(s) − C1h2(s) − C2Id,

[c(s), c†(s)] = C3h2(s) + C4Id.

◮ The casesMeixner, Kravchuk andCharlier
satisfyσ′′ = 0.
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8. Construction of the Algebra
Let’s consider the following operators

K0(s) = h2(s)(−τ ′C2
a)−1

K−(s) = −τ ′C2
a c(s) − CbCaσ

′(0) (h2(s) − τ ′C2
a − E) ,

K+(s) = −τ ′C2
a c+(s) − CbCaσ

′(0) (h2(s) − τ ′C2
a − E) .
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8. Construction of the Algebra
Let’s consider the following operators

K0(s) = h2(s)(−τ ′C2
a)−1

K−(s) = −τ ′C2
a c(s) − CbCaσ

′(0) (h2(s) − τ ′C2
a − E) ,

K+(s) = −τ ′C2
a c+(s) − CbCaσ

′(0) (h2(s) − τ ′C2
a − E) .

Then

[K0(s),K±(s)] = ±K±(s) y [K−(s),K+(s)] = A0K0(s) + A1,

whereC2
aτ

′ = −1,

A0 = 2σ′(0)C2
b C

2
a(σ′(0) + τ ′)

A1 = −EA0 + C2
b C

2
a [σ′(0)τ(0) − σ(0)τ ′].
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9. Case A0 > 0

We chooseCb, E in such a way thatA0 = 2, A1 = 1.

C2
b =

−τ ′

σ′(0)[τ ′ + σ′(0)]
, E = −C2

b [σ′(0)τ(0) − σ(0)τ ′]

2τ ′ ,

obtaining

[K0(s),K±(s)] = ±K±(s) and [K−(s),K+(s)] = 2K0(s),

which corresponds with theLie algebra Sp(2,R).
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9. Case A0 > 0

We chooseCb, E in such a way thatA0 = 2, A1 = 1.

C2
b =

−τ ′

σ′(0)[τ ′ + σ′(0)]
, E = −C2

b [σ′(0)τ(0) − σ(0)τ ′]

2τ ′ ,

obtaining

[K0(s),K±(s)] = ±K±(s) and [K−(s),K+(s)] = 2K0(s),

which corresponds with theLie algebra Sp(2,R).

⋄ TheCasimir operator

K2(s) = K2

0(s)−K0(s)−K+(s)K−(s) = E(E−1)Id.
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9. Case A0 > 0

We chooseCb, E in such a way thatA0 = 2, A1 = 1.

C2
b =

−τ ′

σ′(0)[τ ′ + σ′(0)]
, E = −C2

b [σ′(0)τ(0) − σ(0)τ ′]

2τ ′ ,

obtaining

[K0(s),K±(s)] = ±K±(s) and [K−(s),K+(s)] = 2K0(s),

which corresponds with theLie algebra Sp(2,R).

⋄ TheCasimir operator

K2(s) = K2

0(s)−K0(s)−K+(s)K−(s) = E(E−1)Id.

⋄ Example: Case Meixner.
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10. Case Meixner
TheMeixner functions

ΦM
n (s) = µ(s−n)/2(1 − µ)γ/2+n

√

(γ)s

s!n!(γ)n

Mγ,µ
n (s), n ≥ 0,

andthe hamiltonian

h
M

1
(s) = −

√

µs(s + γ − 1)e−∂s −
√

µ(s + 1)(s + γ)e∂s + (s + µ (s + γ)) Id,

Then the operatorsK+(s) andK−(s) satisfy

K+(s)ΦM
n (s) =

√

(n + 1)(n + γ)ΦM
n+1(s), K

−
(s)ΦM

n (s) =
√

n(n + γ − 1)ΦM
n−1(s).

ΦM
n (s) =

√

(1 − µ)γ

n!Γ(γ + n)
(K+(s))n

[
√

µsΓ(γ + s)

Γ(s + 1)

]

.

¡¡ K+ is a 2nd order difference operator !!
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11. Case Kravchuk (A0 < 0)
⋄ We can chooseCb andE such that

[K0(s),K±(s)] = ±K±(s) and [K+(s),K−(s)] = 2K0(s),

which corresponds withLie algebra so(3).
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11. Case Kravchuk (A0 < 0)
⋄ We can chooseCb andE such that

[K0(s),K±(s)] = ±K±(s) and [K+(s),K−(s)] = 2K0(s),

which corresponds withLie algebra so(3).

The hamiltonian

h
K

1
(s) = −

√

ps(N − s + 1)
√

1 − p
e−∂s +

Np + s − 2ps

1 − p
Id −

√

p(s + 1)(N − s)
√

1 − p
e∂s ,

ΦK
n (s) =

√

(N − n)!(1 − p)N−n

N !pn
(K+(s))n

[(

N

s

)(

p

1 − p

)s]

.

whereK+ is, again, a 2nd order difference operator.
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Conclusions and remarks
⋄ This method allow us to understand different

cases, which were studied one to one, in a simple
way.
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way.

⋄ If the spectrum is linear we can get the dynamical
algebra.

⋄ Theq-classical case. We have probed an
analogous characterization theorem for the
q-linear case, considering a specialς-commutator

[a(s), b(s)]ς = a(s)b(s) − ςb(s)a(s),

and an analogousq-Lie algebra.
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Conclusions and remarks
⋄ This method allow us to understand different

cases, which were studied one to one, in a simple
way.

⋄ If the spectrum is linear we can get the dynamical
algebra.

⋄ Theq-classical case. We have probed an
analogous characterization theorem for the
q-linear case, considering a specialς-commutator

[a(s), b(s)]ς = a(s)b(s) − ςb(s)a(s),

and an analogousq-Lie algebra.

◮ Continuous bigq-Hermite functions.
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Open problems
1 what is the dynamical in the non linear (resp.

q-linear) case?.
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