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The examples

1. Continuous semiclassical orthogonal polyno

o L(pu)=yu,

2. A-semiclassical orthogonal polynomials

» V(gu) = yu,

o Af(x) = flz+1) - f(x),
flz) = flz—1),

V()

3. g-Hahn semiclassical orthogonal polynomials

¢ gl/q(qSU) = Yu,

» 9,f(z) = H0=

e z(s) = c1q° + co.

L,z #0, 2,£(0) = f(0),

The SSP. A general approach

S|ide714/21 '



-1

® Scheme of the talk

The Semiclassical
Orthogonal Polynomials

Notation

e The distributional
equation

e Notation

e The lattice of the
distributional equations
® Some algebraic

relations
® The linear operator

uk, kI - Z

® The linear operator
uk, k? E Z

® More algebraic
relations

The
Semiclassical-Sobolev
Orthogonal Polynomials

The examples

]
el

1. The lattice:z.

e Continuous and discrete case: x,

e g-case: 2(s) = c1¢° + ¢3,q € C,

q| # 0,1,

2. The operators: 2, and &, and their hermitian conjugate:
9*,and &

£ = =

' The SSP. A general approach

e Continuous case: ¥ = I* = %, ET =& =7,

e Discretecase: 9 = A, 9* =V, &t = %

o gcase: D = Dy, V" = D1y, (67 f)(x) = f(qx),
(6~ )(2) = f(g'=).
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® Scheme of the t

Pu={(6,9) €P* : 7"(¢u) = Yu}.
Order of u with respectto (¢, 1)):

The Semiclassical
Orthogonal Polynomials
e The distribytional

equation

e Notatio
® The lattice of the

distributional equations
® Some algebraic

ordy (¢, ) = max{deg ¢ — 2,degp — 1}.
Class of wu:

oy = min max{deg¢ — 2,degy) — 1}.
i {deg & g —1}

More algebraic
elations

The
Semiclassical-Sobolev
Orthogonal Polynomials

Admissibility:  the pair (¢, 1)) € P2 is admissible either if
deg vy # degp — 1 ordegy = deg ¢y — 1 and

The examples

ap + [n]by #0, n € N,

being b; and a,, the leading coefficients of ¢ and 1) respectively.
Is no-singular iff a,, 4

|
' Yhe SSP. A general approaéi
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ugr, kI - 7

® The linear operator
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® More algebraic
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The
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The examples

Theorem 1: Let u be a linear functional satisfying

7" (pu) = i,

then there exists two polynomials gE zﬁ such that

2($u) = Ju.

Theorem 2: Let u be a linear functional satisfying

7" (¢u) = ¢,

then

n—+o

> Eopl®

Vv=n-—o

n—+o

2

v=n—deg ¢g

C?’L,I/-@*PI/—I—lj

where the sequence of polynomials (P, ) is orthogonal with respect

to u.
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Lemma 1: Let u be a linear functional satisfying

7" (pu) = i,

then

7 (&~ () = (27(8) + a6~ (¥)) & (u).

Lemma 2: Let u be a linear functional satisfying

7" (¢u) = ¢,
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The linear operator uy, k € Z
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® The linear operator
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e More algebraic
relations

The
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Definition 1: Given a semiclassical operator u, for every integer k we

define the linear operator u; as

Cg)_(qbk—luk—l)v k= 1727"'
ug u, ¢0 — ¢7
E(Ppug) = Wpy1, k=-1,-2,--

ug

Proposition 1: Let u be a linear functional which fulfills
7" (¢u) = yu,
then for every integer k,
7" (pruk) = Yrug,

where ¢y, is a multiple of ¢ 1 and deg V11 < deg ¥y, so
Ok+1 < Of.
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e The distributional
equation
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relations
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uk, kI - Z

® The linear operator
uk, k E Z

e More algebraic
relations

The
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The examples

Lemma 3: Given a linear functional u which fulfills
7" (¢u) = yu,
then for any integer £ and any polynomial ™ we get
7 (mopuy) = Tug,

where 7 is a polynomial of degree, at most, deg 7w + o + 1, being
0. the class of the linear functional ug with respect to the pair

(ks ).

Furthermore, if the pair (¢, ¥ ) is admissible, then
degm = degm + o) + 1.
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® The definition
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® The operator %

e More algebraic results
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The &7-Sobolev inner product is defined by

(p,r)s = (u,pr) + Xu, Dp Dr),

where u is a semiclassical functional and A > 0.

We denote by ( 55\)) the OPS associated with the (Z-Sobolev)
inner product (., .)s. Such a sequence is the corresponding
semiclassical Z-Sobolev orthogonal polynomials sequence

(SSOPS).

"The SSP. A general approach
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Algebraic rm}ﬁ)n between (Q}) and (p,)

® Scheme of the talk

e Semiclassical Propgsition 2: Let (pr, 1% }) be the sequence of monic orthogonal
SRS I polynomial with respect to the semiclassical functional ug, k € Z,
The

Semiclassical-Sobolev and let (Q’gﬁ)) be the SSOPS.
STIMEBMOMEE. The folowing relation holds for n > o_q +max{o_1,t_1}

® The definition
e Algebraic relation

between (Q%) and

(o) n+o_1q n—l1+o_1
Pn
Z 1 (A) } : A
® The operator . fn o ;E }( ) Qn+c7_1 (Z) -+ 9n7y Q,(/ )(Z),
e More algebraic results v=n—o_1 v=n—oc_1—H*
e More algebraic results
The examples Where
* e 2
0 \) — gn,n—t 1dn t_ 15H*,t—1 + )‘[n T U—l]gnn o_ 1dn o_1-
n,n—a_l—H*( ) — d2
n—o _— 1—H*

a2 := QWM (2), QM (2))g, H* := max{t_1,0_1}, and the
other coefficients can be calculated recursively.

' The SSP. A general apﬁiroach
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® The definition
e Algebraic relation

between (Q%) and
(Pn)
® The operator .%

® More algebraic results
e More algebraic results

The examples

Proposition 3: Let . be the linear operator

T = E (D) I + NP — V) D* —AE ()P D

where ¢ is the identity operator. Then

<(o@_(§b)p, T>S — <U_,p§ﬂ’l“>,

p, r e P.

Corollary: Under the same conditions, the following identity holds:

<(¢ — @*¢)p, T>S — <.@*u,py7“>,

p, T E

Theorem 3: The linear operator . is symmetric with respect to the

Sobolev inner product (., .)g, i.e.

(Fp,1)s = (p, LT)s

' The SSP. A general approach

D, T E
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e More algebraic results
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Proposition 4: For everyn > H

v=n-+deg ¢
(@@_)(qﬁ)pn — Z ,un,l/Qz(/)\)a
v=n—H

where H := max{o, deg ¢}.
Corollary: (pseudo-recurrence relation ) For any
n > o_1 +max{H* t_; + H}, the following relation holds:

n+o_1 n+o_1+deg o
@y D @ = D @l
v=n—o_1—H* pu=n—t_i1—oc_1—H

Proposition 5: For every n > deg ¢

n+H

> Bnupu(2),

v=n—deg ¢ |

' The SSP. A general aﬁpgach
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Proposi

jon 6: Foreveryn > H

n+H
5/@7(1)‘) — Z wn,z/Qz(/A)a
v=n—H
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e Classical case
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examples
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Jacobi polynomials:

S = (1-2%) .7 + Na—B+z(a+p))

Meixner polynomials:
p(z)=x+p,t=1,p=1,0=0H =
Mék}(x;ﬁ,c):Mn(:U;ﬁ%—k’,c), 6>k 0<c<l.

IM = (z4+8-1) I+ A1-B+z(c ' —1))V=-A(z+5-1)AV.

' The SSP. A general approach
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e Classical case
® Semiclassical
examples
® Semiclassical
examples

e Happy Birthday (] [’n,] Cn—1 _|_K (C]) q

(ZPn)(2(s))

Wi =

—n+1

A g-analog of the Freud-type polynomials:

0| Pr—1(x(s)) + anPr—3(x(s)),

n—+1 + CnPn—la

CnCn-1Cn—2 = [n—1]cn+K(q)qg™"
D1 ,(u?") = —K(q)qg *z*u?”,

where ¥ = Z,,x2(s) =¢°. ¢(z) =1, 0 =2,t =0,p = 3.

~ Cp+1CnCp—1-

(u, P) = (1—q) Y  P(¢")w(¢")¢"+(1—q) > P(—¢")w(—q")¢",

where w(zx) = (

0
(1—q)K(q)z*;q").

qu p— j —F/W)\MK(C])Q_BQZB@l/q — )\@g@l/q.

' The SSP. A general approach
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1-singular family: Let (.5,,) be a sequence of polynomials orthogonal

with respect to the linear functional w which satisfies the

distributional equation:

7%

where * = 9 = i
dx

The moments satisfy

(n — 1)Wypao + 4w, = 0,

(w, P)

SV =P I 4 AN(z® — 1)

' The SSP. A general approach

SBBW

)

(—2? + 4)w,

d
dx

— — Az

.Sot=3,p=2,andthen o = 1.

nZO, (W)1:O

/ 2 *exp(—22"%)P(2)dz.
T

3d2

dx?
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THANKS FOR YOUR ATTENTION

Orthogonal ials —'

The example

o Classica
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examples

® Semiclassical

examples ®
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