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1. Overview of Semiclassical polynomials

2. The semiclassical-Sobolev polynomials

3. The examples



The Semiclassical Orthogonal
Polynomials

• Scheme of the talk

The Semiclassical
Orthogonal Polynomials

• The distributional
equation

• Notation
• The lattice of the
distributional equations

• Some algebraic
relations
• The linear operator
uk , k ∈ Z

• The linear operator
uk , k ∈ Z

• More algebraic
relations

The
Semiclassical-Sobolev
Orthogonal Polynomials

The examples

The SSP. A general approach Slide – 3 / 21



The distributional equation

• Scheme of the talk

The Semiclassical
Orthogonal Polynomials

• The distributional
equation

• Notation
• The lattice of the
distributional equations

• Some algebraic
relations
• The linear operator
uk , k ∈ Z

• The linear operator
uk , k ∈ Z

• More algebraic
relations

The
Semiclassical-Sobolev
Orthogonal Polynomials

The examples

The SSP. A general approach Slide – 4 / 21

1. Continuous semiclassical orthogonal polynomials

• d
dx(φu) = ψu,

2. ∆-semiclassical orthogonal polynomials

• ∇(φu) = ψu,

• ∆f(x) = f(x+ 1) − f(x),

∇f(x) = f(x) − f(x− 1),

3. q-Hahn semiclassical orthogonal polynomials

• D1/q(φu) = ψu,

• Dqf(x) = f(qx)−f(x)
x(q−1) , x 6= 0, Dqf(0) = f ′(0),

• x(s) = c1q
s + c2.
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1. The lattice:z.

• Continuous and discrete case: x,

• q-case: x(s) = c1q
s + c3, q ∈ C, |q| 6= 0, 1,

2. The operators: D , and E +, and their hermitian conjugate:

D∗, and E −.

• Continuous case: D = D∗ = d
dx , E + = E − = I .

• Discrete case: D = ∆, D∗ = ∇, E + = e∂x ,

E − = e∂−x.

• q-case: D = Dq , D∗ = D1/q, (E +f)(x) = f(qx),
(E −f)(x) = f(q−1x).

3. The constants: [n] and q.
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P
2
u

= {(φ, ψ) ∈ P
2 : D

∗(φu) = ψu}.

Order of u with respect to (φ, ψ):

ordu(φ, ψ) = max{degφ− 2, degψ − 1}.

Class of u:

σu = min
(φ,ψ)∈P2

u

max{degφ− 2, degψ − 1}.

Admissibility: the pair (φ, ψ) ∈ P
2 is admissible either if

degψ 6= degφ− 1 or degψ = degφ− 1 and

ap + [n]bt 6= 0, n ∈ N0,

being bt and ap the leading coefficients of φ and ψ respectively.

u is n0-singular iff ap + [n0]bt = 0.
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Theorem 1: Let u be a linear functional satisfying

D
∗(φu) = ψu,

then there exists two polynomials φ̃, ψ̃ such that

D(φ̃u) = ψ̃u.

Theorem 2: Let u be a linear functional satisfying

D
∗(φu) = ψu,

then
n+σ∑

ν=n−σ

ξn,νPν =
n+σ∑

ν=n−degφ0

ζn,νD
∗Pν+1,

where the sequence of polynomials (Pn) is orthogonal with respect

to u.
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Lemma 1: Let u be a linear functional satisfying

D
∗(φu) = ψu,

then

D
∗(φE

−(φu)) =
(
D

∗(φ) + qE −(ψ)
)
E

−(φu).

Lemma 2: Let u be a linear functional satisfying

D
∗(φu) = ψu,

and let v be linear functional such that u = E −(φv), then

D
∗(qE +(φ)φv) = E

+(ψ)φv.
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Definition 1: Given a semiclassical operator u, for every integer k we

define the linear operator uk as

uk = E −(φk−1uk−1), k = 1, 2, · · · ,
u0 = u, φ0 = φ,

E −(φkuk) = uk+1, k = −1,−2, · · ·

Proposition 1: Let u be a linear functional which fulfills

D
∗(φu) = ψu,

then for every integer k,

D
∗(φkuk) = ψkuk,

where φk is a multiple of φk+1 and degψk+1 ≤ degψk, so

σk+1 ≤ σk.
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Lemma 3: Given a linear functional u which fulfills

D
∗(φu) = ψu,

then for any integer k and any polynomial π we get

D
∗(πφkuk) = π̃uk,

where π̃ is a polynomial of degree, at most, deg π + σk + 1, being

σk the class of the linear functional uk with respect to the pair

(φk, ψk).

Furthermore, if the pair (φk, ψk) is admissible, then
deg π̃ = deg π + σk + 1.
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The D -Sobolev inner product is defined by

〈p, r〉S = 〈u, p r〉 + λ〈u,DpDr〉,

where u is a semiclassical functional and λ ≥ 0.

We denote by (Q
(λ)
n ) the OPS associated with the (D -Sobolev)

inner product 〈., .〉S . Such a sequence is the corresponding

semiclassical D -Sobolev orthogonal polynomials sequence
(SSOPS).
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Proposition 2: Let (p
{k}
n ) be the sequence of monic orthogonal

polynomial with respect to the semiclassical functional uk, k ∈ Z,

and let (Q
(λ)
n ) be the SSOPS.

The following relation holds for n ≥ σ−1 + max{σ−1, t−1}

n+σ−1∑

ν=n−σ−1

ξ∗n,νp
{−1}
ν (z) = Q

(λ)
n+σ−1

(z) +

n−1+σ−1∑

ν=n−σ−1−H∗

θn,ν Q
(λ)
ν (z),

where

θn,n−σ−1−H∗(λ) =
ς∗n,n−t−1

d2
n−t−1

δH∗,t−1
+ λ[n− σ−1]ξ̂

∗
n,n−σ−1

d2
n−σ−1−

d2
n−σ−1−H∗

d
2
n := 〈Q

(λ)
n (z), Q

(λ)
n (z)〉S , H∗ := max{t−1, σ−1}, and the

other coefficients can be calculated recursively.
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Proposition 3: Let S be the linear operator

S := E
−(φ)I + λ(D∗φ− ψ)D∗ − λE

−(φ)D D
∗,

where I is the identity operator. Then

〈E −(φ)p, r〉S = 〈u, pS r〉, p, r ∈ P.

Corollary: Under the same conditions, the following identity holds:

〈(ψ − D
∗φ)p, r〉S = 〈D∗

u, pS r〉, p, r ∈ P.

Theorem 3: The linear operator S is symmetric with respect to the

Sobolev inner product 〈., .〉S , i.e.

〈S p, r〉S = 〈p,S r〉S p, r ∈ P.
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Proposition 4: For every n ≥ H

(E −)(φ)pn =

ν=n+deg φ∑

ν=n−H

µn,νQ
(λ)
ν ,

where H := max{σ, deg φ}.

Corollary: (pseudo-recurrence relation ) For any

n ≥ σ−1 + max{H∗, t−1 +H}, the following relation holds:

(E −)(φ)

n+σ−1∑

ν=n−σ−1−H∗

θn,νQ
(λ)
ν =

n+σ−1+deg φ∑

µ=n−t−1−σ−1−H

µ̂n,µQ
(λ)
µ .

Proposition 5: For every n ≥ degφ

SQ(λ)
n (z) =

n+H∑

ν=n−degφ

ϑn,νpν(z),
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Proposition 6: For every n ≥ H

SQ(λ)
n =

n+H∑

ν=n−H

̟n,νQ
(λ)
ν ,
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Jacobi polynomials:

φ(z) = (1 − x)(1 + x), t = 2, p = 1, σ = 0, H = H∗ = 2.

Pα,β
{k}

n (x) = Pα+k,β+k
n , α, β > −k − 1.

S
α,β = (1−x2)I +λ(α−β+x(α+β))

d

dx
−λ(1−x2)

d2

dx2
.

Meixner polynomials:

φ(z) = x+ β, t = 1, p = 1, σ = 0, H = H∗ = 1.

M{k}
n (x;β, c) = Mn(x;β + k, c), β > −k, 0 < c < 1.

S
M = (x+β−1)I +λ(1−β+x(c−1−1))∇−λ(x+β−1)∆∇.
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A q-analog of the Freud-type polynomials:

(DPn)(x(s)) = [n]Pn−1(x(s)) + anPn−3(x(s)),

where D = Dq, x(s) = qs. φ(x) = 1, σ = 2, t = 0, p = 3.

xPn = Pn+1 + cnPn−1,

q[n]cn−1+K(q)q−n+1cncn−1cn−2 = [n−1]cn+K(q)q−n−1cn+1cncn−1.

D1/q(u
qF ) = −K(q)q−3x3

u
qF ,

〈uqF , P 〉 = (1−q)
∞∑

k=0

P (qk)ω(qk)qk+(1−q)
∞∑

k=0

P (−qk)ω(−qk)qk,

where ω(x) = ((1 − q)K(q)x4; q4).

S
qF = I + λK(q)q−3x3

D1/q − λDqD1/q.
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1-singular family: Let (Sn) be a sequence of polynomials orthogonal

with respect to the linear functional w which satisfies the

distributional equation:

D
∗(x3

w) = (−x2 + 4)w,

where D∗ = D =
d

dx
. So t = 3, p = 2, and then σ = 1.

The moments satisfy

(n− 1)wn+2 + 4wn = 0, n ≥ 0, (w)1 = 0

〈w, P 〉 =

∫

T

z−4 exp(−2z−2)P (z)dz.

S
w = x3

I + 4λ(x2 − 1)
d

dx
− λx3 d

2

dx2
.
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