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® Scheme of the talk

Basic overview

The determinant of a Matrix A can be determinate\gy using:

® The determinant of a
Matrix A can be
determinate by using:
® The characteristic
polynomial and the
elementary symmetric
functions:

Main Result

An application: The
elementary symmetric
functions

1. The Laplace expansion:

2. The alternating sum:

det(A) = Z sgn (o) a1,0(1)32,0(2) " "

ocel,,

An,o(n)>
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The characteristic polynomial and the elementary symmetri C
functions:

® Scheme of the talk

1. Definition;

Basic overview
® The determinant of a
Matrix A can be

determinate by using: XA()\) déf det()\]n o A) — H()\ o )\])
j=1

® The characteristic
polynomial and the
elementary symmetric
functions:

2. The Elementary symmetric functions: Fork = 1,2, ..., n,

Main Result

An application: The

elementary symmetric def
functions Sk = Sk()\la RIS )\n) — § Ail )\i2 C )\Zkz

1<13<i2<---<ig

3. The Newton-Girard formulas: For any m € N,

m

MSm = Y _(—1) 8T,
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Main Result:
® Scheme of the talk Theorem: Given A € M, and an integer IV, with N > n + 1. For
Basic overview any N-tuple S = (A1’ AQ, .. 7AN)v AZ - an = 17 . ,N, the
Main Result

e Main Result:

® The elementary
symmetric functions:
e A remark about the
Theorem

An application: The
elementary symmetric
functions

det(A1 + Ay + A3 + A4) :det(A1 + Ay + Ag) + det(A1 + As + A4)

following relation holds:

N

Z detA+ZA

O QeX(S) A;eQ
[2=F

e
I

understanding that |{2| = k means that (2 is a formal sum with k
summands, and that A4; € 2 means that A; is a summand in €.

+ det(A1 + Az + A4> + det(AQ + A3 +
—det(A1 +A2)—det(A1 —|—A3>—d€t(z41
—det(Ag —|—A3) —det(A2 —|—A4) —det(Ag
+ det(A;) + det(As) + det(As) + de
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® Scheme of the talk

Basic overview

The elementary symmetric functions:

Main Result

e Main Result:

® The elementary
symmetric functions:
e A remark about the
Theorem

An application: The
elementary symmetric
functions

Corollary 1: Under the conditions of the Theorem. For any index sets
a, 3 CH1,2,...,n}ofsizer, N >71+1,

N

Z det(A(a, B) + Z Ai(a, 3))
k::O Qex(S) A€Q

2=k

Definition: The k-th elementary symmetric function is defined as:

A)E N det(A(a, a)).
la|=k
Corollary 2: For any non-negative 7, N, N > 7 + 1,

Z SA+ZA

A; e

N

> (-1

k=0
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A remark/ﬁ)ut the Theorem

® Seheme of the falk The/Theorem is optimal with respect to the range of IV, i.e. for any
Basic overview itive integer n, it is possible to find n-tuples of M,, so that the
guality given in Theorem is not true.

For instance, taking

Main Result

e Main Result:

® The elementary
symmetric functions:
e A remark about the
Theorem

A; = diag(e;), 1=1,2,...,n, A=uxe, v €R,

An application: The
elementary symmetric
functions

where {e1, ea, ..., ey} is the canonical basis of R", it is
straightforward to check that

Z Y det(A+ ) A =(-1)"(A+z—1x) #£0.

k=0 Qex(S) A;eQ
=k
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e Finally ....

An application: The elementary
symmetric functions

' The On the determinant of a sum of matrices

Slide —10/14



/ Some computation:

® Scheme of the talk

Basic overview

SQ(Al —|—A2) — SQ(Al) —+ SQ(AQ) —+ Sl (Al)Sl (AQ) — Sl (AlAQ),

Main Result

An application: The

elementary symmetric S?)(Al -+ AQ) — S?)(Al) —|— SB(AQ) — Sl (Al —|— AQ)Sl (AlAQ)

functions

° Some'com.p'utation: —|—Sl (Al)SQ (AQ) + Sl (AQ)SQ (Al)
oot on +81(AfA2) + S1(A143).

elementary symmetric
functions and positive
definite matrices

o Finally ... Question: Can we, in general, express S, of a set of j n-by-n
matrices, 7 < k, in an analogous way?.

Answer: YES.
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More identities

® Scheme of the talk

Basic overview

k :
Main Result Sk (A1+A2—|— +Ak+l — Z (j —li__lzl) Z Sk Z Aj;

An application: The . §=0 |Q | :k—j A, eQ
elementary symmetric
functions
@ Some computation:
e More identities
® Two conjectures on
elementary symmetric
functions and positive Sl (A) 1 0 o 0 \
definite matrices 25’ (A) S (A) 1 L O
e Finally .... my __ 2 !
o) 1 (A ) — det
\ mSm(4) Sm_1(A) Sm_s(A) Si(A) |
| |
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® Scheme of the talk

Basic overview

Main Result

An application: The
elementary symmetric
functions

@ Some computation:

e More identities
® Two conjectures on
elementary symmetric
functions and positive
definite matrices

e Finally ....

Two conjectures on
positive definite m

ementary symmetric functions and
rices

The Bessis-Moussa-Villani conjecture:  The polynomial

whenever A, B € M, are positive semidefinite matrices.

In fact, some numerical evidences and the Newton-Girard formulas
suggested to us to consider a more general conjecture.

Positivity Conjecture

The polynomial Sy, ((A + tB)'m) € R]t], has only nonnegative
coefficients whenever A, B € M, are positive semidefinite matrices
forevery k =0,1,... 7.
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Finally ....

® Scheme of the talk
Basic overview ‘
Main Result

An apU: The THANKS FOR YOUR ATTENTION !!
eleme mmetric
function \

® Some computation:‘ .

® More identities
® Two conjectures on
ementary symmetric ®

I
nctions and positive
efinite matrices

e Finally ....

|
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