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1. The Laplace expansion:

det(A) =
n
∑

j=1

(−1)i+jai,j det(Ai,j) =
n
∑

i=1

(−1)i+jai,j det(Ai,j).

2. The alternating sum:

det(A) =
∑

σ∈Pn

sgn(σ) a1,σ(1)a2,σ(2) · · · an,σ(n),
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1. Definition:

χA(λ)
def
= det(λIn − A) =

n
∏

j=1

(λ − λj).

2. The Elementary symmetric functions: For k = 1, 2, . . . , n,

Sk ≡ Sk(λ1, . . . , λn)
def
=

∑

1≤i1≤i2≤···≤ik

λi1λi2 · · ·λik

3. The Newton-Girard formulas: For any m ∈ N,

mSm =
m
∑

j=1

(−1)jSjTm−j ,

where Tj(λ1, . . . , λn)
def
= S1(λ

j
1, . . . , λ

j
n).
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Theorem: Given A ∈ Mn and an integer N , with N ≥ n + 1. For

any N -tuple S = (A1, A2, · · · , AN ), Ai ∈ Mn, i = 1, . . . , N , the

following relation holds:

N
∑

k=0

(−1)k
∑

Ω∈Σ(S)
|Ω|=k

det(A +
∑

Ai∈Ω

Ai) = 0,

understanding that |Ω| = k means that Ω is a formal sum with k

summands, and that Ai ∈ Ω means that Ai is a summand in Ω.

det(A1 + A2 + A3 + A4) = det(A1 + A2 + A3) + det(A1 + A2 + A4)
+ det(A1 + A3 + A4) + det(A2 + A3 + A4)
−det(A1+A2)−det(A1+A3)−det(A1+A4)
−det(A2+A3)−det(A2+A4)−det(A3+A4)
+ det(A1) + det(A2) + det(A3) + det(A4).
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Corollary 1: Under the conditions of the Theorem. For any index sets

α, β ⊆ {1, 2, . . . , n} of size τ , N ≥ τ + 1,

N
∑

k=0

(−1)k
∑

Ω∈Σ(S)
|Ω|=k

det(A(α, β) +
∑

Ai∈Ω

Ai(α, β)) = 0.

Definition: The k-th elementary symmetric function is defined as:

Sk(A)
def
=
∑

|α|=k

det(A(α, α)).

Corollary 2: For any non-negative τ , N , N ≥ τ + 1,

N
∑

k=0

(−1)k
∑

Ω∈Σ(S)
|Ω|=k

Sτ (A +
∑

Ai∈Ω

Ai) = 0.
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The Theorem is optimal with respect to the range of N , i.e. for any

positive integer n, it is possible to find n-tuples of Mn so that the

equality given in Theorem is not true.

For instance, taking

Ai = diag(ei), i = 1, 2, . . . , n, A = xe1, x ∈ R,

where {e1, e2, . . . , en} is the canonical basis of R
n, it is

straightforward to check that

n
∑

k=0

(−1)k
∑

Ω∈Σ(S)
|Ω|=k

det(A +
∑

Ai∈Ω

Ai) = (−1)n(1 + x − x) 6= 0.
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S2(A1 +A2) = S2(A1)+S2(A2)+S1(A1)S1(A2)−S1(A1A2),

S3(A1 + A2) = S3(A1) + S3(A2) − S1(A1 + A2)S1(A1A2)
+S1(A1)S2(A2) + S1(A2)S2(A1)
+S1(A

2
1A2) + S1(A1A

2
2).

Question: Can we, in general, express Sk of a set of j n-by-n

matrices, j ≤ k, in an analogous way?.

Answer: YES.
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Sk(A1+A2+· · ·+Ak+l) =

k
∑

j=0

(−1)j

(

j + l − 1

l − 1

)

∑

|Ω|=k−j

Sk

(

∑

Ai∈Ω

Ai

)

.

S1(A
m) = det











S1(A) 1 0 · · · 0
2S2(A) S1(A) 1 · · · 0

...
. . .

. . .
. . .

...
mSm(A) Sm−1(A) Sm−2(A) · · · S1(A)











.
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The Bessis-Moussa-Villani conjecture: The polynomial

p(t) := Tr((A + tB)m) ∈ R[t], has only nonnegative coefficients

whenever A, B ∈ Mr are positive semidefinite matrices.

In fact, some numerical evidences and the Newton-Girard formulas

suggested to us to consider a more general conjecture.

Positivity Conjecture :
The polynomial Sk((A + tB)lm) ∈ R[t], has only nonnegative

coefficients whenever A, B ∈ Mr are positive semidefinite matrices

for every k = 0, 1, . . . , r.
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